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MAIN RESULTS

Fact. Characteristic problem is not well posed in the
complement of a domain of influence

D(Dg) = J1(Dg) UJT ™ (Do).

One expects nevertheless that, under some reason-
able conditions,

U.P. Any smooth solutions of a wave equation in D
which coincide on the boundary of D(Dg) must coin-
cide in the complement of D(Dg).

Results:

I. U.P. holds true in Minkowski space

Il. U.P. holds true, near the horizon, in the domain of
outer communication of a stationary black hole.

Hope:

lll. Uniqueness of Kerr for non-analytic stationary so-
lutions.



WAVE EQUATIONS IN R3t1

Consider,

Ho = F(¢,09) (1)

D={(t,z) e R3TL |z| >t+ 1}.

Theorem I.  Assume ¢ 1y, ¢(2) € C2(D) verify (1)
in D and coincide on §(D). Then,

¢(1) = ¢(2) in D

Remark. It suffices to prove the result for linear equa-
tions with continuous coefficients in D,

F = Aaaa¢ _I— B¢



CARLEMAN ESTIMATE

Introduce r = |z| =u+v+1, t=v—u.

D = {(u,v,w), u,v>0, wée SQ}
oD = {(u,v,w), wu,v>0, uv=0}
Introduce,

fluw) = log(u+ ) +log(v+7) (@
ForR > 1,

Dr ={(u,v,w) €D :u+v+1< R}

Proposition 1. Given R > 2, there exist Cr > O,
B(R) > 0, such that for all ¢ € C3(Dg) and all 3 >
B(R), we have, with || | = | |I;2,

1
673)le P 0g| > CrBle P ol + |le Pl a9

Proposition 2. Carleman Estimate = Uniqueness



PROOF OF CARLEMAN ESTIMATE

Set ¢ = Py with f = f(u,v) as above. Observe
that,

e PIO(PTyp) = Ly + pOfY
Lp :=Lygyp = O+ 2B0%f0at + B2(0afO™f)ib
= ¢ + BV + B2 (8afO%f)
STEP 1. [t suffices to prove, with C = Clp,
Bllwl + Cc o) < CB7Y2|| Ly (3)
STEP 2. |t suffice to find g such that the quantity
El] = <Ly, BV —g)Y >p

— L —
g /DR Y(V () — g¢)
verifies the lower bound,

E > Cgr*(BlIov]? + 821¢11%) + 821V — 9)v)?
(4)

Remark. Estimate (3) follows from (4) and the up-
per bound,

E < Bl LY r2l[(V — 9)¥ll 12



Recalling the definition of L,

Ely] = B< Ly, (V—g)Y >p
= B2V — 9[22 + E1[¥] + Ea[¢]
Eily] = 48 <0y, (V- g >
Eoly] = < (B3fufv+ 8290, (V — )¢ >

Proposition 3. 7o prove the Carleman estimate it
suffices to show,

Brly] + Baly] > CR(slovl? + 6%)1v]?)
(5)

for an appropriate choice of the functions f, g.

Proposition 4. Estimate (5) is valid provided that the
following inequalities hold true, uniformly in Dg with

h=g+ (fu+ fo),

1
Crt < fuv +h = ~(fu+ fo)
C;gl < A(u,v) := fuufvv—h2
1 1
C]El < B(u,v) = —Efz%fvv—gfgfuu—hfufv



PROOF OF PROPOSITION 4

SEP 3. For every ¢ compactly supported in Dg
we have,

Eily] =8 <Oy, (V —g)y >= (J1 + Jo + J3)
where,

_ 21 > 1 2
5= [ (= 0wl - 2 fualotl? + nouvou

1 2
Jo /DR(fuv+h_;<fu+fv))‘vw|

1
h = 9‘|‘;(fu‘|‘fv)
_ 1 > 2
Js = — [, Og v =0l

Proposition 5. We have,

Eq[¢] > Cx'8l0¢[1* + 0 (Bll4)1%)
provided that the following hold, uniformly in Dg,

AV,

1
A(u,v) = fuufow — h?

—1
CR

~1
Cr

1V



STEP 4. We establish a lower bound for E5[v].

En[4] < (B> fufv + B29)0, (V — g) >g
B3 < fufoh, (V — )¢ >r +0(B?||¥]172)
Since fuy = 0,

< fuJvb, Vi) >gp= /DR fufva&faa(¢)2
= = [ (0alfuf)®*f + (Juf)OF )0
Dr

1.2 1.2 2
b, (GFifow 50 fun+ fufuDf ¥
Since

9+0f =g+ (fut f) =h,

< fuboth <v DY >R
=~ [ (Gf3tow+ 552w+ fufuly +0F)0?

DR( fi foo + fv S fuu + hfufo)d?

The integrand is strictly positive if

Cf_il < B(’LL,’U) = —%fgfvv — %fgfuu — hfufv



Choice of functions

Choose
f(u,v) = Iog(u+%)+log(v+%),
3
h(u,v) = 1 u—|—11)—|-4
(U‘|‘Z)(’U+Z)(U+’U+1)
Then,
. 1
7T A+ D+ Do+ 1)
. 1 _(u—l—fu—l—%)2
4T <u+%)2(v+%>2(1 (ut vt 2
1
At 2w+ P2t v+ 1)
with,
A(u,v) = fuufvv—hz
1 1
B(“a“) — _Ef@%fvv_ifgfuu—hfufv



Il. UNIQUENESS PROPERTIES IN CURVED SPACETIMES



Conformal Property of Carleman Estimates

Let u, v define a double null foliation on D C M with
lapse,
1
gaﬁaauaﬁ’l) — @

We look for inequalities,

Blle™ |l 4 Cplle™# Dg|| < Cpp 2|l P Dggl|  (+)
with,

le I Dg|2 = | =2 (je3(@) + [eale)? +Vo]?)
and ez, e4 an associated normalized null pair.
Proposition. Assume thatlog <2 and its frame deriva-
tives are bounded in D. Then, for sufficiently large

B, to prove a Carleman estimate for U, it suffices to
prove one for O, with g = Q~2g.

We may thus assume that 2 = 1.



Further Reductions

Introducing ¢ = 874 it suffices to prove,

Bl 12 + CTH Dl 2 < CB7Y2|| L) ;2

where,

Lap
v

Oyt 4 BVap + B2Daf D f1p,
2D fOq.

It suffices to prove a lower bound for E1[vy] + E>[v]
with,

E1[] B < O, (V = g)h >4
B[] < (B2 fufv+ B29)0, (W — w)tp >4

It suffices to prove,

E1ly] + Boly] > CR*(Bllov]? + 83)v|?)

for an appropriate choice of the functions f, g.



Proposition. For every 1 compactly supported in D
we have,

Eily] =< Uy, (W —w)yp >g=TJ1 + T2+ T3+ Ja

where, setting,

h= w5 (trxfu + trcfo) ©)
1 > 1 2
J1 = /D(—Efvv’lbﬂ —Efuu|¢4| +h¢3¢4)
1
Jy = /D(fuv‘|‘h—§(trXfu+t’va))|v¢|27
T3 = = | ¢ Vu(—fovs + fura)
— /D(Xabfu_l_gabfv)wawb
1
Jq = —5 D(Dw)¢2
Also,
P N e S ST . 2
EQ — 5 /D<2fuufv ‘|'2fvvfu +fov(2fuv+h>)¢

+ 0(52||¢||%2)



Proposition. Assume that f and h verify,

0 < fuufov —h?
1
0 < fuv+h—§(trXfu+trva)

1 1
0 < —Efuufg — Efvvfrg — fufv(quv + h)
Then,

E1[y] + Ex[y] > CRH (B VY2 + 83|41 + T3
Proposition. /f
f = log(u+¢€)+log(v+ ¢)
no— 1 —¢€g
(u+¢e)(v+e)
then the above inequalities are satisfied, as long as

virx + utry < 2.



