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Moving Black Holes in a Spectral Code

@ Spectral: Excision boundary is a smooth analytic surface.
e Cannot add/remove individual grid points.

@ Straightforward method: regrid when holes move too far.

@ Problems:

e Regridding/interpolation is expensive.
o Difficult to get smooth extrapolation at trailing edge of horizon.
e Causality trouble at leading edge of horizon.
@ Solution: t
Choose coordinates that smoothly
track the location of the black hole.
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Evolving Black Holes in Rotating Frames

@ Coordinates that rotate with respect to the inertial frames at
infinity are needed to track the horizons of orbiting black holes.

@ Evolutions of Schwarzschild in rotating coordinates are unstable.

10° : : : @ Evolutions shown use a
computational domain that
extends to r = 1000M.

10" @ Angular velocity needed to
e track the horizons of an equal
et mass binary at merger is
10" about 2 ~ 0.2/M.
| @ Problem caused by asymptotic
N0 =0.002/M behavior of metric in rotating

10" ' : : rdinates: Vi ~ p2Q?

10° 107 - 1" 1o coord atess Uit ~ p ,

t/M Vi ~ pS2, Y ~ 1.
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Dual-Coordinate-Frame Evolution Method

@ Single-coordinate frame method uses the one set of coordinates,
x® = {t,x"}, to define field components, U™ = {155, MNa5, Posp 1
and the same coordinates to determine these components by
solving Einstein’s equation for u® = u®(x?):

(‘)gua + AR&GaRU‘ﬁ =F%,
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Dual-Coordinate-Frame Evolution Method

@ Single-coordinate frame method uses the one set of coordinates,
x® = {t,x"}, to define field components, U™ = {155, MNa5, Posp 1
and the same coordinates to determine these components by
solving Einstein’s equation for u® = u®(x?):

atu +Ak0{ aR ﬁ:Fa.

@ Dual-coordinate frame method uses a second set of coordinates,
2 = {t,x'} = x?(x?), to determine the original representation of
the dynamical fields, u® = u®(x?), by solving the transformed
Einstein equation:
X! 0x'

aufy 6"
W 50 7T o

Aku a 3 — Fa.
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Testing Dual-Coordinate-Frame Evolutions

@ Single-frame evolutions of Schwarzschild in rotating coordinates

are unstable, while dual-frame evolutions are stable:

10"
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@ Dual-frame evolution shown here uses a comoving frame with
2 = 0.2/M on a domain with outer radius r = 1000M.
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Horizon Tracking Coordinates

@ Coordinates must be used that track the motions of the holes.

@ For equal mass non-spinning binaries, the centers of the holes
move only in the z = 0 orbital plane.

@ The coordinate transformation from inertial coordinates, (X,y,Z),
to co-moving coordinates (x,y,z),

X ~ [ cosp(t) —sinp(t) O X
y | =e® | sing(t) cose(t) 0 y
z 0 0 1 z

with t = t, is general enough to keep the holes fixed in co-moving
coordinates for suitably chosen functions a(t) and o(t).

@ Since the motions of the holes are not known a priori, the
functions a(t) and ((t) must be chosen dynamically and
adaptively as the system evolves.
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Horizon Tracking Coordinates Il 5 _
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@ Measure the comoving centers of the holes: x.(t) and y¢(t), or

equivalently Q*(t) = [xc(t) — x¢(0)]/x(0) and QY (t) = yc(t) /e (t).
@ Choose the map parameters a(t) and ¢(t) to keep Q*(t) and
QY(t) small.
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@ Measure the comoving centers of the holes: x.(t) and y¢(t), or
equivalently Q*(t) = [xc(t) — x¢(0)]/x(0) and QY (t) = yc(t) /e (t).
@ Choose the map parameters a(t) and ¢(t) to keep Q*(t) and
QY(t) small.
@ Changing the map parameters by the small amounts, da and d,
results in associated small changes in /Q* and /QY:
Q* = —da, 6QY = —dp.
@ Measure the quantities QY (t), dQY(t)/dt, d QY (t)/dt?, and set
d 3 dQ¥ d*QY d°QY
—= = 23QY +3X2—— +3)\ = - :
g~ T T3 e a3
The solutions to this “closed-loop” equation for QY have the form
QY(t) = (At? + Bt + C)e~, so QY always decreases.
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Horizon Tracking Coordinates Il
@ In practice the coordinate maps are adjusted only at a prescribed

set of adjustment times t = t;.
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Horizon Tracking Coordinates Il
@ In practice the coordinate maps are adjusted only at a prescribed

set of adjustment times t = t;.
@ Inthe time interval t; <t <t we set:
dpi  (t—1t)2d%y

pl) = g+ (t=t)-m+ 5"z
(t—t)® [, d?°Q"  ,dQ/ 3Q7iy
+ 5 A a2 + A at + A 3 |

where Q*, QY, and their derivatives are measured att = t;, so
these maps satisfy the closed loop
equation att = t;.
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Horizon Tracking Coordinates Il
@ In practice the coordinate maps are adjusted only at a prescribed

set of adjustment times t = t;.
@ Inthe timeinterval t; <t <t we set:

doi  (t—1t)2d2p

pl) = g+ (t=t)-m+ 5"z
(t—t)® [, d?°Q"  ,dQ/ 3Q7iy
+ 5 A a2 + A at +A 3 |

where Q*, QY, and their derivatives are measured att = t,, SO
these maps satisfy the closed loop +°"

equation att = t;. i ol

@ This works! We are now able
to evolve binary black holes using
horizon tracking coordinates until
just before merger.
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Evolving Binary Black Hole Spacetimes
@ We can now evolve binary black hole spacetimes with excellent
accuracy and computational efficiency through many orbits.

Inspiral trajectory of one BH Caltech/Cornell Y
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Improved Circular Orbit Initial Data

@ The conformal thin sandwich initial data has initial radial velocity
R = 0. True circular orbit initial data should have R < 0, but small.

@ Conformal thin sandwich initial data therefore results in slightly
elliptical orbits:

12= Separation of BHs I/m -
10 -
s ]
6 ]
4 ]

5 Common horizon at ~2m

I I I
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time t/m
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Improved Circular Orbit Initial Data

° The conformal thin sandwich initial data has initial radial velocity
— 0. True circular orbit initial data should have R < 0, but small.
@ Conformal thin sandwich initial data therefore results in slightly

elliptical orbits:
@ Small changes in the

12 Separation of BHs d/m initial R and O gives a
more circular orbit.
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Improved Circular Orbit Initial Data

o The conformal thin sandwich initial data has initial radial velocity
— 0. True circular orbit initial data should have R < 0, but small.

@ Conformal thin sandwich initial data therefore results in slightly
elliptical orbits:

@ Small changes in the

12 Separation of BHs I/m - initial R and Q gives a
ol v 00017 more circular orplt.
. @ Orbit point with R = 0 is
8f . near apcenter, with larger
R than corresponding
61~ N point in circular orbit.
AL | @ Orbits at time shifted
points have nearly
N Common horizon at ~2m | identical gravitational
500 700 500 waveforms.
time t/m
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