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Abstract

We continue to explore the dynamics of a heavy quark in a strongly coupled rotating quark-gluon plasma
within the holographic framework. We use the 5d Kerr-AdS black hole with two arbitrary rotating param-
eters to describe the rotating quark-gluon plasma. We present the relations for the drag force acting on the
heavy quark both in the rotating- and static-at-infinity frames for arbitrary choice of the rotational parame-
ters. We also calculate the thermal mass of a static quark in different frames and show that at high-7" limit
the dependence on rotation is suppressed.
© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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1. Introduction

Studies of black holes in anti-de Sitter (AdS) spacetimes via holography are important since
they help to understand features of dual field theories at strong coupling that are inaccessible
by perturbative calculations [1-6]. Particularly, the holographic duality provides a link between
properties of asymptotically AdS black holes and observables relevant to physics of the quark-
gluon plasma (QGP). The QGP represents a hot strongly coupled fluid in the phase of deconfine-
ment and, moreover, at high temperature, the lattice results show near conformal behavior, so the
holographic approach seems to be viable for QGP.

Recently there has been some significant interest in the description and study of a rotating
QGP formed in heavy-ion collisions. It is known that in non-central heavy-ion collisions there
is a nonzero total angular momentum that is related to colliding nuclei. The major part of this
angular momentum is taken away by the spectator nucleons; however some amount of angular
momentum remains in the QGP and is conserved in time [7-9]. The measurements of the A, A
hyperon polarization by STAR collaboration at RHIC predict the angular velocity 2 ~ 641 MeV
[10-12]. Note that the value of €2 obtained in hydrodynamic simulations is even greater: 2 ~
20 — 40 MeV [9]. So it is of interest to trace how the fast rotation leads to different phenomena
in QGP.

In the holographic context, the rotating QGP can be described by virtue of a 5d asymptot-
ically AdS black hole with a non-zero angular momentum [13-22]. This class of black holes
includes the 5d Kerr-AdS solutions constructed in [23]. It is interesting to note that, comparing
to the 4-dimensional Kerr-AdS black holes [24], the five dimensional ones have two rotational
parameters a and b, i.e. the angular momentum consists of two parts that are conserved inde-
pendently. The 5-dimensional Kerr-AdS black holes are dual to the thermal N'=4 SYM at
strong coupling on the cylinder R x S3 [23,25]. We note that the Kerr-Ad S5 black hole can be
described in rotating- (Boyer-Lindquist coordinates) or static-at-the-boundary (asymptotically
AdS coordinates) frames. The disadvantage of BL coordinates comparing to AdS ones is an
absence of S3-symmetry near the boundary of the Kerr-Ad S5 spacetime. However, for small val-
ues of rotational parameters the boundary in BL coordinates has a similar form to the boundary
of the Kerr-AdS spacetime in the static-at-the-boundary frame. The case where both rotational
parameters are non-zero can be associated with a gyroscopic motion in the dual field theory,
while a single non-zero rotational parameter corresponds to a rotation around some axis. The
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Kerr-AdS black holes possess the Hawking-Page transition, which is associated to a confinement-
deconfinement phase transition in the dual theory. The rotation of Kerr-AdS black hole affects
the phase transition. Namely, the temperature of the phase transition decreases with the rotation,
as shown using the holographic approach in the recent work [13]. The similar influence of the
rotation on the Hawking-Page transition was found in [20], where the behavior of the free energy
and the entropy was studied. Moreover, in the latter work it was shown that the phase transition
takes place only for relatively small parameters and disappears if at least one of them is greater
than some admissible value (a, b € [0; 0.25] for £ = 1). These values of the rotational parame-
ters exactly correspond to the angular velocity obtained in the hydrodynamical simulations [9].
It is worth to be noted that in a number of the effective models of rotating QGP [27-30] it was
found that the rotation decreases the deconfinement temperature. At the same time, recent stud-
ies [31,32] using lattice QCD calculations have shown that the phase transition temperature 7,
increases with 2.

Heavy quarks represent suitable probes of the strongly coupled QGP. Transport properties
of QGP can be understood by calculating observables related to heavy quark dynamics in the
medium. When moving through the QGP, an energetic quark looses its energy fast because of
strong coupling. Energy losses are observed through jet quenching at experiments on RHIC. For
heavy quarks, which have a relative large mass, energy losses can be studied more clearly, since
low-energy strong-interaction effects are masked by the quark mass.

Using a perturbative QCD approach, the energy of the heavy quark momentum diffusion coef-
ficient was calculated earlier in [33-38]. Another possibility to study jet quenching at strong cou-
pling is the lattice-QCD calculations. The heavy quark diffusion coefficient and the jet quenching
coefficient, related with the averaged transverse momentum broadening squared per unit mean
free path [39,40], using the lattice approach were discussed in [41-43].

In the holographic framework the energy loss of the heavy quark can be studied by at least two
ways. The first one is based on the relation of a jet-quenching coefficient ¢ to light-like Wilson
loops and comes down to the calculation of holographic Wilson loops [44].

The second way is to calculate the drag force acting on a heavy quark in the thermal medium.
In this case the heavy quark is associated with an endpoint of an open string stretched in the
black hole background from the boundary of the spacetime down to the horizon [45,46]. Within
the second approach in the ordinary and charged AdS black branes the energy loss was broadly
studied in [47-56]. In the framework of the fluid/gravity correspondence the drag force was
studied in [57,58].

In works [17,20] the holographic drag force in the rotating QGP was calculated using 4d and
5d Kerr-AdS black holes, respectively. In the paper [20] the drag force was found for the cases
of the 5d Kerr-AdS black hole with one non-zero and two equal rotational parameters. It was
shown in [20] that if the 5d black hole has just one rotational parameter the relation for the drag
force is in agreement with the result of [17]; at the same time it was obtained that the drag force
vanishes for the case of two equal rotational parameters.

The purpose of this paper is to present generic relations for the drag force acting on a heavy
quark in a rotating quark-gluon plasma within the holographic correspondence for two arbitrary
rotating parameters. For our analysis we consider dynamics of an open sting, with one endpoint
attached at the spacetime boundary. The endpoint is fixed, so in the Boyer-Lindquist coordinates,
this corresponds to a frame rotating-at-infinity, the endpoint rotates together with the quark-gluon
plasma, while in the AdS coordinates, which are related to a static-at-infinity frame, the endpoint
does not rotate, however the ansatz for the dynamical variables can be interpreted as a slow
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motion of the string. According to the holographic dictionary, the conjugate momenta is related
to a drag force and the total energy of the string corresponds to a thermal mass of a quark at rest.

We also consider an open string with both endpoints located on the boundary of the Kerr-AdSs
spacetime and hanging down to the black hole horizon in the static-at-infinity frame. This string
configuration can be associated with a light-like Wilson loop, which allows to estimate the jet-
quenching parameter for a heavy quark in the rotating QGP.

The paper is organized as follows. First, in Section 2 we give a brief overview of an open
string dynamics in the generic 5-dimensional gravitational background, we write down relations
for the conjugate momenta and the total energy carried by the string. We also present the 5d
Kerr-AdS black holes with two non-zero rotational parameters in Boyer-Lindquist coordinates
(rotating-at-infinity), as well as in the so-called AdS coordinates (static at the boundary). In
Section 3 we consider a straight static string, which holographically describes a static quark, and
find the string energy, which is interpreted as a thermal static mass of the quark. We calculate the
string energy for both frames of and analyze its high temperature limit. Section 4 is devoted to
computing the holographic drag force using the string conjugate momenta in the Kerr-AdS black
hole for both coordinate systems. In Section 5 the jet-quenching parameter is computed by means
of a holographic light-like Wilson loop in Kerr-AdSs with one rotation parameter in the static-at-
infinity frame. Finally Section 6 presents the conclusions. Some useful intermediate calculations
are given in the Appendix. As indicated in some footnotes, this article is accompanied with
SageMath notebooks.

2. The setup
2.1. Open string dynamics

Within the holographic approach a heavy quark is described by an open string moving in the
black hole, which one endpoint is fixed to the spacetimes boundary. Thus, the momentum flowing
from the boundary to the horizon is related to drag force applied on a heavy quark moving in the
medium. The equations of motion for the string can be obtained from the Nambu-Goto action
that reads as

1
Sng = — //daodal —g. 2.1

2ra

where ¢, 0! are coordinates on the string worldsheet which parametrize the induced metric,

g =det gyp is the determinant of the induced metric, given by
8ap = Gunoa X" opX", (22)

with the 5d background metric G pn and the embedding functions of the worldsheet with X* =
XH (o), Vo' is a fundamental string scale.
Varying the action (2.1) with respect to X* we get the equations of motion

1 1
= (V=8 G o"x”) - S0.G 0 X" X" =0, 2.3)

The conserved currents are given through the variational derivatives on 9, X*
o

S
7%= 2o

" 53, X1 = /=88 Gy (X)3pX". (2.4)
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The energy density of the string is

0
77 =v=88% G (X) X", 2.5)
in what follows, we keep for the conjugate momenta 7o = 70, 7o'

energy of the string is given by

= 7". Therefore the total

E= drm. (2.6)

2o’

Knowing the energy of the string one can calculate the mass of a single heavy quark and correc-
tions to it. The energy (2.6) should be interpreted as the free energy of a static quark sitting in the
N =4 SYM quark-gluon-plasma. Another quantity of our interest is the drag force acting on a
heavy quark. The time-independent force on the string is

opu r .,

— = . 2.7

900 2ra H @7
The force that acts on the string is calculated as follows

opu r .,

— = — . 2.8

900 Yl M 28)

2.2. The 5d Kerr-AdS black hole in different coordinates

Here we briefly describe the 5d Kerr-AdS black hole with two non-zero rotational parameters.
As it is known a rotating black hole in five dimensions can be characterized by the mass and two
angular momentum invariants related to the numbers of Casimir invariants of SO (4), therefore
the solution has two rotational parameters.

The metric of the 5d Kerr-AdS solution [23] in terms of the Boyer-Lindquist coordinates is
given by

2
A in” 6 bcos? 6 Agsin® 6 2
ds2=——2r (dt_asm b — cos dlﬂ) N g sin <adt (r +a*) ¢)

1% Eq Ep I02 Eq
Ag cos2 6 (r + 2) 0? 2 0? 2
——— | bdr — —dbo 2.9
* p? < v Ar et Ay 29)
2
(1 —|—2r22£2) (abdt - b(r2 + a2)sin? 9d¢ a(? +iz)cos29dw> ’
r=p Sa Zp

where M is the mass of the black hole, a, b are rotating parameters, constrained such that a2,
b2 < ¢72 and we also denote

1
Ar == (2 +a®)(? +b)(1+r76%) —2M,
p
Ap = (1 —a’0?cos? 6 — b*%sin®0), (2.10)
02 = (r? +a®cos? 6 + b*sin0),
B, = (1 —a%0?®), Ep=(1—>b?.

We note that for the spherical part of the metric we use Hopf coordinates, thus the angular
coordinates are defined as 0 < ¢, ¥ < 2w, 0 <6 < /2. The horizon position is defined as a

5
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largest root r to the equation A, = 0. So the solution (2.9) is defined on the region of the radial
coordinate r € (r4, +00), with the boundary of Kerr-AdSs at r = 4-00. Note, that the Boyer-
Lindquist coordinates correspond to the rotating-at-infinity frame.

The conformal metric on the boundary with r — 400 is represented by

2asin® 0 2bcos? 6 02 £2sin 6

dsy, = —dt* + ———dtd¢ + ————dtdy + —db6* + ———dp*
P Ep Ap Ea @.11)
2cos’0 5
—— dy>.

o)
Ep

The Hawking temperature reads

TH=L<F+(1+I’3_€2)< LR )—i). 2.12)

27 rA+a? 2 4+p2) oy

It is worth to be noted that it corresponds to the temperature of the dual field theory. We see that
for a theory that lives on the boundary of the Kerr-AdS spacetime with the metric (2.11) and a
temperature (2.12) the Ehrenfest—Tolman relation holds'

1
V1Goo| Ty = 5 = const 2.13)

Plots with the dependence of the Hawking temperature on the horizon r. were presented in [20],
where it was also shown that a Hawking-Page phase transition in the 5d Kerr-AdS black hole
appears for a and b in the range of values from 0 to 0.25 with £ = 1.

We note that in the Boyer-Lindquist coordinates, the metric is asymptotic to Ad.Ss in a rotating
frame, with the angular velocities

QF =al?, QX =be (2.14)

Surprisingly, if one takes into account that the rotational parameters have the dimension of length,
¢ has the dimension of inverse length, we come that £27°, are measured in fm~! and coming to
MeV, we get the following range for the angular velocities

Q7,~19.7—-453 MeV, (2.15)

that is in agreement with values of the angular velocity that is used in the hydrodynamical simu-
lations [9].

The 5d Kerr-AdS black hole can be also represented in asymptotically AdS coordinates. Here
it is convenient to take £ = 1, then the coordinate transformations are

(1- a2)y2 sin® @ = (r2 +a2) sin® 0,

(1 —b?)y*cos> © = (r* 4 b*) cos? 6,

®=¢+at, (2.16)
V=1 +bt,
T=t.

' We thank V. Braguta for pointing this.
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For generic values of the rotational parameters a and b, we are not able to write down the met-
ric in AdS coordinates. So, in what follows, we will use the approximate form from [26]. The
line-element of the 5d Kerr-AdS black hole in the coordinates (2.16)-(2.16) near the spacetime
boundary y — 400 reads

2
—— +y*(d©” + sin® ©dd? + cos” Od V)
- AZyZ
2M 472 2Ma2sin4®d 2 2Mb2COS4®d 2
A%y T +Ty2 @ +Ty2 w2 — (2.17)

B 4Ma Sin2®dec[>_ 4Mbcos2®de\y+ 4Mabsin2®cosz®dcbd\y’
A3y2 A3y2 A3y2

dy

ds>~ —(1+y>)dT? + e

+

where
A=1-a%sin’® — b%cos’ O. (2.18)

Note, that the metric (2.17) with M = 0 describes the 5d AdS spacetime in the global coordinates.
The boundary of (2.17) doesn’t rotate at infinity (static-at-infinity frame) and has the following
form

ds> = —dT?* 4+ d©? + sin’> Od d? + cos” Od V2, (2.19)

which describes a compactified Minkowski space and manifests R x S symmetry. It is worth to
be noted that the boundary of the Kerr-Ad S5 in Boyer-Lindquist coordinates for small rotational
parameters a and b is approximately (2.19). In [26] it was shown that the metrics of the boundary
in BL coordinates and in static-at-the-boundary coordinates are conformally related as

2
2 Y, 2
dsgr pna = r_zdsAdS,bnd' (2.20)

So we can assume the Kerr-AdS black hole in BL coordinates is holographically dual to CFT at
finite temperature in a rotating frame.

3. Energy of a static heavy quark

In this section we compute the thermal mass of a heavy quark and find how the rotation affects
on 1t.

A static quark at rest in A/ =4 SYM quark-gluon plasma can be described by a straight
string stretched from the spacetime boundary to the black hole horizon. The solutions to the
string equations of motion that represent this configuration are just constants. For the string
in the Kerr-Ad S5 background in rotating-at-infinity frame (2.9)-(2.10) and with the worldsheet
parametrization (09 oY) =(1,r),itis given by

O@r,1) =00, ¢(t,r)=d¢o, Y(t,r)="1o. (3.1

To calculate the energy of the static quark one needs to find the energy of the string (3.1)
defined by (2.6). To find this we need to calculate the conjugate momentum representing the
energy density of a string. In the Boyer-Lindquist coordinates it has the following form

75 = V=8 (8%(Gus + Gugd + Gy ) + 8% (Grgd' + Gry¥)) (32)

7
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Plugging (3.1) into (3.2) we get

A
7'[0t =v—3¢%G,; =— (1 - A_g (a2 sin® 6 +b200320> —
r

Expanding (3.3) first in small a, then in small » and neglecting cross-terms of higher order we
get:

21.2 292
LM), (33)

r r?

a®sin® 6 + b*cos” 0
C2ré+r2-2M
It’s interesting to note that in (3.4) there is a contribution related to the rotational parameters.
Another interesting thing, observed in (3.4), is that the expression has a dependence on the
blackening factor ¢2r* — 2M + r? of the Schwarzchild-AdS black hole. This happens since the
Kerr-AdS solution with small rotating parameters tends to the Schwarzchild-AdS one. Substitut-

ing (3.4) into (2.6) and integrating, we have

) 2 2
1 <r+ (a? sin® 6 + b? cos? 0) (\/mmb_l( V2r )

T2’ 2 MA8ME + 1 SMC+1—1

/ _ V2¢er
—+/8MC¢+1—1tan 1(\/1-1-;8#4-1)))

where we define the quark location by 7y,.
At zero temperature limit, that corresponds to M = 0, we get

1
E‘ - 420 <a2 sin2 6 + b2 cos? 9)
T=0 2mwao’

7l =—1+ (3.4)

m

9
ry-+e

"m

= (3.5)

rg—+e

X( 1 _tan—l(zr)_ in >>
J2er V2 40/ M

1 2.2 2.2 1 1 -1
= rm+ €@ sin“0 +b“cos“0)| — — — —tan™ (Ury) ) |,
2’ bry, €

where we use ¢ = £e and ry = 0 with M = 0. Note, that at 7 = 0 the renormalized energy equals
to the (Lagrangian) mass m of the quark at zero temperature limit. So we have

E ren

1 2.2 2.2 1 -1
= rm+4€@ sin“0 +b“cos“0) | — —tan” " (Ury,) | | =m. 3.6)
T=0 2ma’ Crm

If one increases the temperature the energy takes the form

t h—l ryg+e t _1< e(rH;_G)> ) 2 2
an e VEra+17\ (a” sin” @ + b* cos* 0)

¢
i Ve +1 ) Qerg +1)

1
E=— m—rH—(

2ra
3.7
Therefore, the static thermal mass is given by
Miet =m — Am(T, a, b), 3.8)

where
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2 ,
AT ﬁ<ﬂTH + 72Ty - 20 L La?sin0 + b2 cos’6)
m(T,a,b) = —
.a, 2
27 2t m2Th + Ty n2Th — 202
. . _1( (U T+ 72 T] —20242¢£?) )
~1 e an

tanh (1 + JTTH+\/”2T1?17_M> VA [mATE A Ty 72T 20

X - 5

2
n Ty + w2y =202 ﬁ\/n2T£,+£2+nTH,/n2T,3—2e2

(3.9)

with A = 1/a/2.
Note, that in the limit of the large Ty the contribution from rotation is suppressed and comes
to

VA Ty

2 2

This is exactly that was found for the planar AdS black holes in [46].
Now we turn to the calculations in the AdS coordinates (non-rotating-at-infinity frame) (2.17).

Using a similar worldsheet parametrization (6%, 0'!) = (T, y) and considering a quark as an
endpoint of a static string, we have for the conjugate momenta

2M (a2 sin? © + b2 cos? ©)

Am(T, a,b) ~ (3.10)

0
=GyyGrr =—1 , 3.11
T woTT + A(A2y2 + A2y4 —2M) (1D
where A is given by (2.18).
Taking into account that rotational parameters a and b are small, we get from (3.11)
2M (a® sin® © + b2 cos? ©
20 = 4 M@ S O 07 cos ) (3.12)
Y +y - —2M

Correspondingly, for the energy (2.6) we have:
1 ( «/M(a2 sin? © + b cos? @)
y

V2y )

E= ( 1+«/8M+1tanh*‘(—
e 8M + 1 SM+1—1
2 y’n
— 8M+1—ltan_l<L>)) . (.13)
1+ VM 177/ ly+e

Note, that in (3.13) we again see terms related with rotation. However, in the limit of zero
mass, that corresponds to the zero temperature, the contribution from rotation vanishes:

M invM
2= —Muan'y - (a*sin?© + b?cos” ©)
L <y+ <y an "y Zﬁ ) a” sin + b~ cos
= Ym; (3.14)

where we also take into account that yy tends to zero as M = 0. This can be explained by that
we consider the Kerr-AdS black hole in the non-rotating-at-infinity frame.
As in the case previous case this energy (3.14) corresponds to the mass of the quark at rest:

Ym

Elr— =
YH+€

1
E|T=O=m)’m=m~ (3.15)

Correspondingly, the total energy with a switched temperature taken into account is given by

9
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Am

3000 -
2500 F e’

2000 F z

1500 [ z

1000 [

500

‘TH

I I I I
100 200 300 400

Fig. 1. The dependence of Am (in the non-rotating-at-infinity-frame (3.9) and in the static-at-infinity-frame (3.18)) on
the temperature T .

1
E=3 /(m—yH—< (y%l+1)tanh_l<1+i)—y;ﬂan‘%ﬂ))><
Ta o m
YH (\/y%,j) (a%sin® © + b% cos? ©)
X )’

3.16
Zy%_I +1 ©.16)
2 2
where we used the relation between yg and M, namely, M = W Finally, we can represent
the thermal mass of the quark at rest as
Miess =m — Am(T, a, b), (3.17)
where m is given by (3.15) and
% Th +\72Th -2
Am(T,a,b)=2£< . n (3.18)
T

2 h—l 1 2¢e «/Etan_l(L JTTH+V n2T§_2+26 )
t 2

an ( + TTy+ /712T121—2> ﬁ\/n2T£,+nTH,/n2Tf,72+l
+ - )

272
nTh 7Ty =2 \/n2T,3+nTH,/n2T,3—2+1

((n2T,3 ATy 72T —2)? — 1)(a2 sin? ® + b cos? ®)>
4(2TE + Ty 72Th —2)

From the relation (3.18) we see, that at high temperatures the rotation doesn’t affect on the
thermal mass of the static quark, moreover the approximate form of the correction looks like for
the AdS black brane with a planar horizon [46] and represents a linear dependence on Ty

X

A
Am(T,a,b) ~ %TH. (3.19)

The same dependence for Am (T, a, b) was observed for the Kerr- Ad Ss in the rotating-at-infinity
frame (3.10). We compare the behaviors of Am (T, a, b) for different frames in Fig. 1.

10
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4. Drag force acting on a heavy quark in 5d Kerr-AdS black hole
4.1. Calculations in Boyer-Lindquist coordinates

In this section we consider a trailing curved string in the 5d Kerr-AdS black hole in Boyer-
Lindquist coordinates (2.9) with (2.10) (the rotating-at-infinity frame).” We parametrize the
string worldsheet as 0° =1, 0! = r. For the embedding of the string worldsheet into the black
hole background (2.9) we choose

0=0(@,r), ¢=0¢tr), Yy=yr). 4.1
Owing to (4.1) the components of the induced metric (2.2) are
200 =G + Gpo0® + Gpgpd® + Gyy¥* +2(Gipd + Gry ¥ + Gypird) . (4.2)
801 = &10
=Gpob0' + Gppdd' + Gyy ¥y’ + Gipd' + Gy V' + Gy (pv' + '), (43)
811 =Gt ? + Gypd'* + Gyy¥'* + Gy +2Gy ¥, (4.4)
where we denote = = ;11_1 and’ = %.

The equations of motion (2.3) with (4.2)-(4.4) are difficult to work with, so we are going to
consider the linearized equations, which we obtain using an expansion in small rotating parame-
ters. We are looking for solutions to egs. (2.3) in the form of the curved string solution given by
the ansatz

¢(t,1r) = B +al’t +agi(r) + O@?),
0(r) = Og + (a + b)*01(r) + O((a + b)*), (4.5)
Y (t, 1) = Wo + bt + by (r) + O(B?),

where ®¢, &g, V¢ are some constants, 01, ¢1, Y1 are some functions depending on the radial
coordinate . We recall that the string endpoint attached to the boundary is fixed and rotates with
the thermal medium. So the terms a£2, b¢> can be associated to the components of the angular
velocity of the boundary. To simplify calculations we also assume that the following relation
between the angular parameters holds

b =na, 4.6)

where n is some number thus the parameters a and b are of the same order.

The constraint (4.6) allows to reduce the calculations in terms of one parameter of expan-
sion a. Plugging (4.5) with (4.6) into (4.2)-(4.4) the determinant of the induced metric takes the
following form

2
—g = (a2 (God] +n*Gyy¥)) +a(Gigt +nGry W) +na* Gy (V] + 1))
— (Gut + @Gy + 202Gy + 20 (aGrg +naGry +na®Gyy)) @)
x (14202 Gooti? + A Gppd? + 120Gy Vi + Gy + 2107 Gy Wi )
2 See the SageMath notebook https://cocalc.com/share/6850015be0320058cadbalce63e7a3eedf4eef89/Kerr-AdS-5D-

string-b_na.ipynb for some details of the computations.
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with the metric components (A.8)-(A.13).

Thanks to the ansatz (4.5) the equations of motion for 8, ¢, ¢ comes to the equations for
01, @1, ¥1. One can see that ¢; and ¥ are cyclic variables, the corresponding conservation laws
for ¢1 and 1 are given by

r

dr
““/-mu s =] @9
T4

where we used the conserved quantities p, q. Note, that we again observe the contribution of
the Schwarzschild-AdS blackenning functions in (4.8). This appears because of small rotating
parameters. Plugging (4.8) into (4.7) and doing expansion of the Lagrangian with (4.7) by a up
to 4-th order we get the equation for 61, which can be represented as a first order differential
equation, namely

. 2r 4%
r2+ 0t —2M

4.9
14+402Mn% —1) —p2 +n%(q*> — 1) = 3> — De*r* 9
sin(20q) =
2(1+n)2(r2 + 2r% — 2M)2
where we define T = 6;.
The solution to (4.9) is represented in the following form
,_ G 321 =n?)rsin26o)
i) 204wt ()
n?) (€2r%
—n?) (4} —1 +
Sl ) bt tanh™! (F—H> $in(20p) (4.10)
2(n + 1)2]”(;’)1"4(282 + Dry r
1_2522_'_22_2_'_22 ¢
po Ao (Er 2 e ! §in(20y).

2004+ D24 £ (r) (2023, + 1),/ €2r3 + 1 Jery +1

where C is a constant of integration, 7y is a horizon of the AdS-Schwarzchild black hole defined
by (B.2) and the function f(r) is the blackening function of the AdS-Schwarzchild black hole
with a spherical horizon given by

2M

-

Fy =4 -
r r

@.11)

We note that rg is introduced in (4.10) recognizing some relations for the black hole mass
(B.5)-(B.6). The appearance of f(r) (4.11) and rg in (4.9)-(4.10) can be explained the rota-
tional parameters are small and the leading order is related to the non-rotating case. Taking into
account n = b/a we represent (4.10) as follows

,__Ci 30%(a—Db)rsin(20y)
S ) 2at+ bt
(@ =) (€2r% — 1) — a?p? + b2
2(a+ b2 f(r)r* 2} + Dry

tanh™! (r—”) sin(200) (4.12)
r

12
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2
e (@ —b*) (Cr +2)" —a’p> +b*¢° - er

20 +a)2rt f(r) (2637, + 1),/ 2r3 + 1 Jery +1

The corresponding conjugate momenta (2.4) are calculated as

sin(20y).

= f()r'0{(a +b)* + O((a + b)*),
my = f(r)r*g] sin’(@g)a + O@®), @.13)
my, = f(r)r*y] cos*(O)b + OB).

Substituting (4.8) and (4.10) into (4.13) and expanding near the boundary r — +o00, we obtain
for the conjugate momenta

r 2Cy 2 s 31— n?)
=shoeg Tt -m - —— 4.14
w5 = (g ~¥E1-" - (4.14)
¢ 1—n2) (212, +2)" — p? +n2q? 2
Taea > +1) L= \/}% — )sin(200) 5 + O(a+b)*.
"H 22 41
) = psin(©9)a + O@®), 1), = qcos(©9)*b + O(b?). (4.15)

The components of the drag force for a # b with b = na are

3(1 —n?)

d 2
£ ( +3r03 (1 —n?) + = (4.16)

dt  \ sin(200)
144 (1 — nz) (Ezr%{ + 2)2 —p2+ n2q2) sin(20) 22

2020%rf + 1) [ 4 1 4ra’

d 1 d
T = 5 —psin(@Va+ 0@, Th=-

+O((a + b)Y,

qcos(©0)*b + Ob?), (4.17)

1
dt 2o’
or by virtue of (4.12) we get for the 6-component
d 2C —-b 3a-b
ape _ (_—1 T 3r£261 42 a
dt sin(20q) a+b ra+b
b4 ( b2) ( + 2) —a’p® +bq 2) sm(2®o)

- 2
202022, + 1) @+b2/erd +1 dra

+ O(a +b)h.

(a+b)?* (4.18)

The linear divergent term (4.16) is associated with the mass of the heavy quark, which can be
renormalized by a cut-off r,,. Taking r,,, = 2w’ Myesy We get

d a—b 1 (a+b)?* .
%:3 +b(z2Mm+4 <nTH+,/n2T,3—2z2)) S sin(200) + ...

(4.19)

Taking into account (2.14) we can also represent the relation for the drag force (4.19) with the
contributions from the rotational velocities

13



A.A. Golubtsova, E. Gourgoulhon and M.K. Usova Nuclear Physics B 979 (2022) 115786

d QX 2 _ QX 2 )\’

(4.20)

Consider b = 0, this corresponds to the case with the one non-zero rotational parameter [20], we
have for the components of the drag force:

dpg 1 a? .
% —3 <e2Mrest L (nTH +/m2T2 — 2z2>) = sin@00) + ... . 4.21)

dpy _ __1 dpy
dt — 2na dt
The relations (4.21)-(4.22) are also in agreement with the predictions from the 4d Kerr-AdS black
hole [17]. However, it is worth to be noted that for two arbitrary non-zero rotational parameters
the coefficient for the leading term is defined by the combination of a and b.
Another interesting particular case is the case of two equal rotational parameters, that corre-
sponds to n = 1. From (4.19) we see that the component of the drag force dﬁ just vanishes. This
confirms the result obtained in [20] by using the metric with two equal parameters.

psin(©g)%a + O(a?), =0. (4.22)

4.2. Calculations in asymptotically AdS coordinates

Now we turn to the calculations of the drag force in the 5d Kerr-AdS black hole in asymp-
totically AdS coordinates (2.17), i.e. non-rotating-at infinity frame.® For the coordinates on the
string worldsheet we take the parametrization 6% = T, o' = y, which is similar to the previous
case.

The embedding is defined through

O=0(T,y), &=0T,y), VY=UW(T,y). (4.23)

By virtue of (4.23), the induced metric (2.2) has the following components:

goo=Grr + G@@®2 + Goo®? + Gygp¥? +2 (GTq>Ci) +GryW + G¢wd>\i/) , (424
go1 = G@)@@@/ + Goo®® + Gy WV + Gre® + Gy

+ Goy(P'V + W), (4.25)
g1 =Gy + Goo®? +Goo®'? + GyyV'? +2Goy®'V, (4.26)
where we define ~ = % and’ = % and the components of the metric (2.17) are given by (A.14).

As in the Boyer-Lindquist coordinates the equations of motion (2.3) are complicated and we
are going to look for the linearized solutions. Assuming that the rotational parameters are small
and remembering the choice £ = 1 in these coordinates, the curved string is given by the ansatz

O(T,y) = ®o+aT +ad(y) + O,
O(y) =80 + ©1(y)(a +b)* + O((a + b)Y, 427
W(T, y) = o+ bT + bW (y) + OB,

3 See the SageMath notebook https://cocalc.com/share/9e8e6273e8459a7ee654¢e124ec5ce50825096b2b/Kerr-AdS-
5D-string-b_a-AdS.ipynb for some details of the computations.
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where @, ©p, Wy are some constants. Comparing to the previous case, the boundary of the
background doesn’t rotate, however we suppose that the endpoint of the string slowly moves on
the boundary.

With (4.27) the determinant of the induced metric comes to
2M
A3 y2

oM
5@ s’ @+ b co’ @ — 1)) — 1) (4.28)
y

2
—g= ((a2 sin?> ©®, 4 b2 cos’ G)\I/l)(yz + (a®sin® © + b? cos’ O — 1)))

- ((a2 sin? @ + b2 cos? © — 1)(y2 +

1
) <ﬁ + 2 ((a +b)*O? + a?sin®> @@ + b* cos> OW}?) +
I+ys— AZy2

2M
A3y2
where © is given by (4.27). The form of the metric in the AdS coordinates (2.17) is simpler than
in the Boyer-Lindquist coordinates (2.9), this leads to the relatively simple form of the induced
metric (4.28). So, one doesn’t need to put a constraint (4.6) we can do the expansion of the
string Lagrangian first with respect to the parameter a and then with respect to b removing the
Cross-terms.

From (4.28) we see that the equations of motion are reduced to EOM for ®1, ®; and V.
Moreover, for ®; and W we have the conservation laws given by the following expressions:

+

(a*sin® @@ + b cos? @\11’1)2>,

dy dy

y y

b, = —_— Y= e Sy E———

! p/@2+y4—2M> ! q/(y2+y4—2M>
Y+ Y+

(4.29)

where p, q are constants.
Plugging (4.29) into (4.28) and expanding the expression up to the 4th-order by a and the by
b, removing the cross-terms of higher orders, we get the equation of motion for ®/

2y (1+2y%) | O* —4M)(@® —b*) —a’p’ + b’

Y+ sin20p =0, (4.30)
S2M A 2@+ b)2 (—2M + 7+ y4)’
where T = ©/. Eq. (4.30) has the following solution:
, Cy y(@® —b?) ,
Q) = - sin(20 4.31
Y VA TP T ey vy ) @30

— @2 = b)y2 (y2 +2) — a2p2 + p2q2
(a . (g +2) —a’p q tanh*'<y—H> sin(2@¢) +
2yi (2y3 + 1) (a + b)2(y2 + y* —2M) y

2 2 4 202 1 p22
—b¥(1 — — +b
N (a )= yy) —a'p q taIfl( 4 )sin(2®o),
2\ vh + 1205 +1) (a+5)2(?2 + y* —2M) Vit

where C| is a constant of integration.
The conjugate momenta (2.4) can be found as follows

7y =+t —2M)O) (a + b)* + O((a + b)Y,
my = (32 + y* = 2M) sin®(Qp) @} a 4+ O(a?), (4.32)
my = (% +y* —2M) cos? (©g) Wb + O(b?).

15



A.A. Golubtsova, E. Gourgoulhon and M.K. Usova Nuclear Physics B 979 (2022) 115786

The drag force components (2.7) near the boundary of Kerr-AdSs y — 400 are given by

dp@:( 261 yla=b)  (a-b)

_ 4.33
dt sin(20) (a+Db) (a+Db)y ( )
m (a* — b (1 — yp) —a®p> + b*q*\ (a + b)? |
-2 i ) sin200) + O((a +b)*),
yZ +12y% + 1)(a + b)? T
d , d
% =—3 jfa/ sin?(@p)a + O(a?), % - —2730[, cos2(B)b + O(b?). (4.34)

As in the rotating-at-infinity frame we observe the divergent term with y — +o0 in (4.33), which
can be associated to an infinite mass of the quark. Introducing a cut-off as y,;, = 2w a’ Myest We

get
dpe _a—b 1 Py (a+b)? .
ot~ it (Mrest + i <7TTH +ym Ty =2 5 sin(2®p) + ..., (4.35)

dpo | dpy

% =— zmx/p sin(®g)%a + O(a?), %
Comparing (4.35) to (4.19) we see that the form of the relations for the drag force in the rotating-
at-infinity and static frames is similar up to a number coefficient that appears probably because
of using an approximate form of the metric in static-at-infinity frame.

Consider interesting particular cases, particularly, when we have just one non-zero rotational
parameter, we again obtain a close relation but with another number coefficient, but the depen-
dence on the rotational parameters is exactly the same as in (4.21)-(4.22). As for two equal
rotational parameters a = b we obtain that the drag force (4.35) is just zero, that matches with
the results of the previous section and [20].

= 0. (4.36)

5. Jet quenching parameter

Now we turn to computation of the jet-quenching parameter following up the holographic
prescription from [44]. The jet-quenching parameter g is related with the average of the light-
like Wilson loop in the following form

_ 1 s71—=72
W[C]=¢ a3?t 1 (5.1)

where C is a contour, L™ is an extension in a light-like direction and L is an extension in a
transversal one. In the holographic approach W[C] is equal to the classical string action stretched
on the contour C on the boundary of the holographic background

WICl=e"%. (5.2)
We consider the Kerr-AdS black hole in static-at-the-boundary frame (2.17) with one non-zero
rotational parameter a # 0. The metric reads

2
—— + 2 (dO” +sin” OdD? + cos? OdV?)  (5.3)
- 2

dy

ds> >~ —(1+y»)dT?> +
14 y2

2M
+ A3y2

(de +a%sin® ©dd? — 24 sin? @decb),
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where A = 1 — a?sin” ©.
The light-cone coordinates are defined by

dxT=dT —ad®, dx~ =dT +ad®. (5.4)
1 dxt +dx~ dx~ —dx™
ATdd = — ((dx_)2 - (dx+)2) Car=E A e A (5
4a 2 2a
By owing of the coordinate transformation (5.4) the metric (5.3) takes the form®:
1 y*sin?®  2M
d2:——d+2(1 2_ - 1 '2®2) 5.6
s 4(x | I+y e A3y2( + sin” ©) (5.6)
1 ysin?®  2M
— Z(dx )2<1 + y2 i - ATy cos” @)
1 _ yrsin?®  2M ,
— —dxtdx [14)? - 1 —sin*®
3 xTdx ( +y + ) A3y2( i )
dy? 20 132 2 2
+ﬁ+y (dO®“ + cos” Od¥~).
I+y" =2

The Wilson loop can be considered as an open string which both endpoints are attached to the
boundary of the Kerr-Ad S5 background. The string worldsheet coordinates are given by

d'=x", ol=w. (5.7)
Along ¥ we have length L and the lightcone direction has a length L™. We suppose that

xt=xt(oh). (5.8)
The Wilson loop lies at constant x1 and ®, then we have

O(c')=const, xT(c!)=const. 5.9
For the holographic coordinate y we impose the following constraint

y(:I:L/Z) = 0, (5.10)
thus we have

yeh)=y(=oh. (5.11)

The Nambu-Goto action is given by (2.1) with the induced metric (2.2). By owing the
parametrization (5.7)-(5.8) the induced metric components are

200=Gy x> g01=0, gi1=G,y?+Guyuy, (5.12)

9A
where we define by A" = 5.

4 See the SageMath notebook https://cocalc.com/share/f8db4d9b694aa3a8bSac7b72f83aa370a257c9f1/Kerr-AdS-5D-
asymptotic_b_0.ipynb.
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According to these calculations the Nambu-Goto action has the following view:

L2
-
- L f 4w

2o’
-L/2 (5.13)
1 y'2 y2sin?®  2M cos* ©

X —(y20052®+7) 1+y2— - :
4 14+y2— ),221212 a Ady?

The first integral corresponding to (5.13) is
22M 4®—A32 2 2_'2@ 2
24— a-M cos ye(a®+ (a sin“ ®)y~) cos © — _c (5.14)

4a2A3L
where L is the Lagrangian corresponding to the action (5.13). Then the equation of motion is
given by

y/2 —

M — A%y*(1 4 y?))(2a*(2C? A3 4+ 2M cos® ©) — A3 cos? Oy?(a? + y*(a® — sin’ ©)))
4a2C2 A5

x cos’ ©, (5.15)

where y' = ad and C is the constant energy of motion.
Plugging (5.15) back into (5.13) yields to

L2
L™ / d\yCOSZ ® 2(1 n 2) y4 sin?®  2M cos* © (5.16)
C 2ma! ac 7 Y a? A3 ’ '
—L/2

d
Remembering that dW = —)/} we come to the integration in terms of y, so we get for (5.16)
y

o0
I-
- [ dyx (5.17)
To
YH

S =

2620 2 e
aA5/2005®y2(1+y2_%_ M cos ())

a A3y2

2/ M — A2y2(1 + yz))\/2a2(2C2A3 + M cos® ®) — A3 cos2 ©y2(a2(1 + y2) — y2sin’ @))

The action (5.17) contains divergences on the spacetime boundary y — +oc. To renormalize
this we have to subtract from (5.17) the mass of two single quarks, given by the term

2a2g
14y2 - 2= S:;O— ZM_ o5t ©

o
A3y2
So= dy.\/|G Gyyl=— 5.18
y XTxT MYy 27_[0[ / 1+y2_% ( )
y

)’H YH

Subtracting (5.18) from (5.17) we get the regularized Nambu-Goto action
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- % 1+y2_)'2311212® _2Mc30s;®
S_Sozno/fdy S — (5.19)
Y = a2
YH y
Ay -
aA3/2cos®y\/1 +y2 _ y%;zl o 2A/1Ac30ys:o

—1

2\/A3 cos2 ©y2(a2(1 + y2) — y2sin® ©)) — 2a2(2C2 A3 + M cosb ©)

Expanding in series assuming that M is large we get at first order

+OM?). (5.20)

oo
L~ C2A>?sec’ ©
Sreg:S—S()%— /dyi

o 2M
YH

Integrating (5.20) in large M we get
L™ C?A?sect®
2M

NECESRVA) i +OM?), (5.21)

where we define A = (117 For small a it has a simple form

T L~ C?sec*®
2M
To derive C we find the following relation for the length L from (5.15)

S8 yi + O@@?). (5.22)

|~

o0
= / dyx (5.23)
YH

2aC A2

\/(Azyz(l +2) — 2M)(=2a2(2C2 A3 4+ 2M cos® ®) + A3 cos2 @y2(a2 + y2(a? — sin? ©))) cos O

At hight temperature limit (M — 00) eq. (5.23) takes the form

o0

L CA2gec*® CA2gec*®

- dy————— OMHyr —— — O(M?), 5.24

2 / y i +OWM~) i yu +OWM~) (5.24)
YH

or for small a

L sect ©

— = 0. 5.25

°C i yu +O(a”) (5.25)

Then from (5.22) and (5.25) we find that the regularized action is

AL~ L*M cos*®
2578 = £4—C°S. (5.26)
s YH

L 2 (3 +1
Taking into account that M = M

V72T —2)/2 we have

in terms of Ty, related to yy as ygy = (wTy +
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A
287% = iL—Lz(,/nZT,g — 24 7T) (T (72T} — 2+ 7w Ty) + 1) cos* ©.
327

5.27)
By virtue of (5.1), (5.2) and (5.27) we find that the jet-quenching parameter is given
(, [n2Th —2+ nTH) <TrTH < [n2T — 2+ nTH) + 1) cos*®

G =+/A : (5.28)

i 4\/571
which at high temperature takes the form

Vi 203 4
g =—n"T;cos” O, (5.29)
q \/E H

In (5.29) we observe that the jet-quenching parameter depends on the temperature as TH3 and
linearly on /A as in the case of the planar black brane [44].

6. Summary and discussion

In the present paper, we have investigated the energy loss of a heavy quark in a rotating quark-
gluon plasma within the holographic framework. As a holographic dual we have considered the
5d Kerr-AdS black hole with two arbitrary rotational parameters. The Kerr-AdS black hole is
justified for the description of the QGP at high temperature, where it is believed that the con-
formal symmetry is restored. Using the holographic prescription we have calculated the energy
of a static quark in both the rotating- and static-at-infinity frames under the assumption that the
rotational parameters are small. These relations generalize our result [20] obtained for a single
rotational parameter (in the BL coordinates). We show that for small values of the rotational pa-
rameters the mass of a static quark in the rotating- and static-at-infinity frames, are similar. We
have shown that at high temperature the contribution from the rotation in both coordinate sys-
tems is suppressed, thus the dependence of the energy on the temperature turns to be the linear

relation ‘/TXTH like for the case of the planar black brane [46]. It is interesting to note that in
BL coordinates (the rotating-at-infinity frame), for zero temperature the Lagrangian mass of the
static quark has a contribution from the rotational parameters, while in non-rotating-at-infinity
frame (AdS coordinates) it does not.

We have also presented the general formulae for the holographic drag forces acting on a
heavy quark for the case of two arbitrary rotational parameters. In the holographic description
the heavy quark can be considered through a string hanging towards the black hole horizon with
a fixed endpoint attached to the boundary of the Kerr-AdSs background. We have considered
the rotating-at-infinity frame of the Kerr-AdSs with the string endpoint fixed on the boundary,
so the string rotates together with the QGP and the static-at-infinity frame with a slowly moving
endpoint of the string. We have shown that the results for the drag force are equivalent in both
frames and have a linear dependence on the temperature Ty . The only difference is a numerical
factor, which comes from the fact that we have used the approximated form of the metric for the
static-at-infinity frame. We have seen that the drag force has a contribution from the difference of
squares of the angular velocities as in the hydrodynamical calculations for the pressure gradient
[20]. The drag force relations are also in agreement with the particular cases, i.e. a single non-
zero rotational parameter and two equal rotational parameters, obtained in the previous paper
[20]. For the case of two equal rotational parameters, which includes the extremal case, we have
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found that the drag force vanishes. This was also observed in [20] using the hydrodynamical
calculations. Note that for the case of a single rotational parameter in the rotating-at-infinity
frame, the relation for the drag force matches with that one from [17].

In the case of the static-at-infinity frame and a single rotational parameter a, we have esti-
mated the jet-quenching parameter and found that the leading term (for a small @) has the same
dependence on /% and Ty as in the case of a planar AdS black brane [44].

As an extension for future work, it will be interesting to study the jet-quenching parameter
more carefully in both the rotating- and static-at-infinity frames, to compute and analyze the
contributions from the rotation of a higher order.

Another natural direction is to generalize the results for the energy losses on the case of the
rotating charged AdS black holes [59], which correspond to a conformal plasma with non-zero
chemical potential. It would be important to trace and analyze the influence of the chemical
potential and the second non-zero rotational parameters on the transport properties of the QGP.
It will be also of interest to compare results with those for the rotating quark in A" =4 SYM
(static) quark-gluon plasma at finite chemical potential from [60].
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Appendix A. Metric components

A.l. Boyer-Lindquist coordinates

The components of the metric (2.9) in general are

1 2b2 1 262
G =— (—A, + Ay (a?sin? 0 + b7 cos”0) + Ljr)) : (A1)
0 r
2 2
p p
Grr=-—, Gop=——, (A.2)
r Ay
) 2 il
0 b2 sin2 0
Gop = 3=z (—a2 Sin20A, + (2 +a*) (Mg + (1 + rzﬁz))) , (A3)
p?E2 r
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2 2 2
cos“ 6 a“cos“ 6
Gyy == <—b2 cos?OA, + (r2 + b5 (Mg + T(l + Vzﬁz))) , (A.4)
poEy
) 2
asin” 6 b
Gip=Gg = . (Ar —(r*+ad>)(Ag + S+ r2€2))> , (A.5)
~a
bcos? 6 5 a? 20
thﬂzGljlt:F Ay —(r +b )(Ae-i- (1+V £)) (A.6)
Ep
abM sin*(26)
Goy =Gyp = T (A7)

If we suppose that b = an then the metric components (A.1)-(A.7) are transformed to

2
% 1
Gop= =z <—a2 sin?0A, + (2 +a»2(1 — a*€? cos? 6 + —n’a> sin29)> . (A8)
p u r
_0059_22 2 2,02 23201 2 2,2
Gyy = Soa n“a“cos“0A, + (r“+n-a“)°(1 a*n*¢?* sin? 9—{— acos 9)
Py
(A.9)
asin?6 5 n2a> 20 9 5
Gip=Gypr = Ay —(r +a )(1+——a £“cos“6(1 —n%)) |, (A.10)
02

nacos® @ 5 59 5
GNIIZGWIZT A, — (r* +n’a )(1+ +a sin0(1—n%)), (A1)
=p

207 <in2 2 2
na”M sin-(260) Jo 0
G =G =T A = = Gir=-—, Ggg=—, (A.12)
A L Y T A, Ag
1 2.4 1 212
Gu=— (—Ar +a’Ag (sin29 + n? cos? 9) + L;—r)) . (A.13)
0 r
A.2. Asymptotically AdS coordinates
The components of the metric (2.17):
Grr = ), Gpe e Gee=y (A.14)
2 .2 2Ma?sin* © 2 9 2Mb? cos* ©
Gq;q;:y sin ®+Ty2, G\p\p:y COS @-‘r Tyz, (A15)
G 2Masin* © 2Mbcos’ © 2Mab sin® © cos’ ©
TO=—""—"375 > TO=—"73"735 "> oV =
A3y2 A3y2 A3y2
(A.16)
A.3. Light-cone coordinates
The metric components in light-cone coordinates are given by
1 , ysinl®@  2M
Gee == (1402 2202 - Ay7 0 o). (A17)
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yZsin”> © 2M

1
Gx+x+:—1(l+y2— 2 A3 2(1+51n 0) ) (A.18)
1 ,  ¥isin?®@  2M 4
Grry-==7 | 145"+ —A3y2(1—sm 0) |, (A.19)
1
Gy = ——5i Goo =2, Gyy=y>cos’O. (A.20)
14 y*— AZy2

Appendix B. The limits of 5d Kerr-AdS metric. Special cases

For zero parameters a and b the metric (2.9) is simplified:

ds®> = —r? f(rydi®> + r? (d92 + cos? 0dy? + sin® 0d¢ ) (B.1)

4f()

where f(r) =I? + L — 2M s the blackening function. This is nothing but the 5d Schwarzchild-
AdS metric with the horlzon located at

VA1+802M —1
rg = ,
H NG,

which is calculated as the largest root of f(r) = 0. So for the solution (B.1) the radial coordinate
runs as r € (rg, +00). The Hawking temperature is given by

(B.2)

4rf e +2

H =
47'[}"[-]

(B.3)

the location of the horizon is defined through the temperature as

reg = ! (nTH + 72T} — 2e2> (B.4)
202 '

From (B.2) one can write down some useful relations

200 =V14+802M — 1, 203 +1=v1+802M, (B.5)
1+40°M — V1 +802M =20%3, 40%r5 + D> = (/1 +82M +1)°. (B.6)

We note that rg =0 if

M=0, (B.7)

in this case the metric (2.9) is just the 5d AdS spacetime in the global coordinates.
It is also instructive to show that the metric (2.17) with a = b = 0 has A = 1 comes to the
following form

2M
ds® ~ —(1+y* = =5)dT? + ————— + y*(dO” + sin* Odd* + cos” O V?).
y 1 + y2 - =
y
(B.8)
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