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Abstract

In the framework of the theory of scalerelativit y, we suggesta solution to the cosmo-
logical problem of the formation and ewlution of gravitational structures on many
scales. This approach is basedon the giving up of the hypothesis of di eren tiabil-

ity of space-time coordinates. As a consequenceof this generalization, space-time
is not only curved, but also fractal. In analogy with Einstein's general relativistic

methods, we describe the e ects of spacefractality on motion by the construction
of a covariant derivative. The principle of equivalenceallows us to write the equa-
tion of dynamics as a gealesicsequation that takesthe form of the equation of free
Galilean motion. Then, after a changeof variables, this equation can be integrated in
terms of a gravitational Scredinger equation that involvesa new fundamental grav-
itational coupling constart, 4 = wp=cC. Its solutions give probability densities that
guantitativ ely describe precisemorphologiesin the position spaceand in the velocity
space. Finally the theoretical predictions are successfullycheded by a comparison
with obsenational data: we nd that matter is self-organizedin accordancewith the
solutions of the gravitational Schredinger equation on the basis of the universal con-
stant wo = 1447 0:7 km/s (and its multiples and sub-multiples), from the scaleof
our Earth and the Solar Systemto large scalestructures of the Universe.

€ 2002 Elsevier SciencelLtd. All rights resened.

1 Intro duction

One of the main, still open, problems of today's cosmologyis that of the forma-
tion and ewlution of gravitational structures. In arecert paper [1], J. Silk wrote:
\Galaxy formation theory is not in a very satisfactory state. This stemsultimately
from our lack of any fundamenal understanding of star formation. There is no
robust theory for the detailed properties of galaxies." The samecan be said of the
formation of planetary systems,asnow demonstratedby the discovery of extrasolar
planetary systemswith fundamertal properties that were totally unexpected from
the standard model of formation. Moreover, at the scaleof galaxiesand at extra-
galactic scales this questionis strongly interconnectedwith that of \dark matter".
Namely, the existenceof large quartities of unseenmatter is a necessaryingredient
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in the standard approad, sincein its absencethe formation of galaxieswould be
totally impossible. However, while the anomalousdynamical e ects (at rotation
curves of spiral galaxies, velocity dispersion of galaxy clusters, etc...) and gravita-
tional lensinge ects that the dark matter hypothesisattempts to explain are rmly

established,the dark matter itself escagsany detection.

The aim of the presen paper is to suggestpossiblesolutions to these problems
in the framework of the theory of scalerelativit y and fractal space-time. Recall that
the introduction of a fractal and/or Cantorian space-time have been suggestedin
di erent contexts and using di erent tools by Ord [2], one of us [3, 4], EI Nasdie
[5] and now many other authors. As we shall see,this approadc provides a solution
for both the formation problem (this paper) and the anomalouse ects (joint paper
[6]) without needing any additional unseenmatter. Moreover, it allows one to
understand the morphogenesiof se\eral structures at all scalesand to theoretically
predict the existence of new relations and constraints, that are now successfully
chedked from an analysis of the astrophysical data.

After having briey recalled the foundations of the theory, we apply it more
speci cally to a generalizedtheory of gravitation in which, beyond somescalerela-
tive to the systemunder consideration, space-timebecomesot only curved but also
fractal. The induced e ects on motion (in standard space) of the internal fractal
structures (in scalespace),are to transform classicalmecdanicsinto a quantum-lik e
medanics. Then we give the fundamenal solutions of the macroscopicquantum
equations, which are adapted to a large class of astrophysical situations (central
potential, constart density, halos).

Finally the main body of the paper aims at giving for the rst time a large
panorama of the various predicted e ects and of quantitativ e and statistically sig-
ni cant veri cations in astrophysical data. We describe structures, self-organized
in terms of the samegravitational coupling constart, ranging from the scaleof our
Earth, the Solar System and extra-solar planetary systems, stars forming zones,
galaxies and clusters of galaxies, to large scale structures of the universe, with a
special emphasisabout planetary nebulae and our Local Group of Galaxies. It is
clear that, due to the large number and the diversity of the various e ects, we can-
not enter in the details about the nature of the obsenations and the data analysis:
seweral of these results have already been published in specialized papers that we
guote, while publications are in preparation concerningthose which are preseried
here for the rst time.

2 Theory

The construction of the theory is basedon the giving up of the Gauss-Riemann
hypothesis of local atness that underlies the building of Einstein's generalized
relativity. In other words, we attempt to describe physical laws in a cortinuous
manifold which may be not only curved, but alsonon-di erentiable. The foundation
of the theory and its dewvelopmerns hasbeendetailed in seweral previous papersand
books[4, 7, 8,9, 10, 11], sothat we shall only give here a summary of its tools and
its methods.



2.1 Scale laws

The rst step consists of a description of the internal scale structures in terms
of di erential equations written in scale-space.It has indeed been demonstrated
[8, 9, 10, 12] that continuity and non-di erentiabilit y implies scale-divergence,i.e.,
fractality, sothat non-di erentiable coordinates in space-timecan be described in
terms of explicitly resolution-dependert variables.

The simplest possibleform for a scale-di erertial equation describingthe depen-
denceof a fractal coordinate X in terms of resolution " is given by a rst order,
linear, renormalization-group like equation:

@ (t")
——'Z’=-a X; 1
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wherea and areindependen of ". Its solution can be written under the form:
" "

X(")=x(t) 1+ (1) + 2)
We recognize here a fractal asymptotic behavior at small scaleswith fractal di-
mensionD = 1+ , which is broken at large scalebeyond the transition scale .
Moreover, it is easyto ched that the fractal asymptotic behavior comesunder the
principle of scalerelativit y, sincein a scaletransformation of the resolution, " ! "9
In X transforms accordingto the mathematical structure of the Galileo group (but
herein scalespace).
By di erentiating this solution, one obtains the elemenary displacemen dX as
the sum of two terms:
dX = dx+d: 3)

Here d represetts a scale-degnden, \fractal part", and dx a scale-indegendert,
\classical part" of the full elemerary displacemen, which are sud that:

dx = v dt; (4)
d = ) (dt?)=2P (5)

where< >=0Qand< ?2>=1.

Therefore, while the full variable X is non-di erentiable, its \classical part" x
is di erentiable and can therefore be described in terms of standard di eren tiable
calculus. In what follows we shall consider only the caseof a fractal dimension
D = 2, that correspondsto a Markovian processand that plays the role of a critical
fractal dimension[9].

2.2 Quantum mechanics induced in space-time
2.2.1 Demonstration of Schrodinger's equation

In the minimal theory, two consequencesrise from the non-di erentiabilit y and
fractality of space,in addition to the fractality of ead individual trajectory (i)
which has beenestablishedin the previous section:

(i) The test-particles can follow an in nit y of possibletrajectories: this leads
oneto jump to a non-deterministic, uid-lik e description, in terms of the \classical
part" of the velocity eld of the family of trajectories, v = v(x(t);t).
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(iii) The re ection invarianceunder the transformation (dt $  dt) is brokenasa
consequencef nondi erentiabilit y (seee.g. [10]), this leadingto a two-valuednessof
the velocity vector. The useof a complexvelocity, V= (v4 +v )=2 i(vs Vv )=2
to deal with this two-valuednesscan be showvn to be a covariant and simplifying
represeration [13].

These three e ects of nondi erentiabilit y and fractality can be conmbined to
construct a complex time-derivative operator [8] that writes

d _ @ S

a—@+Vr iD 4 : (6)

Using this tool, one can now reformulate the action principle of medanics. One

de nes a Lagrange function L(x; V;t). Sincethe \classical part" of the velocity is
now complex, the sameis true of the Lagrange function, then of the generalized
action S. A complex probability amplitude can therefore be introduced asa simple

change of variable:

iS=2mD : (7)

Finally we can usethe equivalence/ general covariance principle and write a
gedalesic equation in fractal spaceunder the form of the equation of free Galilean
motion:

d
Gv=o (8)

After re-expressionin terms of  and integration, it becomesthe free Schrodinger
equation [8]: @
2 : -
D4 + |D@ o: 9
This result is supported by a numerical simulation of the underlying fractal pro-
cessdescribed herealove performed by Hermann [14], which allowed him to obtain
solutions of the Schrodinger equation without explicitly writing it.

2.2.2 Generalized theory of gravitation

We shall not dewelop in the presen contribution the application of this method to
standard quantum medanics in the microphysical domain (seee.g. [13] on this
subject). We are interested herein its macrophysical applications.

Let usindeedconsiderthe motion of a free particle in a curved space-timewhose
spatial part is alsofractal beyond sometime transition (e.g., the predictability hori-
zonin caseof strong chaos)and/or spacetransition (e.g., galaxy sizes). Its equation
can be written, in the rst order approximation, asa free motion / gealesicsequa-
tion that conbine the general relativistic covariant derivative (that describesthe
e ects of curvature) and scale-relativistic covariant derivative (that describesthe
e ects of fractality, Eq. 6), namely, in the Newtonian limit

D dv
It _E+r - =0 (10)



where is the Newton potential energy Once written in terms of (Eqg. 7), this
eguation can be integrated in terms of a gravitational Sdredinger equation with a
potential term:

2 H @ _
D?4 + |D@ = o
Sincethe imaginary part of this equation is the equation of cortinuity, and basing
ourselveson our description of the motion in terms of an in nite family of geadesics,

=  Ycanbeinterpreted asgiving the probability density of the particle positions.
For a Kepler potertial and in the time-independert (stationary) case,the equation

becomes:

(11)

2 E GM .
2D 4 +(E+T) =0 (12)

Even though it takesthis Screodinger-like form, this equation is still in essence
an equation of gravitation, sothat it must keepthe fundamertal propertiesit owns
in Newton's and Einstein's theories. Namely, it must agreewith the equivalence
principle [15, 16, 17], i.e., it is independert of the massof the test-particle, while
GM provides the natural length-unit of the system under consideration. As a
consequencethe parameter D takesthe form:

GM

D= e (13)
wherew is a fundamenal constart that hasthe dimension of a velocity. The ratio
g = w=c actually plays the role of a macroscopicgravitational coupling constart
[17, 22]). As we shall seein what follows, the main result of the theory is that
the solutions of this gravitational Scredinger equation are indeed characterized by
an universal quartization of velocities in terms of the constart w = 1447 0.5
km/s or its multiples or sub-multiples (the preciselaw of quartization depending
on the potential). The universality of this constart is corroborated by its e ective
intervention in the obsened structuration of matter in the Universeon a range of

scalesreading 19 orders of magnitude.

Before applying in what follows these fundamental equations of physicsto as-
trophysical problems of formation and ewlution of structures, let us concludethis
section by recalling that : (i) using the samemethod, Scredinger-like forms have
also beenobtained for the equation of motion in an electromagnetic eld, the Eu-
ler and Navier-Stokes equations, the equations of the rotational motion of solids,
dissipative systems,and eld equationsin a simplied case[10Q]; (ii) the quantum
rules obtained in this approac are fully demonstrated from rst principles, and
not a priori set; (iii) the scalerelativity method consistsof intro ducing explicitly a
scale-spacen the physical description. This is a key point for the understanding of
our approad. It meansthat, depending on the scale,either the classicalpart of the
fundamental variablesor their fractal part dominates. As a consequencehe math-
ematical tool is quantum at somescalesand classicalat others, with a transition
betweenthe two regimes.



3 Theoretical predictions

The generalizedgravitational Scredinger equation obtained above can now be used
as the motion equation for a large classof systems,namely, all those coming under
the three conditions that underlie its demonstration: large number of possibletra-
jectories, fractal dimension 2 of tra jectories, and local irreversibility. Actually these
conditions amount to a lossof information about angles,position and time.

In general,the equationsof ewlution are the Scredinger-Newton equation and
the classicalPoissonequation:

20 +in@ _ _ g
D% 4 iD g o; (14)
4' =4 G; (15)
where" is the potential and = m' the potential energy

By separating the real and imaginary parts of the Scredinger equation we get
respectively a generalizedEuler-Newton equation (written herein terms of the New-
tonian potertial energy ) and a cortinuity equation:

m(gw PV (+ Q) (16)
% + div(PV) = O (17)

This system of equations is equivalent to the classical one used in the standard
approad of gravitational structure formation, exceptfor the appearanceof an extra
potertial energyterm Q that writes:

e
Q= 2mD2—p?: (18)

In the casewhen the particles are assumedto Il the \orbitals" (for example,
the planetesimalsin a protoplanetary nebula), the density of matter becomespro-
portional to the density of probability, / P = Y, and the two equationscan be
conmbined in terms of a single Hartree equation for matter alone [10]:

|
2 ; —@
D tbe=@ , g o i2=0: (19)

Another situation occurs when the number of bodiesis small. They follow at ran-
dom one among the possibletrajectories, sothat P = Y is nothing elsethan a
probability density, while spaceremainsessetially empty. This casewill be studied
in more detail in the joint paper [6]: we suggestthat it allows to explain the e ects
that have up to now beenattributed to unseen\dark matter".

Now, asa rst step, we shall mainly study in what follows the simplied case
of a potential which is assumedto be globally una ected by the structures that
it contributes to form. Typical examplesare the two-body problem (planetary
systemsin the Kepler potential of the star, binary systemsin terms of reducedmass,
..), cosmology (particles embedded into a uniform density badground), ejection
processes...).



3.1 Keplerian potential

Let us rst study the general Keplerian problem. The classical potential ' =
GM =r can be inserted in the Sdredinger equation:
2 . @ G M _
D4 +ID6+ o =0 (20)
We look for wave functions of the form = (r) exp(iEt=2mD). Making the
two substitutions h=2m ! D ande?! GM m, wherem is the test particle inertial
mass), we obtain a quantum-lik e equation [8], [9] which is similar to the quantum
hydrogen atom equation (but it is now independert of inertial mass). Thus, we
can use the standard solutions (expressedin terms of Laguerre polynomials). In
spherical coordinates, the radial part and the angular part are separable:

M= am(; 5 )= Ra)Y™(; ) (21)

Moreover, the ratio energy/massis quartized as:

2\ 2 2
%z %z %%; forn2 N (22)

while the natural length unit is the Bohr radius ag = 4D?=GM = GM =wj.

Consguenes for the radial distance distribution: Let us consider particles
(e.g., of gas, dust, planetesimalsin a protoplanetary disk, etc...) involved in highly
chaotic and irreversible motion in a certral Kepler potential. At time-scaleslonger
than the predictability horizon, the classical orbital elemerns suc as semi-mgor
axes, eccefricities, inclinations, obliquities etc... are no longer de ned. Howeer,
the stationary Schredinger equation (12) that describestheir motion in terms of a
probability amplitude doeshave solutions which are characterized by well-de ned
and quartized values of consenative quartities (prime integrals) sud as energy
E, angular momentum L, etc... Therefore we expect the particles to self-organize
themselhesin the “orbitals' described by these solutions, then to form objects (e.g.
planets) by accretion.

After the end of the formation process,the motion of the objects which have
been formed remains given by the same values of the prime integrals, thanks to
the consenation theorems, but it is either no longer chaotic, or it is characterized
by a far larger chaostime (inverseof the Lyapunov exponert). Then one recovers
classical orbital elemers (semi-magjor axis a, ecceftricity e, etc...) linked to the
consenative quartities by the classicalrelations, e.g.,E=m=GM=2a, (L=m)? =
GM a(l #€?),..

The theoretical prediction of the probability distribution of a given orbital el-
emernt can therefore be obtained by searting for the quantum states of a con-
sened quantit y which is a direct indicator of the obsenable we want to study. This
is achieved by choosing the symmetry of the referencesystemin a way which is
adapted to the obsenable. For example, the spherical symmetry solutions describe
states of xed E, L2 and L,. From these solutions we can recover the semi-mgor
axis expectation, but not the eccertricit y, sincethe de nition of L2 combines a and
e. Now the parabolic coordinate solutions describe states of xed E, L, and A,
where A is the Runge-Lenzvector, which is a consenative quartity that expresses
a dynamical symmetry speci c of the Kepler problem (seee.g. [19]). This vector
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identi es with the major axis and is directed toward the perihelion while its modulus
is the eccertricit y itself.

The radial part of the Kepler orbitals in a spherical coordinate system are ex-
pressedin terms of Laguerre polynomials. They depend on two integer quantum
numbersn > Oand| = 0to n 1.Their averagedistanceis given by (seee.g. [18)):

<re>u=ag on’ i+ 1) (23)

For the maximal value of the angular momertum (I = n 1), the meandistance
of the test particle becomes< r >, = ag(n?+ ), while the probability peak lies
at rPea = gyn2. The energy being quarntized as given in Eq. 22, the semi-mgor
axescan take the values:

(24)

The theoretical expectation for the ecceftricit y distribution is obtained in parabolic
coordinates by taking as z axis the major axis of the orbit. One obtains for the
projection of the Runge-Lenzvector on this axis [20]:

A, =e= —; (25)

where the number k is an integer and variesfrom Oto n 1.

Consajuenes for the angular distribution: The angular part of the wave func-
tion is also quartized [9]. In spherical coordinates, the angular momenta is quan-
tized as(L=m)? = 4D I(l + 1) and its projected componert asL ,=m = 2D r, where
M is the third quantum number and varies from | to I. The angular solutions
are expressedin terms of the spherical harmonics Y,™( ; ), whoseimportance for
morphogenesiswill be pointed out in a forthcoming section (ejection process).

Consguenesfor dynamics: The momertum solutions are separablein spheri-
cal coordinates and expressedy the function:  ny.m(p) = Fni(p) Y, (#; ). The
functions Y, (#; ) are standard spherical harmonics, the F,, functions are propor-
tional to the Gegerbauer functions C ( ). The momertum distribution is given by
jp:Fn1 (p)j?. The meansquarevalue of the obsenable p is given by [21]:

2 1 2 2 2 po 2
<p>= PIFn " dp=" = (26)
where pg = h=gg is the Bohr momertum. We obtain:
GMm 2 mwy 2 wo 2
< p’>= = 0 << ¢ <v¥>= 29 .
p D - for v C; Y rallE 27)

sinceD = GM =2wy. As we shall seein what follows, the obsenational data supports
the universality of the velocity constart wg. One indeed nds that matter is self-
organizedon a wide range of scalesin terms of the value wg = 1447 0:7 km/s for
this constart (and its multiples and submultiples) [15]. An attempt of theoretical
prediction of this value has beenmadein Ref. [22].



3.2 Harmonic oscillator

Let us now considerthe gravitational potential given by a uniform massdensity
The domain of application of this caseis, evidertly, cosmologyin the rst place, but
this can also apply as an approximation to the interior of extended bodies (stars
in galaxies, galaxiesin superclusters,...). Solving for the Poissonequation yields a
harmonic oscillator gravitational potertial ' (r) = (2 =3)Gr 2, and the Schredinger
equation becomes: @
2 : 2 _
D? 4 +|D6 36r® =0 (28)

The stationary solutions [9], [18] are expressedin terms of the Hermite polyno-

mials (Hp):

2
ROGY;2) | eXp( ) M (£) Hi, () Hi, () 29)

wh%re b= D¥2( G=3) ™. The energy/massratio is also quantized as E,=m =
4D° G =3(n+ 3=2). The main quantum number n is an addition of the three
independert axial quantum numbersn = ny + ny + n,.

Smatial consguenes: The theory allows oneto predict that matter will have
a tendency to form structures according to the various modes of the quantized 3-
dimensional isotropic harmonic oscillator [9] whose dynamical symmetry group is
SU(3). Depending on the consenative quartities and their assaiated quantum
numbers (ny; ny; N;), a simple or multiple (double, chain, trap eze)structure is ob-
tained (seeFig. 13). As we shall see,this prediction can be cheded in astrophysical
data, sincesuch morphologiesare indeedfound in the universeon many scales(star
formation zones,compact groups of galaxies, multiple clusters of galaxies). More-
over, quartitativ e predictions can be made: e.g., the distance separation [9] of the
extreme density peaksis given by the approximation  rmax = b(n?+ 3n)1=2.

Dynamical consguen@s: In the momertum represenation, we can predict a
distribution of inter-velocities as  Vmax = Vo (n? + 3n)2 with the characteristic
velocity vo = 2D¥2( G =3)*. The di erence betweenthe extreme velocity peaks
is quartized in a quasi-linearway [9], sinceit is of the order of 2vg, 3vg, and 4vq for
the modesn = 1;2; 3 respectively.

The main conclusionis the prediction that the various cosmologicalconstituents
of the universewill be situated at preferertial relative positions and move with
preferertial relative velocities, asdescribed by the various structures implied by the
guartization of the isotropic 3D harmonic oscillator.

3.3 Ejection process

In many ejection/ growth processegplanetary nebulae,supernovae, star formation,
ejection of matter from Sun, as due e.g. to the infall of sungrazercomets, etc...),
the obsened ejection velocity seemsto be constart in the rst approximation (as
a result of the cancellation between various dynamical e ects). This particular
behavior is consistert with a constart or null e ectiv e potential, i.e., it corresponds
to the free motion case.

This meansthat this problem becomesformally equivalent to a scattering pro-
cessduring elastic collisions. Indeed, recall that the collision of particles is described



in quantum medanicsin terms of an incoming free particle plane wave and of out-
coming free plane and spherical waves. The Sdredinger equation of a free particle
writes:

2mD?4 (r)+E (r)=0 (30)

where E = p?=2m = 2mD?k? is the energy of this free particle. The stationary
solutions of the problem in a sphericalcoordinate systemare (r) = R(r) Yim( ; ).
The equation of radial motion becomeg[18]:

11 + 1)
r2

2
R™(r) + - R(r) + [K2 IR(r) = O: (31)
We keep the solution corresponding to a ow of certral particles (ejection / scat-
tering process), namely, the divergert spherical waves. The general solution is
expressedn terms of the rst order Hankel functions:

s

R(r) = +iA ;—r HI(P%(kr): (32)

Radial conseuen@s: [( r)]? represens the spatial probability of presence
for a particle ejected in a unit of time. But our aim is to know the ewlution
of the probability function for distancesand times higher than the ejection area.
The spatial probability density for a particle emitted at time (te) in an elemenary
spherical volume writes:

dP(r: :tt) = [ROT Vot te))]zrizrzdr Nim( : )2sin )sin d d: (33)

Angular consguen@s: In a way similar to the interpretation of the spatial
solutions, we shall interpret the angular solutions in terms of a self-organizedmor-
phogenesis.Indeed, the matter is expectedto be ejectedwith a higher probability
along the angle values given by the peaksof the probability density distribution.
One may therefore assaiate quantized shapes,which can be spherical, plane, bipo-
lar, etc... to ead couple of quantum numbers (I; M), i.e., to the discretized values
of energy and angular momertum. Thesedi erent possibilities will be considered
in more detail in the sectiondewted to Planetary Nebulae.

4 Observ ational tests of the theory

4.1 Solar System
4.1.1 Planetary system formation

Considera protoplanetary disk of planetesimalsduring the formation of a planetary
system. The motion of ead planetesimalin the certral Kepler potential of its star
comesunder the conditions under which a gravitational Scredinger equation can
be written. Therefore we expect the bodiesto Il the orbitals (seeFig. 1), then to
accrete and to form planets. The nal orbital elemers of the planets are nally
expected to follow the laws that have beendescribed in the previous section, i.e.,
semi-mgor axis / n2, eccefricit y /| k=n, etc...
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Figure 1. Example of solution of the gravitational Scredinger equation for a Kepler potential.

An important feature of the scale-relativity approad is that it naturally leads
to a hierarchy of structures [8, 15]. Let us summarize the argumert. Consider a
system of test-particles (e.g., planetesimals)in the dominant potential of the Sun.
Their ewlution on large time-scalesis governed by Eq. 12, in terms of a constart
D; = GM=2w;. The particles then form a disk whosedensity distribution is given
by the solution of the Schredinger equation basedon this constart. This distribution
can then be fragmerted in sub-structures still satisfying Eq. 12 (since the certral
potential remainsdominant), but with a di erent constart wj.;. We caniterate the
reasoningon several hierarchy levels. The matching condition betweenthe orbitals
implies wj+1 = kjw;, with k; integer. Our own Solar System is indeed organized
following sudh a hierarchy on at least 5 levels, from the Sun's radius to the Kuip er
belt (seeFigs. 2 and 3 and the following sections). In particular, the inner solar
systemin its whole can be identi ed asthe fundamental level (n = 1) of the outer
solar system, in which Jupiter isin n = 2, Saturn in n = 3, etc....

n=1 Hierarchical model of
2 Solar System formation
05 Outgr Solar System
n=2
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&
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£ c
E g 2
n < = E
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n=4
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n= 5
—
5 10 15 20 25 30

distance to Sun (astronomical units)

Figure 2: Hierarchical model of formation of the Solar System.
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4.1.2 Planetary orbits

The application of the scale-relativity approad to the solar systemhas beengiven
in detail in [8, 23, 24]. As expectedin the hierarchical model formation, the inner
and outer solar systemsare both organizedin a similar way, in terms of semi-mgor
axes distributed according to a n? law (see Fig. 3). For the inner system, the
gravitational coupling constart is found to be given by a value wp = 144km/s. As
we shall seein what follows, this value (or its multiples or submultiples) can be
identied on a wide range of astrophysical scales,from the Earth to cosmological
scales.

Moreover, such a n? law is not adjustable (contrarily to a scaling law of the
Titius-Bo de type), sothat the ranks of the planets are xed in a constrained way.
One nds that Mercury ranks n = 3, sothat the very rst result of the theory has
beento predict the existenceof two additional probable zonesfor planetary orbits
[8, 23], at 0.043AU (n = 1) and 0.17 AU (n = 2), for the solar system but also
for extrasolar planetary systems. At the time of the prediction, no exoplanet was
yet known. As we shall see,this prediction has now received strong support from
the discovery of exoplanetsand from structures in the very inner solar system. The
sameis true of the outer solar system beyond Pluto, which can now be chedked
using the Kuip er belt objects.
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Figure 3: Comparison of the obsened semi-mgor axesof planets in the inner and outer solar system
with the predicted values,a,=GM = (n=w)?, with w = 144km/s in the inner solarsystemand w = 144=5
km/s in the outer system. \SI" standsfor the peakof the inner solar system (which correspondsto n = 1
in the outer system), and \SE" for the peak of the outer system (Jupiter at n = 2). Additional peaks
are predicted beyond Pluto (seethe Kuip er belt section hereafter) and before Mercury (seethe section
\In tramercurial structures").

4.1.3 Satellites and rings

It has beenshowvn by Hermann et al. [25] that the various systemsof rings and
satellites around the outer giant planets also come under the samen? law in a
statistically signi cant way. Moreover the planet radii themselhes belong to the
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sequencdas we shall see the sameis true of the Sunin the very inner solar system).
Sud a result is indeed expected, since a generalizedScredinger equation can also
be applied to the problem of the formation of the certral bodies, and that matching
conditions on the probability amplitude should be written betweenthe interior and
exterior solutions (similar to the Caudhy conditions in generalrelativit y).

In a subsequen study, Antoine [26] has solved the Schedinger equation in the
caseof cylindrical 2D symmetry, and he has comparedthe solutions to the obsened
main density peaksof Saturn rings. In this casethe energy becomesquantized
as En = Eo=(n + 1=2)°>. The remarkable result is that the ring peaks agree with
such a law with the samevalue wg = 144 km/s asin the inner solar system: one
nds valuesof n = 6.45,7.57,8.51,9.46 and 13.43,all of them closeto n + 1=2 as
expected. The probability to obtain suc a result by chanceis smaller than 10 3.

4.1.4 Mass distribution of planets

The above theoretical approac providesa model for the massdistribution of matter
in the solar planetary system[23, 24]. Indeed, as well the obsened distribution of
the whole system as that of the inner system (which stands globally as the rst
orbital of the outer one) agreewith the predicted law of probability density. We
can therefore use the hierarchical model described above to predict the massesof
the planets (in units of Jupiter mass,asin runaway models). The result is givenin
Fig. 4. The distributions of the massof planets in the inner and outer solar system
arein good agreemem with such a model. Only the massof Neptune is much higher
than expected. But ewven this discrepancyis easily explained by the existenceof a
larger systemin which the masspeak of the whole planetary system (i.e. Jupiter)
ranks n = 1, and in which Neptune ranks n = 2 (dashedline in Fig. 4; seealso
Fig. 3).

Remark nally that this model will certainly help solving another problem en-
countered by standard models of planetary formation. The accretion time of plan-
etesimals,though acceptablefor earth-like planets, becomegoo large for giant plan-
ets. In our framework, the initial distribution of planetesimalsis no longer at, but
already peaked at about the nal value of the planet positions, which should shorten
the accretion process.

415 Intramercurial structures

Solar radius Preferertial distancesin the very inner solar system are expected
for semi-mgor axesof 0.043and 0.17 AU, which correspondto then = 1andn = 2
probability peaksbasedon the constart wg = 144 km/s. More generally one can
consider substructures basedon a multiple of this constart, w, = 432= 3 144
km/s. Indeed,the Sunradiusisin preciseagreemem with the peakof the fundamen-
tal level of this sequencenamely, one nds n = 0:99with R = 0:00465AU, that
correspondsto a Keplerian velocity of 437.1km/s. Sud a result is not unexpected
in the scale-relativity approad. Indeed, the fundamental equation of stellar struc-
ture is the Euler equation, which can also be transformed in a Schredinger equation
[10], yielding preferertial values for star radii. Matching conditions between the
probability amplitude that describesthe interior matter distribution (the Sun) and
the exterior solution (the Solar System) are expected to involve a matching of the
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Figure 4. Comparisonbetweenthe obsened and theoretically predicted planet massesn the inner and
outer solar system. IS stands for the inner solar systemas a whole (2 Earth masses),C and H for Ceres
and Hygeia, which are the two main masspeaksin the asteroid belt.

positions of the probability peaks. This theoretical question will be deweloped in a
forthcoming work, while data analysis has already demonstrated that known star
radii shav pronounced probability peaks,in particular for values corresponding to
Keplerian velocities of 432 km/s [82].

Circumsolar dust. We therefore predict, on the basis of a constart w = 432
km/s, probability density peakslying at 409R , 9:2R , 16:32R , etc.. This can
be chedked by studying the density distribution of interplanetary dust.

We have indeed recalled in [24] that the possible existence of intramercurial
bodies is limited by dynamical constraints (such asthe presenceof Mercury) and
thermodynamical constraints (sublimation). As a consequenceasteroids can be
found only in the zone 0.1-0.25AU, but the inner zone 0.005-0.1AU can yet be
cheded using the distribution of interplanetary dust particles in the ecliptic plane
(originating from cometsand asteroids) that producethe F-corona.

Since 1966, there hasbeenseeral claims of detection during solar eclipsesof IR
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thermal emissionpeaksfrom possible circumsolar dust rings (Peterson [27], Mac-
Queen[28], Koutchmy [29], Mizutani et al [30], Lenaet al [31]. Thesestructures have
been systematically obsened at the samedistance of the Sun during v e eclipses
between 1966 and 1983. McQueen nds two radiance peaksat 4:1R , which is
equivalent to a Kepler velocity v = 216 km/s and at 9:2R = 0:043 AU, which
corresponds very preciselyto a Kepler velocity v = 144 km/s (seeFig. 5). i.e., to
the predicted badkground level of the inner Solar Systemand of extrasolar planetary
systemsat the samescale(seeherebelow).
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Figure 5: IR-dust density obsened during the solar eclipseof January 1967 (adapted from MacQueen
[28]). Two density peakswere obsened at exactly the predicted distances4:09R , and 9:20R = 0:043
AU, which correspond respectively to Keplerian velocities of 432=2 and 432=3 = 144 km/s.

Howewer, more sensitive obsenations during the 1991 solar eclipse[32, 33 did
not con rm these detections. While Lamy et al. [32] conclude that the previous
detections were in error, Hodapp et al. [33] argue that the earliest obsenations
were credible and therefore that the obsened structures were transient features,
perhapsdue to the injection of dust into near-solarspaceby a Sun-grazingcomet.
This last interpretation is quite in agreemeh with the scale-relativity approad.
Indeed, the dynamics of the dust particles that are at the origin of the solar F-
coronais determined by the Sun gravity, the Poynting-Robertson and corpuscular
pressuredrag, the radiation pressureforce and the e ect of sublimation [34]. The
conmbination of thesee ects leadsto chaotic motion with a small predictability time
horizon, and would therefore come under the gravitational-Schredinger equation.
The dust injected in the circumsolar spacewould thus accunulate during a nite
time into the predicted high probability zones,and nally spiral toward the Sun
due to the Poynting-Robertson drag.

Thereforea possibleindependernt test of the theory could consistof newreal time
IR obsenations during a forthcoming eclipsetaking place just after the passageof
large size sungrazer(s).

Vulcanoid belt. An attempt to test for the prediction of the theory accordingto
which one or seweral objects (most probably an asteroid belt) could exist at 0:17AU
(n = 2 for the inner solar system) from the Sun has beenrecertly performed by
Schumadher and Gay [35].
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They have tried to detect vulcanoids by analysing the SOHO/LASCO images
using automatic detection. Their conclusion[35] is that it is very di cult to detect
sudh objects evenif they do exist, becauseof the high level of noisethat remainsafter
cleaning the imagesfor the solar corona. Their result is that there is no object of
diameter larger than 60 km around 0:17 AU. This lets open plenty of possibilities,
in particular the most probable one, i.e. an asteroid belt made of objects of size
smallerthan 10 km. Indeed, the prediction of the scale-relativistic planetary model
formation (seeabove) is that a total massof 10 4 Earth massis expected in this
zone. It is probable that sudh a small total masshas not beenable to accrete so
that the matter remains discretized in terms of planetesimals. Moreover, recer
numerical simulations [36] have shown that there should exist a stable zonebetween
0:1 and 0:2 AU, and, moreover, that some of the known Earth-crossing asteroids
could well comefrom this zone.

In situ detection could be possiblein the future using e.g. the Solar Orbiter
spacecraft, which will reach a distance to the Sun of 0.21 AU. Another sugges-
tion consistsof searting for the possibleperturbations that such an asteroid belt
would induce on the motion of the Aten and Apollo Earth-crossing asteroids, in
particular on those which enter the very inner solar system. Six sud objects
are preserly known having perihelion distancessmaller than 0.17 (see http://cfa-
www.harvard.edu/cfa/ps/mp c.html), amongwhich 1995CR, of perihelionq= 0:119
and inclination i = 4:0 degree,and 2000BD19 of perihelion g = 0:092, inclination
i = 257 degree,which crossesthe ecliptic at the expected belt distance of 0.174
AU.

4.1.6 Sungrazer comets
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Figure 6: Distribution of the perihelions of sungrazer comets and comparison to the scale-relativity
prediction (integer valuesof I), accordingto Ref. [37].

Parabolic comets can be used to chedk deeper intramercurial structures [37].
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The sungrazers,in particular those recenly obsened by the SOHO satellite, enter
in the very inner solar system. The eccetricit y of theseobjectsis very closeto e= 1
becauseof their quasi-paratolic orbits. Thereforetheir perihelion distancebecomea
direct indicator of angular momertum. The scale-relativity approac predicts that it
should show probability density peaksfor perihelion valuesg = (GM =w?) I (1 + 1)=2.
The value of w for these objects corresponds to yet a new sub-lewel of hierarchy,
sincetheir velocity may readh 600 km/s. Indeed, as shown in Fig. 6, the perihelion
distribution of sungrazerswith g < 0:015AU agreesvery closelyand in a statistically
highly signi cant way with the predicted theoretical values,for w = 1296= 9 144
km/s.

4.1.7 Trans-Neptunian structures: Kuip er belt

As recalled above, new predictions have beenperformedten yearsagoin the gravi-
tational Scrodinger framework concerningthe inner regions of planetary systems,
but alsothe outer regionsbeyond 40 AU [8]. Since, many small bodies have been
discoveredin the so-calledKuip er belt. For the outer solar system,the w constart
is closeto 29 km/s, i.e. 144/5 km/s, wheren = 5 is the rank of the mass peak
in the inner solar system, given by the Earth position. This implies a quantiza-
tion of the semimajor axis accordingto a, = 1:1n? AU. This law can be usedto
predict the distribution of Kuip er belt componerts [24]. The distribution of the
outer solar system planets and of the recertly discosered SKBOs (scattered Kuip er
belt objects) is given in Fig. 7, and comparedto these predictions. A satisfactory
agreemen is found, in particular concerningthe expected trans-Plutonian peak at
55 AU. Moreover, most KBOs are found around 40 AU and they therefore agree
with the n = 6 predicted peak.
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Figure 7: Distribution of the semi-mgor axis of Scattered Kuip er Belt Objects, compared with the
theoretical predictions of probability density peaksfor the outer solar system (arrows).
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4.1.8 Obliquities and inclinations of planets and satellites

The method of transformation of classicaldynamics equationsin Scredinger equa-
tions under the information-loss conditions has also beenapplied to the equations
of the rotational motion of solids [38, 10]. The planetary and satellite obliquities
in the solar system are known to be most of the time chaotic and they therefore
comeunder the Schrodinger description. In the caseof a free rotational motion, one
obtains an equation that can also be applied to their inclinations:
2

2_2 +A2 =0 (34)
Since canvary only between0 and , the expected probability density of angle
valuesis P( ) = acog(n ). Thus the probability peaksare predicted to be quan-
tized as: ¢ = k =n, wheren is an integer. For the whole solar system, the obsened
values of obliquities and inclinations agreein a signi cant way with the predicted
distribution assaiated to n = 7 (see[38] and Fig. 8). Note that the earth obliquity
itself (23 27) and seeral other bodies of the solar systemfall closeto the second
guartized value k = 1. The retrograde planets such as Verus, and those which are
almost heeledover their orbital plane, such asUranus, are alsoaccourted for in this
model.

Number

| |

25 50 75 100 125 150 175
obliquity / inclination (degree)

Figure 8: Distribution of the obliquities and inclinations of planets and satellites in the Solar System,
comparedwith the scale-relativity prediction (integer values of k).

4.1.9 Space debris around Earth

The predictions of the scale relativity theory are clearly consistert with the ob-
senation of many quantized gravitational systems. Now it could be interesting to
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have not only obsenational, but alsoexperimental validations of the scale-relativity
proposal.

One could therefore suggesta gravitational experiment, consisting of sending
test particles in chaotic motion in a Keplerian gravitational potential. Actually
such an experiment has already been done, even though it was not in purpose.
Indeed, di using spacedebris in orbit around the Earth provides us with exactly
this kind of sciertic experiment. A large classof these spacedebris have di used
through collision processso that the information about their initial orbits is lost.
Thus, we can apply to these objects the Keplerian solutions allowed by the theory.

Starting from the best t value of the fundamental gravitational velocity con-
stant for inner solar system planets and exoplanets(seebelow), wg = 1443 km/s,
and with the Earth massof 5:977 10?* kg, we expect average orbiting distance
givenby: <r >, = (GM=wg) (n®>+ n=2) = 1915 (n?+ n=2) km. For n = 18,
we nd the Earth radius with a remarkable precision: GM (n? + n=2)=w§ = 6375
km, while the equatorial radius of the Earth is 6378160 km (the di erence between
levels amourting to about 700 km). This result, though it needsfurther theoreti-
cal analysis, is expected for the samereasonsas the connection of the Sun radius
with the Solar System structures (see above section \In tramercurial structures").
Thus the mean distance of the spacedebris are predicted to be given by the next
probability peaksat 718km (n = 19), 1475km (n = 20), 2269km (n = 21), etc....
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Figure 9: Density distribution of the recertly obsened nearestspacedebris (adapted from [39]). The-
oretically predicted peakslie at altitudes of 720km and 1475km.

The available data (< 2000 km) [39 clearly shows two density peaks at 850
km and 1475 km (seeFig. 9). The secondpeak is in total accordancewith the
prediction (however a more complete analysisis still neededto verify that it does
not correspond to a predeterminedorbit). Concerningthe rst peak, it is necessary
to take into accourt the dynamical braking of the earth atmosphere. This braking
deviates particles to the Earth in a region up to about 700 km. Moreover, the
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obseneddistribution shouldalsobe correctedfor spikesthat correspond to identi ed
debrisstill orbiting about their original orbit. Thesecorrectionsshouldbe performed
beforereactiing a rm conclusionabout this test of the theory.

4.2 Extrasolar Planetary system
4.2.1 Semi-major axis

One of us wrote in a colloquium about \Chaos and di usion in Hamiltonian sys-
tems", held in February 1994,i.e. more than oneyear beforethe discovery by Mayor
and Queloz[40] of the rst exoplanetaround a solar-type star [23]: \One of the dif-
cult y of theories of the Solar System formation and structures is, up to now, its
uniqueness:we do not know whether an obsened\law" is a peculiar con guration

of our own system, or whether it is sharedby all planetary systemsin the universe.
But we can expect such other systemsto be discovered in the forthcoming years,
and new informations to be obtained about the very distant solar system (Kuip er's
belt, Oort cometary cloud...). In this regard our theory is a falsi able one, sinceit

makes de nite predictions about such obsenations of the near future: obsenables
such as the distribution of ecceftricities, mass, angular momertum, the preferred
positions of planets and asteroids, or possibly the ratio of distance of the largest
gazeousplanet and the largest telluric one, are expected in our framework to be
universal structures sharedby any planetary system."

We have seenin the preceding section how the theoretical prediction made in
this text about the Kuip er belt (and other structures in the Solar System) is now
being successfullychedked. Since now sewen years, the discovery of more than 70
exoplanetsallows us to put to the test the secondprediction, i.e. the universality
of planetary structures.
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Figure 10: Distribution of the semi-maor axis of 79 planets (inner solar systemand exoplanetsaround
solar-like stars). Mercury, Verus, the Earth and Mars lie respectively at n = 3;4;5 and 6.

Concerning semi-mgor axes, the presenly obsened exoplanetsfall in the dis-
tance range of the inner solar system. The n? law of the inner solar system can
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be tested by consideringfor ead exolanet the variable 4:83p a=M, where a is the
planet semi-mgor axis (in AU), M the star mass(in solar massunit) and wo = 4:83
(i.e. 144km/s in Earth velocity unit). The theoretical expectation is therefore that
this variable should cluster around integer values (without any free parameter and
performing no t of the data). The result for the exoplanetsknown at the date of
writing of the presen cortribution is given in Fig. g:exoplanet-a and nicely sup-
ports the prediction. The probability to obtain such an agreemem betweenthe data
and the theoretical prediction is 4 10 ° ([22, 20]).

A particularly remarkable result concernsthe n = 1 and n = 2 orbitals at 144
and 72 km/s, where no large planet is presert in our own system (as expected
from its massdistribution determined by the distance of Jupiter to the Sun), but
on which a large number of exoplanets have beenfound. The proximity of these
exoplanets (the so-called51 Peg-like exoplanets)to their star is a puzzle for stan-
dard theories of formation, while it was predicted in advancein the scale-relativity
framework, moreover in a quartitativ e way, sincethese planets orbit preferertially
at a=M =0.043 and 0.17 AU/M

4.2.2 Eccentricit y

The eccetricit y distribution of the exoplanets can be studied with regard to the
general Keplerian eccettricit y solution, e = k=n. The eccetricit y distribution of
the global sample (combining all the exoplanetsand the inner solar system bodies)
agreeswith the predicted quantized distribution around integersk = n e (see
Fig. 11). The assaiated probability level is 10 # [20]. When combining the eccen-
tricit y and semi-mgor axis distribution, the probability to nd suc a distribution

by chancebecomesaslow as3 10 .

The discovery of the large eccettricities of exoplanetsis the secondpuzzle posed
to standard models of formation. On the cortrary, this is an expectedresult in our
framework, sincewe predict the existenceof orbits with ecceitricities ranging from
e=0toe=1 1=n.
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Figure 11: Distribution of the eccertricities of 79 planets (inner solar system and exoplanets around
solar-like stars). The theory predicts that the product of the eccertricity e by the quantity r =
4:83(a=M )12 should cluster around integers.
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4.2.3 Pulsar exoplanets

The rst discovery of an extrasolar planetary systemare the three planets found by
Wolszczanaround the pulsar PSR B1257+12[41]. Eventhough the star is not solar-
like, it desenesa special study [15, 42]. Indeed the planets probably result from an
accretion disk formed around the very compact star after the supernova explosion.
We cantherefore expectthat the purely gravitational formation processdescribed by
the gravitational Scrodingerequation be valid with very few perturbations, sothat
the theoretical predictions would becomevery precise. Moreover, the compacity of
the star suggeststhat planets be self-organizedin terms of a smaller scalethan the
inner solar system (i.e., of a multiple of wo = 144 km/s.

Both expectations are supported by the data (see Fig. 12. Indeed, assuming
that the planets nally formed at mean distance of the orbitals, we expectthe nal
planetsto orbit with periods givenby P, = (2 GM=w?) (n? + n=2)372, where M is
the pulsar mass. Period ratios from this formula (with n = 5, 7 and 8 for the three
planets A, B and C) agreewith the obsened ratios with a remarkable precision
of some 10 *: one obtains (Pa=Pc)¥™ = 0:6366 while (P5=Pg) = 0:6359 and
(Pg=Pc)*™ = 0:8783while (P7=Pg)¥™3 = 0:8787[42]. Moreover, using the standard
pulsar massM = 1.4 0:1 M , oneobtains for the coupling constart of this system
w= (2:96 0:07) 144km/s (i.e. the Keplerian velocity at the Sun radius).
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Figure 12: Comparison betweenthe obsened periods of the three planets obsered around the pulsar
PSR B1257+12 and the scale-relativity prediction. The agreemen betweenthe obsened periods and the
predicted onesis so precise(the di erence is lessthan 3 hours for periods of seweral months) that three
zooms by a factor of 10 are indicated.

These results have allowed to predict precisely the possible existence of other
periods, in particular short onesat 0.322days (n = 1, 1.958days n = 2 and 5.96
days (n = 3). In arecen work, Wolszczanet al. [43] have obtained timing data
for about 30 successie days. We have analyzed the residuals of these data after
substraction of the e ects of the three planet (the dispersionof theseresidual being
still larger than the error bars), and we have found a marginal detection (at a
signi cance level of 2.7 ) for a period P = 2:2 days, which is compatible with the
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n = 2 prediction. Sud a preliminary result clearly needscon rmation using more
complete data.

4.3 Galactic structures
4.3.1 Star formation

The new approad allows to bring simple solutionsto somestill unsolved fundamen-
tal problemsin the standard theory of star formation. This concernsin particular
the morphogenesisof the star forming zones. Indeed, one can as a rst approx-
imation describe the interstellar medium from which a star forms in terms of an
averageconstart density, i.e., of a 3-D isotropic harmonic oscillator potential. The
solutions of the corresponding Schredinger equation are given in Sect.3.2and illus-
trated in Fig. 13. For an increasing energy these solutions describe single objects
(n = 0), then binary structures (n = 1), then 3-chains and trap eze-like structures
(n = 2), 4-objects chains (n = 3), etc... Such morphologiesare naturally unstable
and rapidly ewlve just after their formation, sincethe potential is locally changed
by the structuration.

Now it is remarkable that zonesof star formations such as O and B assaiations
are known to shaw in their certral regionsdouble structures (ex. the \butter y"
in N159 of the Large Magellanic Cloud), chain-like morphologies(ex. NGC 7510),
trap eze-like morphologies(ex. the Orion trap eze),etc... (seeFig 14).

Another morphological speci city of star formation at a smaller scaleis the
presenceof disks assaiated with polar jets. As we have seenin the \Ejection
process"sectionand will be illustrated hereafterin the \Planetary Nebula" section
(seethe cases(l = 2, m = 0) and (I = 4, m = 0), this is precisely the result
obtained whenlooking for the angular dependenceof the solutions of the Schredinger
equation, when assumingthat the matter and the gashasbeenpreferertially ejected
at anglesgiven by the peaksof angular probability density. This vast subject can
be only touched upon in this review and will be deweloped in more detailed in a
forthcoming work.

4.3.2 Binary stars

A crucial test of the theory consistsof verifying that it appliesto pure two-body sys-
tems. The formation of binary stars remainsa puzzlefor the standard theory, while
more than 60 % of the stars of our Galaxy are double. Conversely in the new ap-
proach the formation of a double systemis obtained very easily, sinceit corresponds
to the solution n = 1 of the gravitational Screodingerequationin an harmonic oscil-
lator potential, i.e., a uniform density badkground (while the fundamental solution
n = 0 represerts a single spherically symmetric system): seeFigs. 13 and 14.

After its formation, the binary system will ewlve accordingto its local Kepler
potential. The binary Keplerian problem is solved, in terms of reducedcoordinates,
by the sameequations as single objects in a certral potential. This solution brings
informations about the inter-velocities and the inter-distances between stars. The
obsened velocity is expected to be quartized as v, = w=n with w equal to 144
km/s or a multiple or submultiple (depending on the scaleof the binary star).

As an example of application, eclipsing binaries are an interesting caseof close-
by systems,for which we therefore expect the gravitational constart to be a multiple
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Figure 13: The three rst modes of the 3-dimensional harmonic oscillator potential, that correspond
to the gravitational potential of a badkground of constart density (the mode n = 2 decass into two
sub-modes). In the scale-relativity approacd, the gealesicsequation can be integrated in terms of a
Sdcredinger equation, so that structures are formed even in a medium of strictly constart density. De-
pending on the value of the energy discretized stationary solutions are found, that describe the formation
of oneobject (n = 0), two objects (n = 1), etc... We have simulated thesesolutions by distributing points
according to the probability density. The mode n = 1 corresponds to the formation of binary objects
(stars, galaxies, clusters of galaxies...).

Figure 14: Examples of morphologiesof star clusters. Up left: the globular cluster M13; up right: the
\butter y" nebulain M59 [44]; down left: the chain cluster NGC 7510;down right: the trap ezein Orion
nebula.
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of 144km/s. It hasindeedbeenfound [45, 47] that the averagevelocity of the 1048
eclipsing binaries in the Brancewicz and Dvorak catalog of eclipsing binaries [46] is
w= 2894 30=2 (1447 1.5)km/s (seeFig. 15). Moreover, agood t of their
interdistance distribution is given by the probability distribution of the fundamertal
Kepler orbital; similar results are obtained using se\eral other catalogs of binary
stars [47].
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Figure 15: Distribution of the intervelocity betweenbinary stars in the Brancewicz catalog of eclipsing
binaries. The averagevelocity is 2 (144:7 1:5) km/s.

4.3.3 High-v elocity clouds

High-velocity clouds (HV Cs) are neutral gas clouds with anomalous obsened ve-
locities. They are grouped in large structures named complexes.In a recert paper,
Woerden et al. [48] have obtained more precise values for the distancesof HVCs
in complex A (chain A) and conrmed their positions in the halo. A particular
structure of such typical clouds has beenobsened by Pietz et al. [49] in the com-
plex C. Velocity bridges have beenidenti ed, that seemto be in accordancewith
the expected Keplerian velocity distribution (144=n km.s ). We give two examples
of this e ect in Fig. 16, which shavs the massdensity toward the line of sight in
function of the radial velocity (the zero velocity is assaiated to the HI gasin the
Galactic disk). Large bridges at 144km.s ! with sub-structuresnear 20km.s 1,

24km.s 1, 36km.s ' and 48km.s ! are clearly apparert in these diagrams.
This distribution canbe consideredasa signature of a Keplerian interaction between
the molecular cloudsin the Galactic halo and the Galactic disc.
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Figure 16: Internal structures of HVCs in complex C (centered on b= 54 :6 and | = 92 :4). Details
reveal a Keplerian distribution in 144=n km.s 1. (Adapted from ref. [49)]).

4.3.4 Prop er motion near the Galactic center

The study of the velocity distribution of stars near galaxy certers could reveal

to be particularly interesting in the context of testing the theory.

Indeed there

is increasing evidencethat galaxieslike our's host in their certer compact masses
(possibly black holes)of seweral 10° M , basedon obsenation of Keplerian velocity-
distancerelations. Thereforethis could allow oneto put the Keplerian quantization
law to the test for large valuesof the velocities, then for large valuesof the coupling
constart w, which should ultimately read c (i.e.
preliminary example of such a work using obsenations by Eckart and Genzel [50]
of the proper motions of 39 stars located between0.04 and 0.4 pc from the Galactic
certer. They nd that these obsenations supports the presenceof a certral mass
of 25 04 10° M . Though the velocities do not yet reac high valuesand the
error bars are large (60 km/s), the obsened distribution of velocity componerts,
givenin Fig. 17, is compatible with a w=n quantization matching with the 144km/s

sequence.
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Figure 17: Distribution of the absolute values of stellar velocity componerts near the galactic certer
from the data of [50]. The diagram mixes the Right Ascensionand Declination componerts of velocity
derived from proper motion, with radial componerts derived from spectral shift (for a fraction of the
sample). The main probability peak lies at 72=144/2 km/s.

4.4 Planetary Nebulae

Planetary nebulae,despite their misleading names,are a generalstage of ewolution
of low massstars. They result from the ionization by the radiation of the certral
star of previously ejected outer envelopes.

The standard theory to explain the formation of planetary nebulae(PNe) is the
interacting stellar wind (ISW) model. The simple casesof spherical and elliptical
PNe are easily understood by this model, but many far more complicated mor-
phologieshave now beendiscovered, in particular thanks to high resolution Space
Telesco images. Despite many attempts using numerical simulations madewith a
large number of initial conditions and accouring for seweral physical e ects (mag-
netic elds, companion star perturbation, collimated out o ws, ...), no coheren and
simple understanding of these shapeshas yet emerged.

Our approadc to this problem is a scale-relativistic generalization of the ISW
model [51]. Namely, we accourt for the chaotic motion of the ejected material
and we simply replace the standard equation of dynamics used in the model by
the generalizedone (written in terms of the covariant derivative). It becomesa
Sdcredinger equation having well-de ned angular solutions ( ; ). Their squared
modulus P = j ?jisidentied with a probability distribution that preseris maxima
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and minima (see Figure below): this meansthat we automatically nd, by this
method, that the star hasa tendencyto eject matter along certain angle valuesthat
are far more probable than others. Therefore we are able to predict the existence
of discretized possiblemorphologies,in correspondencewith quantized valuesof the
squareangular momertum L? and of its projection L,.

This approad is not contradictory with the standard ones: on the contrary, for
eat PN with a given morphology, it will remain neededto understand why speci ¢
valuesof L2 and L, is achieved. But the new point hereis that the variability of
shapesand their non-sphericalsymmetry (while the eld is spherically symmetric)
may now be simply understood in terms of states of a fundamental consenative
quartit y, the angular momertum.

Moreover, obsenations indicate that the propagation velocity is nearly constart
(this result is already used in numerous simulations [52], [53]). This meansthat
the PNe shells have an e ectiv e free Galilean motion. Therefore we can apply to
the problem of their structuration the theoretical approact deweloped in the third
section for a constart potential.

4.4.1 Elementary morphologies

The global shapingis now understood asa consequenc®f the geometry of gealesics,
whosedistribution is described by the generalizedSdredinger equation (30). Its
solutions, nm(r; ; ) = Ra(r):Y,"( ; ) have two separableparts: the radial part
(32) givesus information about matter density along the structure and the angular
part imposesglobal shape speci city. The visualization of the 3D probability distri-
bution of sphericalharmonics givesa rst result on the angular and matter density
repartition for PNe (see gure below):

The model can also take into accourt perturbativ e terms, sudc as secondorder
terms in the velocity power seriesexpansion,external in uences, the magnetic con-
tribution in the ejection process,etc... Many hydrodynamic simulations neglectthe
magnetic force [53, 54], though PNe are expectedto have strong magnetic elds suc
asthe red giant stars and the white dwarfs [55]. The easiestdescription consistsof
introducing a poloidal eld. With this particular geometry the ow of ionized par-
ticles (becauseof the UV star radiation) should be deviated in the samedirection,
i.e. toward the axis of symmetry. Moreover, for particular (I;m) values, bipolar
structures naturally emerge. In these singular objects, a self-gravitating force ap-
pears. This force acts like the magnetic eld and inducesa constriction along the

28



axis of symmetry of the PNe. So, the angular distribution hasto be corrected to
account for the perturbations introduced.

4.4.2 Morphological results

We presen a synthesisof the di erent shapesallowed by our model. Three categories
resumeall the possibilities:

Spherical and elliptic: The basic spherical shape is obtained for the speci c value
of (I = m = 0). For the restriction of ((m = 1181 1), PNe will ewlve to an
equatorial disc. The tilting on the line of sight of this disc will induce a spherical
or an elliptical PN.

1=0 m=0 =1 m=1

Bipolar ejection: The generalprocessupon which our whole description is based
is an ejection process. Therefore, it is not surprising to nd solutions describing
bipolar jets ejection. For ((m = 0]81 1), the density distribution is concerrated
on the axis of the objects.

I=1 m=0 1=2 m=0 1=3 m=0 I=4 m=0

Bipolar shell: All the other solutions give bipolar shell structures. The empirical
relation (I m) + 1 constrains the number of internal structures. For example,
(I = 6; m = 2) gives5 structures (one disc and four shells). This brief presenation

1=6 m=5 1=6 m=4 1=6 m=3 I=6 m=2 =6 m=1
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allows oneto classifyall the elemeriary shapesand givesa method for constraining
the structure with the couple (I; m).

4.4.3 Comparison and discussion

The following four examples(Fig. 18) show the direct comparisonbetweenstructures
obsened and predicted quantized shapesbuilt with the Schredinger model: we can
seethat many exotic shapesare naturally obtained in this framework. Moreover,

Figure 18: Direct comparisonbetweenpredicted quantized shapesand typical obsened Planetary Neb-
ulae, plusthe Carinae.nebula(STScl images,adapted from http://ad.usno.na vy.mil/pne/caption.h tml)

the general solutions could be used in many ejection/scattering casesother than
PNe. In Fig. 19, we comparethe shapesof young star ejection statesor SuperNovae
explosionswith quantized solutions (also valid for inward motion). To concludethis
section, the Scredinger approadc brings a new conceptionin the general ejection
processin astrophysics. Our PNe shaping model treats in the sameway all the
elemertary shapesand is in accordancewith many singular obsenations.
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Figure 19: Generalization of the theoretical description of ejection process.The left hand siderepreseits
a young star ejection state, and the right hand side, a supernova explosion (adapted from STScl images).

4.5 Extragalactic structures
45.1 Rotation curves of spiral galaxies

The at rotation curvesobsened in the outer regionsof spiral galaxiesis one of the
main dynamical e ects which demonstratesthe so-called\missing mass" problem.
Indeed, farther than the visible radius of galaxies,a very small quartity of matter is
detected by all the possiblemethods used (imagesat all wavelengths, gravitational
lensing, 21 cm radio obsenations, etc...). Therefore one expectsthe potential to be
a Kepler potential / 1=r beyond this radius, and as a consequencepne expects
the velocity to decreaseasv / r 1=2 while all available obsenations show that
the velocity remains nearly constart up to large distancesfor all spiral galaxies. In
order to explain this e ect and other similar e ects at all extragalactic scales(in
particular in clustersof galaxies,as rst discoveredby Zwicky in the years1930),one
usually makesthe hypothesisof the existenceof huge quartities of missing, \dark"
matter that would be the dominant massdensity constituent of the Universe. How-
ever, despite decadesof very active researt, this missingmatter corntinuesto escape
detection. Another suggestionwasto modify Newton's gravity (the MOND hypoth-
esis), but it hasup to now not beenpossibleto render such an ad-hoc hypothesis
consistent with generalrelativity nor with obsenations at di erent scales.

Moreover, the \dark matter" problem is deeply connectedwith the problem of
the formation of galaxiesand of large scalestructures of the Universe. Indeed, in
the standard approac to this problem, it would be impossiblein its absencefor the
very small z = 1000 uctuations to grow toward today's structures. Howewer, as
recalledin Silk's quotation at the beginning of this cortribution, ewvenin its presence
the theory of gravitational growth remains unsatisfactory.

The scale-relativity approad allows oneto suggestan original solution to both
problems. Indeed, the fractal geometry of a non-di erentiable space-timesolvesthe
problem of formation at all scaleg(this is the subject of this whole cortribution), and
it alsoimplies the appearanceof a new scalarpotential (Eq. 18), which manifeststhe
fractality of spacein the sameway as Newton's potential manifestsits curvature.
We suggestthat this new potential may explain the anomalousdynamical e ects,
without needingany missing mass.
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This will be discussedn more detail in the joint paper [6]. Let us exemplify this
result herein the caseof the at rotation curvesof spiral galaxies. The formation of
an isolated galaxy from a cosmologicalbadkground of uniform density is obtained,
in its rst steps,asthe fundamertal level solution n = 0 of the Schrodinger equation
with an harmonic oscillator potential (Eq. 28). Its subsequeh ewolution is expected
to be a solution of the Hartree equation (19): this will be the subject of forthcoming
works.

Oncethe galaxy is formed, let ro beits outer radius, beyond which the amount
of visible matter becomessmall. The potential energy at this point is given, in
terms of the visible massM of the galaxy, by:

GM m 2

0= = myvg: (35)
o

Now the obsenational data tells us that the velocity in the exterior regions of the
galaxy keepsthe constart value vg. From the virial theorem, we also know that
the potential energyis proportional to the kinetic energy so that it also keepsa
constart value givenby o= GM m=rq. Thereforerg is the distance at which the
rotation curve beginsto be at and vg is the corresponding constart velocity. In
the standard approad, this at rotation curve is in cortradiction with the visible
matter alone,from which onewould expect to obsene a variable Keplerian potential
energy = GMm=r. This meansthat oneobsenesan additional potential energy
given by:
GMm o

1 —
lo r (36)

Qobs =
Now the regionsexterior to the galaxy are described, in the scale-relativity approad,
by a Scdredinger equation with a Kepler potertial energy = GM m=r, where
M is still the solevisible mass, since we assumehere no dark matter. The radial

solution for the fundamental level is given by:
p

P=2e ", 37)

whererg = GM =wj is the macroscopicBohr radius of the galaxy.
It is now easyto compute the theoretically predicted form of the new potertial
(Eq. 18), knowing that D = GM =2wyg:

p

P GMm 2r 1 2r

P 2rg r 2

(38)

We therefore obtain, without any added hypothesis, the obsened form (Eq. 36)
of the new potential term. Moreover the visible radius and the Bohr radius are
now related, sincethe identi cation of the obsened and predicted expressionsyield:
ro = 2rg. The constart velocity v of the at rotation cur\ﬁe is alsolinked to the
fundamertal gravitational constart wg by the relation wg = = 2vg. This prediction
is consistent with an analysis of the obsened velocity distribution of spiral galaxies
from the Persic-Saluccicatalog [56], as showvn in Fig. 20 [57]. The peak velocity
i§_142 2 km/s, while the average velocity is found to be 156 2 km/s, so that

2< v>= 220 3km/s: this value, which we shall also obtain in the study of
clusters of galaxies(seebelow) is within 1 of 3=2 1447 km/s.
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Figure 20: Distribution of the outermost obsened velocities in spiral galaxies(at rotation curves)from
the catalog of rotation curvesfor 967 spiral galaxiesby Persic and Salucci[56]. The tted continuous
curve is proportional to v2 exp  (v=144y .

4.5.2 Compact groups

As remarked by Hickson [58], \compact groups of galaxiesprovide the best envi-
ronmert for galaxy interactions to occur, soit is natural to study these systemsin
order to better understand the interaction processand its e ects". \But the exis-
tence of sudch systemsis a puzzle, asthey are unstable to gravitational interactions
and mergers". \A way out of this impasseis to assumethat new compact groups
are constartly forming". Finally Hickson readhesthe conclusion, with now many
other specialists, that \in compact groups such asthose illustrated [in the Atlas of
Compact Groups of Galaxies], we may be actually observingthe processof galaxy
formation".

It isthereforeremarkablein this cortext that the kind of morphologiesdisplayed
in a systematic way by these compact groups is precisely chain and quadrilateral
structures quite similar to those encourtered in star forming regions (seeFig. 21).
The basic solutions obtained from the gravitational Sdcredinger equation for for-
mation from a badkground of constart matter density (i.e. harmonic oscillator
potential) onceagain explain these morphologiesin a very simple way.

45.3 Galaxy pairs

In the sameway as binary stars in our Galaxy, binary galaxiesare very common
structures in the Universe. For example our own Local Group of galaxies (which
desenes a special study at the end of this paper) is organized around the pair of
giant spirals (Milky Way Galaxy / Andromeda nebula). This is easily understood in
our framework, since double structures are the lowest energy solution (beyond the
fundamertal level that represerts an isolated object) of the gravitational Scredinger
equation with a harmonic oscillator potential.

Moreover, binary galaxiesare one of the rst extragalactic systemsfor which a
redshift quantization e ect in terms of 144km/s and its submultiples has beendis-
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Figure 21: Galaxy grouping: (up left) the giant elliptical galaxy M87 in the certer of the Virgo cluster
(photo AAT, D. Malin); (up right) the certer of the Coma cluster; (down) two examples of typical
compact groups of galaxies: the triplet HCG 14 [59] and a trap ezestructure in the quintet HCG 40 [60].

covered by Tit [61]. Howewer, this e ect hasbeeninterpreted by Tit and other
authors as an \anomalous redshift" of non-Doppler origin, whose existencewould
therefore question the whole foundation of cosmology But in sud an interpreta-
tion, there should be a fundamenrtal di erence of behavior betweenmotion deduced
from extragalactic redshifts and the motion of planets. The discovery [15, 9, 17],
motivated by the scale-relativity predictions, that the planets of our own Solar Sys-
tem and of extra-solar planetary systemsdo have velocities involved in the same
sequencev, = (144=n) km/s (namely, the velocities of Mercury, Verus, the Earth
and Mars are respectively 48, 36, 29 and 24 km/s) has de nitiv ely excludedthe
anomalousredshift interpretation.

On the contrary, not only the extragalactic redshifts are therefore con rmed to be
of Doppler and cosmologicalorigin, but the preferertial velocity valuestake meaning
here as a mere manifestation of the formation of structures. In the sameway as
there are well-establishedstructures in the position space(galaxies,groups, clusters,
large scalestructures), the velocity probability peaksare simply the manifestation
of structuration in the velocity space.

In a recert work, sewral methods of deprojection of the intervelocity (only the
radial componert is obsened) and of the interdistance of binary galaxies(only the
two transverse componerts are obsened) have been deweloped [62]. The result
con rms the existenceof probability peaksin the velocity space(seeFig. 22) and in
the position space(more precisely in the interdistance to massratio distribution), in
agreemehn with the scale-relativity prediction for the Kepler potential of the pairsin
reducedcoordinates. These peaksare correlated through Kepler's third law, which
is a nal demonstration of the Doppler origin of the redshift di erences in galaxy
pairs.
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Figure 22: Deprojection of the intervelocity distribution of galaxy pairs [62] from the Scneider-Salpeter
catalog with precisionredshifts [63]. The two main probability peaksare found to lie at 144and 72 km/s.

4.5.4 Clusters of galaxies

The Coma cluster of galaxiesis the rst systemin which probability peaksin the
redshift distribution have beendiscovered [64], in units of 216km/s. Recall that
we have alsoidentied such a value in our own Solar System, sinceit corresponds
to the Kepler velocity of infrared dust at 4.09 solar radius (seeFig. 5). We give in
Fig. 23 the result of an analysis using a discrete Fourier transform of more recen
accurate redshifts for three clusters, Coma, A576 and A2634. We recover the Tit
result for Coma and con rm it with A 576 and A2634.

A detailed application of the scale-relativity theory to thesestructures is still to
be deweloped. Indeed, we deal here with a self-gravitating system that come un-
der the Schredinger-Poissoncoupled equations, or, equivalertly, under the Hartree
equation (which is a fourth order equation). Moreover, a global description in terms
of a quantum-lik e statistical physicsis also neededin this case. This will be the
subject of a forthcoming work.
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Figure 23: Histogram of the modulus of the discrete Fourier transform of radial velocities of galaxiesin

three clusters, Coma (230 redshifts), A576 (221 redshifts) and A2634 (125 redshifts). A signi cant peak
around 216=3 72km/s is found in every cases.
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455 Local Supercluster

The existenceof a preferertial value of 36 = 144=4 km/s for the intervelocity
of galaxies at the scale of the local supercluster was rst suggestedby Tit and
Cocke [65]. Croasdale[66], then Guthrie and Napier [67] found some support for
this claim using spirals with accurately measuredredshiftsup to  1000km/s. In a
more recert work [68], they have con rmed the e ect with galaxiesreaching 2600
km/s. We have performeda power spectrum analysison their database(seeFig 24):
we indeed nd a highly signi cant peakcorresponding to a preferertial intervelocity
of 37.5km/s, and alsoa marginally signi cant one at 432 km/s.
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Figure 24: Power spectrum of the radial velocities of the 97 galaxiesin the Guthrie-Napier sample
with accurately determined redshifts, corrected for the optimum solar vector (219 km/s, 96 degree, 11
degree). The total range of velocities is 2665km/s. Signi cant peaksare obtained for v 36 km/s and
v 432km/s.

Moreover, Guthrie and Napier remark that the phenomenonappears strongest
for the galaxieslinked by group membership. We con rm this result by a specic
analysis of the group galaxies (Fig 25), which shonv peaks of their intervelocity
distribution at 144,72, 36 km/s and possibly sub-lewels (while 108= 3 36 km/s
is absen), asexpected for a local Kepler potertial for which v, = wg=n. It is also
supported by the study by Jacob[69] and Lefranc [70] of other independert samples
of galaxies at the scale of the local supercluster, which have provided signi cant
peaksat 48 and 36 km/s.

All these properties can be readily explained in the scale-relativity framework.
Indeed, the potential to be inserted in the gravitational Screodinger equation for
describing the structuration of these objects is, to the rst order approximation,
a combination of a 3-D harmonic oscillator potential describing the density badk-
ground at the scaleof the local supercluster and of local Kepler potentials in the
grouping zones. The solution n = 1 of the harmonic oscillator leads one precisely
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Figure 25: Distribution of closestintervelocities of galaxieswhich are members of groupsin the Guthrie-
Napier accurate redshift sample.

to expect the existenceof a preferertial intervelocity depending on the density and
on the gravitational coupling constart. Moreover, sincethesestructures are under-
stood as the equivalert in velocity spaceof the well-known structures in position
space(galaxies,groups, clusters, etc...), we alsoexpect their strengtheningin groups
and the local replacemen of a linear quartization law by an inverselaw.

45.6 Very large scale structures

The morphology of superclustersof galaxiesis, like stellar assaiations, ensenbles of
star clusters and groups of galaxies, characterized by the existenceof pairs, chains,
etc..., asexpectedfrom the solution of the Scredinger equation in the cosmological
potertial (i.e., harmonic oscillator in de Sitter coordinates) produced by a uniform

badground matter density.

Redshift structures of the kind that scale-relativity is expectedto predict, namely,
probability peaksfor somespeci ¢ valuesof redshift di erences, have also beende-
tected on very large scales.Broadhurst et al. [71] have detecteda pseudogeriodicity
in units of 12800km/s in the distribution of galaxiesin two opposite conesdirected
toward the North and South Galactic poles. This e ect has sincethat time been
conrmed in seweral redshift samplesof galaxy and clusters of galaxies (see e.g.
[72)).

At ewen larger scales,the existenceof preferred redshifts for quasarshas been
pointed out by Burbidge and Burbidge [73] and subsequedy conrmed by many
authors. One nds peaksfor redshift di erences sudch that In(1 + z) = 0:206[74].

The detailed understanding of such an e ect needsan application of the scale-
relativit y approad to the cosmologicalrealm, sincethe corresponding length-scale
of the Broadhurst et al. e ect is about 180 Mpc (using the recertly measured
preciseHubble constart Ho = 70 7 km.s 1.Mpc 1), while the gigaparseds almost
reathed with the QSO e ect. Such a study is too long to be undertaken here. Let
usonly briey note that we expectthe gravitational coupling constarts 4= w=cat
di erent scalesto be interrelated, and, ultimately, we expect the w's to be related
to the maximal velocity ¢ (i.e., ¢ = 1).

The obsened values of the large scaleand small scale constarts are consisten
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with sud a matching. Indeed, the inversecoupling constart corresponding to wg =
14482 0:01 km/s (see[22] for a suggestedtheoretical prediction of this value) is

91 = 207010 0:15. Since2070= 2 32 5 23, it isremarkablethat c=23= 13034
km/s, which is compatible with the Broadhurst et al. periodicity, while the quasar
periodicity is closeto c=5 = 0:2. Moreover, various multiples of wq (by factors of
2, 3 and 9) which have beenobsened in sewral systemsalso belong to the same
sequence.

4.6 Local Group of galaxies

Let us conclude this cortribution by a more detailed analysis of our Local Group
of galaxies. It is a particularly interesting systemas concernsthe application of the
gravitational Sdiredinger equation, sinceit is essetially made of two giant spiral
galaxies(our Milky Way galaxy and M31) surrounded by their companions.

The analogy of its structure (shared with se\eral other loosegroups of spirals)
with old expanding stellar assaiations has been pointed out long ago by de Vau-
couleurs[75. As we have seenin previous sections, the theory of scale relativit y
allows one to understand the gravitational formations of suc binary systems(and
of multiple ones)in terms of the rst excited state (n = 1) which is solution of the
gravitational Sdredinger equation for a constart badkground density (harmonic
oscillator potential).

The use of the scale-relativity approad in this caseis also supported by the
investigation of the motion of thesegalaxiesin numerical simulations (seee.g. [76])
that has demonstrated the chaotic and violent past and future history of the Local
Group. Moreover the loosecharacter of this group implies a velocity eld which is
locally dominated by the gravitation of the two giant spirals, but which is expected
to rejoin the Hubble expansion eld in its outer regions. The expected quantization
law is therefore rather complicated in this case,sinceit should correspond to a Ke-
pler potential near M31 and MW, then to a two-body potential in an intermediate
region, and nally to a harmonic oscillator potential at the scaleof the local super-
cluster. A possibleredshift quantization in the Local Group in units of 72km/s has
already beendetected [77].

Obsenations show that there is a net age di erence between both dominant
galaxiesand the rest of the dwarf galaxiesin our Local Group [78]. One can also
assert that the gasis isotropic in ead subgroup and is subjected to the simple
Keplerian potential of the dominant galaxies. Thus, we can use the Keplerian
solutions deweloped in the third section. All the solutions should be constrained in
order to agreewith the initial system(spherical symmetry and isotropic subgroups).
The isotropic information is contained in the angular part of the equation ([79]).
Spherical harmonics, Y,™( ; ), reveal an isotropic arrangemer only for | = 0 and
rm = 0. Then the mean distanceto the gravitational certer is given by the formula
<r >, = (3GM=2wj)n? (cf. Keplerian problem section). This equation assumes
a particular quartization law (in n?) for the galactic distanceswith regard to the
certer of the dominant galaxies. The two dominant galaxieswill therefore infer two
di erent laws in two di erent domains (in this rst Keplerian stage). The constart
Wp can not be xed beforehand: a rst step then consistsof consideringthe main
constart at 144km.s ! and the closestvalues (288 km.s 1, 72 km.s 1). The mass
M is the visible massof the Milky Way. From the data of Bahcall [79], we take a
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represenative massof 7:2 101°M . For M31, from the data usedby Kent et al.
[81], it seemsreasonableto take a visible massvalue closeto 132 10°M

For thesetwo systems,we can estimate the laws of the Keplerian model allowed by
the scale-relativity approad. Various valuesof wg are considered:

Wo 72km.s ' | 144km.s 1 | 288km.s !
SeMyw | 89.2kpc | 22.3kpc | 5.57 kpc

Wa

%%“gi 164 kpc 40.1kpc | 10.25kpc

Wo

Table 1: Theoretical characteristic distancesfor the Milky Way and M31 systemsin function of wo.

Furthermore, it is necessaryto treat the case of the remote galaxies and of
the NGC 3109 galaxies subgroup. From the theoretical point of view, this is an
interesting problem since, assuming a global coherenceof the double system in
its outer regions described in terms of a global D value, it sharessome common
features with the Schredinger equation written for moleculeslike H5 (namely, a
test particle subjected to two attractiv e certers). One nds that the wave function,
solution of such a problem, is = a; 1(r1) + a2 2(r2), where ; and , are
solutions of the Schedinger equationswritten using this global D for ead individual
Kepler potential. The global solution can be subsequetdy matched with the local
solutions. Unfortunately, the caseof the Local Group (asymmetrical gravitational
double system) is more complicated becauseDyw 6 Dpyzi and yw 6 w31
Nevertheless,the molecular solution hasthe advantage to supply a simple presence
probability, ereaIing the interference of the individual solutions: P = a?P? +
ajP3 + 2ajay Pi1P,cog ). Evenif this solution can not be usedas sud in the
more complex macroscopicgravitational case,it will be interesting to look at the
con guration of the remote galaxieswith regardto the laws that apply around M31
and Milky Way.

4.6.1 Structures in position space

The precision on the distancesand the radial velocities in Mateo's synthesis work
[78] is su cien t for using them directly in our study. By the knowledge of the sun
vector, we calculate the galactocertric distancesd. To verify the existenceof %Iaw of
the formd= dy n?, weshall analyzethe distribution of the obsenabler = = d=d,.
We expect this distribution to exhibit probability peaksaround integersvalues(n).

Milky Way subgroup The study of the data about the distancesof the close-ly
galaxiesrevealsa minimum for a characteristic distance dg = 5:50 kpc. This result
is in very good agreemen with the theoretical predigtion of 5:57 kpc for wo = 288
km.s 1. We therefore compute the valuesof B = = d=5:57, then the dierences
betweenthem and the nearestinteger( n = B n). In the standard framework one
expectsthesedi erences to be uniformly distributed between 0:5 and +0:5, while,
in the presen approad, one expectsthem to peak around zero.
The result, shavn in the tables and histograms, clearly favors the gravitational

Sdcredinger approad, despite the small number of objects.
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Sag | LMC | SMC | Ursa | Sculp | Drac | Sext | Cari | Forn | Leoll | Leol | Phoe
d 16 48 55 68 79 82 89 | 103 | 140 | 207 254 | 445
= %) 1.70 | 295 | 3.16 | 351 | 3.79 | 3.86 | 4.02 | 4.32| 5.02| 6.13 | 6.79 | 8.99
n=\m n|-030|-005| 0.16 | -0.49| -0.21 | -0.14| 0.02 | 0.32 | 0.02 | 0.13 | -0.21 | -0.01
3 3
—‘-0.4 -0.2 0 0.2 0.4 -0.4 ‘ -0.2 0 0.2 0.4
Table 2: Histograms of the di erence between the variable B = P d=5:57kpc and its nearestinteger,
for the Milky Way companion galaxies. The right-hand side represerts the MW subgroup, Leo | being
excludeddue to the large uncertainty on its distance.
Andromeda subgroup The distance distribution of M31 companion galaxies
is alsoin good agreemem with a quantized n? distribution, for a value of dg = 10:72
kpc. Once again, the Keplerian model developed for wo = 288 km/s (that givesan
expected value dy = 10:25 kpc) is closeto the obsened law in r = 10:72n2 kpc.
M32 | N205| Al | Alll | N147 | N185| M33 | IC10 | All | LGS3 | I1C1613| EGB
d 35 45 57 66 106 | 172 | 219 | 261 | 270 | 275 500 685
A | 1.80| 2.04 | 2.30| 2.48| 3.14 | 400 | 452 | 493 |5.01| 5.06 6.82 7.99
n|-0.20| 0.04 | 0.30| 0.48| 0.14 | 0.00 | -0.48| -0.07|0.01| 0.06 | -0.18 |-0.01
5
6
4 3
8 2

Table 3: Histograms of the di erence betweenthe variable B = P

0.4

-0.2 0

0.2

0.4 -0.4 -0.2

0.4

d=10:72kpc and its nearestinteger,

for M31 companion galaxies. The right-hand side represertis the M31 subgroup without And Il and
EGB0427+63 (large uncertainties).

Despite the small number of objects, the probability to obtain this distribution
by chanceis (0:07).

Remote galaxies subgroup The con guration of the remote galaxiescan also
be compared with the M31 quartization law and with the MW quartization law
(seethe histograms).

The histogramsshowv maxima closeto zeroastheoretically expected. The galaxy
distribution cortinuesto agreewith the quartization laws despitethe larger distance
values and the intervention of both potertials. This opensthe possibility that the
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Table 4: Histograms of the di erence betweenthe variable e = = d=cy and its nearestinteger n, for the
subgroup of remote galaxies.

global solution be a linear conmbination of the solutions found independertly for
ead subgroup (such asin a molecular case).

Final result for positions Combining all the gravitational sub-systemsof the
Local Group, we cannow draw a global histogram of the relative di erences n = n
n. Sincethis analysisaccumnulates all the valuestested by the proposedquartization
laws, someremote galaxiesthat agreewith both M31 and MW laws are estimated
twice, and furthermore, there are somegalaxieswith large uncertainties. Therefore
we also consider a secondlimited sample: for the whole Local Group, we take 11
galaxiesof the Milky Way subgroup and three galaxiesof the NGC-3109 subgroup
subjectedto the quartization law d, = 5:50n? kpc. For M31 (d, = 10:72n? kpc), we
consideronly 10 elemerts of M31 subgroup and 7 remote galaxies(more signi cant
in M31 potential). The histogramsobtained for thesetwo samplesdi er signi cantly
from a uniform distribution and peak at zero as expected.

175
15 10
125 8
10 L 6
7.5
s 4
2.5 = 2 —
04 02 0 0.2 0.4 04  -02 0 0.2 0.4

Table 5: Histograms of the di erence betweenthe variable B = P d=d, and its nearestinteger n for all
galaxiesin the Local Group. The right-hand side histogram is for the limited sample.

This behavior corresponds to a distribution of P d=cp that shows probability
peaksfor integer values. The probability to obtain sudc a distribution by chance
is estimated to be P = 2 10 °. This value corresponds to a statistical meaning
better than the 4 level. This is supported by the limited sample, for which one
obtains a similar result, P = 5 10 °.

4.6.2 Structures in velocity space

The velocity eld of the Local Group provides an interesting test of the theory.
We expect the velocity to be quartized according to the formula < v2 > = (wg=n)?
(cf. the sectionabout Keplerian dynamical consequences)The study of the spatial
structures hasteaded us that the constart is wo = 288 km/s for the Local Group.
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A correction by the solar vector is made to obtain galactocertric radial velocities.
We usethe solar vector de ned by Dehenand Binney [80].

A rst step of the velocity distribution analysis consists of limiting ourseles
to the subset surrounding the Milky Way. We have found that in this casethe
spatial distribution is given by the law r = 5:50n? kpc. The corresponding radial
velocity law is given by < v2 >= (wp=n)2. The solutions in the position spaceand
velocity spaceare equivalernt with regard to the Scredinger equation. Therefore,
one assaiates to a given satellite energy a position and a velocity state given by
the samemain quantum number n.

As an example,let usconsiderthe rst nearby galaxy (Sagittarius). The distance
of this galaxy is characterized by the main number n = 1:7. From this value we
predict a velocity v = (wp=L1.7) 168 km/s, which compareswell with the
obsenedgalactocertric velocity, 165km/s. This exampleshavsthe new possibilities
o ered by our model to interpret the peculiar galaxy velocities.

More generally, one obtains the distance-\welocity relation around the MW galaxy
in terms of the fundamertal constart 288 km/s:

s
v B 5:50kpc.
288km=s

As one can seein Fig. 6, there is a satisfactory agreemen of the data with the
model basedon w = 2 144 km/s, except for the deviation of some individual
galaxiessudh as Leo I. The right hand side of the gure draws the samedistance-
velocity diagram completed with the remote galaxies (the Andromeda subgroup
is not represened), and matched to the Hubble velocity eld at large distances.
Howewer, due to the uncertainties on the velocities (which are strongly dependen
on the choice of the solar vector) and the small number of objects, we nd that
the presen data in the Local Group does not allow to put to the test a velocity
quantization in terms of submultiples of 144 km/s.

(39)

Km/s km/s

300

200

100

300

200 Leol NGC

100 |

-200

-300

Table 6: Left hand side: distribution of the galaxy velocities in the MW subgroupin function of their
distances. The two curvesrepresen the theoretical prediction from Kepler's third law and a velocity

constart of 288 km/s. Right hand side: larger scale represenation of the Local Group shaowing the

-100

-200

-300

reconnectionof the local Keplerian velocity eld to the outer Hubble eld.

This special study was motivated, despite the small number of objects, by the
fact that the Local Group is our own group of galaxies. We intend to extend this
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work in the future to other similar galaxy groups, which should allow to improve
the statistics.

5 Conclusion and prosp ect

We have attempted, in the presen cortribution, to give anaswide aspossibleview of
the possibilities openedby the scalerelativity / gravitational Scredinger approac
to the question of the formation and ewolution of structures in the Universe.

Despite the fact that obsenational tests of the theoretical predictions have been
suggestedfrom the scaleof the Earth to large scalestructures of the Universe,we
have not preseried a fully exhaustive view of the presen state of the subject. There
are indeedmany other astrophysical systemswhich have not beenquoted here, while
they come under the samekind of approac and have also beganto be analyzed
with positive preliminary results: e.g.,star radii [82], the asteroid belt [83], magnetic
axesof planets and satellites [84], the solar wind [84], eftc...

Moreover, we think this cortribution should mainly be consideredas a working
basis, sinceeat of the application domains consideredhere desenesa special and
detailed study. More generally we hope the scale-relativistic approac to be taken
as a generaltool adaptedto nding solutionsto various problems of structuration,
including in sciencesother than physics, particularly in biology [85, 86, 87, 8§.

Ac knowledgmen ts. We are very grateful to the editors of this special issue
for their kind invitation to cortribute. We thank Ch. Antoine, P. Galopeau, C.
Jacob, SergeLefranc, Th. Lery, G. Mamon, M. Tricottet, G. Schumacher, N. Tran
Minh for helpful discussionsC. Foellmi for suggestingcorrectionsto the manuscript,
SebastienLefranc and G. Stasinska for communication of useful informations.
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