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Abstract

In this review paper, we recall the successive steps that we have followed
in the construction of the scale-relativit y theory. The aim of this theory is
to derive the physical behavior of a non-di�eren tiable and fractal space-time
and of its geodesics (with which particle tra jectories are identi�ed), under
the constraint of the principle of the relativit y of scales. Various levels of
description of scale-laws, from the simplest scale-invariant laws to the log-
Lorentzian laws of special scale-relativit y, are considered. Then we study the
e�ects induced by the existenceof internal fractal structures on the motion in
standard space. We �nd that the main consequenceis the transformation of
classicaldynamics in a quantum dynamics. The Schr•odinger, Klein-Gordon,
Pauli and Dirac equations are successively derived in this way as integrals of
the equation of the geodesicsof various space-times,that correspond to more
and more profound levels of description of the structures issued from non-
di�eren tiabilit y. Then we recall the consequencesof the re-interpretation of
gauge transformations as scale transformations in such fractal space-times.
Finally we tentativ ely suggest a new development of the theory, in which
quantum laws would hold also in the scale-space. Several examples of ap-
plication of these proposals in various sciencesare presented at each step of
the exposition.

1 In tro duction

The theory of scale-relativity is an attempt to extend today's theoriesof relativit y,
by applying the principle of relativit y not only to motion transformations, but also
to scaletransformations of the referencesystem. Recall that, in the formulation of
Einstein [1], the principle of relativit y consistsin requiring that `the laws of nature
be valid in every systemsof coordinates, whatever their state'. SinceGalileo, this
principle had beenapplied to the statesof position (origin and orientation of axes)
and of motion of the system of coordinates (velocity, acceleration). These states
are characterizedby their relativit y, namely, they are never de�nable in a absolute
way, but only in a relative way. This meansthat the state of any system(including
referencesystems)can be de�ned only with regard to another system.

� Invited contribution for the Jubilee of Benoit Mandelbrot. Completed 20 November 2002.
Revised 3 November 2003.
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We have suggestedthat the observation scale(i.e., in other words, the resolu-
tion at which a system is observed or experimented) should also be consideredas
characterizing the state of referencesystems, in addition to position, orientation
and motion. It is an experimental fact known for long that the scaleof a system
can only be de�ned in a relative way: namely, only scaleratios do have a physical
meaning, never absolute scales.This led us to proposethat the principle of rela-
tivit y should be generalizedin order to apply alsoto relative scaletransformations
of the referencesystem, i.e., dilations and contractions of space-timeresolutions.
Note that, in this new approach, one reinterprets the resolutions, not only as a
property of the measuringdeviceand / or of the measuredsystem,but more gen-
erally as a property that is intrinsic to the geometry of space-timeitself: in other
word, space-time is consideredto be fractal. But here, we connect the fractal
geometry with relativit y, so that the resolutions are assumedto characterize the
state of scale of the referencesystem in the same way as velocity characterizes
its state of movement. The principle of relativit y of scalethen consistsin requir-
ing that `the fundamental laws of nature apply whatever the state of scaleof the
coordinate system'.

It is clear that the present state of fundamental physics is far from coming
under such a principle. In particular, in today's view there are two physics, a
quantum one toward the small scalesand a classicalone toward large scales.The
principle of scale-relativity amounts to requiring a re-uni�cation of theselaws, by
writing them under a unique more fundamental form, which becomerespectively
the usual quantum laws and classicallaws depending on the relative state of scale
of the referencesystem.

There are other motivations for adding such a �rst principle to fundamen-
tal physics. It allows one to generalizethe current description of the geometry
of space-time. The present description (curved geometry) is usually reduced to
at least two-time di�eren tiable manifolds (even though singularities are possible
at certain particular points and events). So a way of generalization of current
physics consists in trying to abandon the hypothesis of di�eren tiabilit y of space-
time coordinates. This means to consider general continuous manifolds, which
may be di�eren tiable or non-di�eren tiable. These manifolds include as a sub-set
the usual di�eren tiable ones, and therefore all the Riemannian geometriesthat
subtend Einstein's generalizedrelativit y of motion. Then in such an approach,
the standard classicalphysics will be naturally recovered, in limits which will be
studied throughout the present contribution.

But new physics is also expected to emergeas a manifestation of the new non-
di�eren tiable geometry. One can prove (as recalled in the present contribution)
that a continuous and non-di�eren tiable spaceis fractal, in Mandelbrot's general
de�nition of this concept [2, 3], namely, the coordinates acquire an explicit de-
pendenceon resolutions and diverge when the resolution interval tends to zero
[4, 6].

This leadsone to apply the concept of fractalit y not only to objects in a given
space,but to the geometry of space-time itself (which means to de�ne it in an
internal way though its metrics invariants). Hence the tool of fractals, whose
universality hasnow beenrecognizedin almost every sciences(seee.g.thevolumes
[8, 89], other volumesof theseseriesand referencestherein) may also be destined
for playing a central role in fundamental physics. Note however that (as will be
recalled in this paper), non-di�eren tiable space-timedo also have new properties
that are irreducible to the sole fractalit y.
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One of the �rst fundamental consequencesof the non-di�eren tiabilit y and frac-
talit y of space-timeis the non-di�eren tiabilit y and fractalit y of its geodesics,while
one of the main feature of space-timetheories is their abilit y to identify the tra-
jectories of `free' particles with the space-timegeodesics.Now the intro duction of
non-di�eren tiable tra jectories in physics dates back to pioneering works by Feyn-
man in the framework of quantum mechanics [9]. Namely, Feynman has demon-
strated that the typical quantum mechanical paths that contribute in a dominant
way to the path integral are fractal non-di�eren tiable curvesof fractal dimension
2 [10, 11].

In the fractal space-timeapproach, one is therefore naturally led to consider
the reversequestion: doesquantum mechanics itself �nd its origin in the fractalit y
and non-di�eren tiabilit y of space-time ? Such a suggestion, �rst made twenty
yearsago [12, 11], has beensubsequently developed by several authors [13, 14, 15,
16, 17, 4, 5].

The intro duction of non-di�eren tiable tra jectorieswasalsounderlying the var-
ious attempts of construction of a stochastic mechanics [19, 20]. But stochastic
mechanics is now known to have problems of self-consistency[21, 26], and, more-
over, to be in contradiction with quantum mechanics [22]). The proposal that is
developed here, even if it sharessomecommon features with stochastic mechan-
ics, due to the necessity to use a statistical description as a consequenceof the
non-di�eren tiabilit y, is fundamentally di�eren t and is not subjected to the same
di�culties [26].

Remark that, in the new approach, we do not have to assumethat tra jectories
are fractal and non-di�eren tiable, sincethis becomesa consequenceof the fractal-
it y of space-timeitself. Indeed, oneof the main advantagesof a space-timetheory
is that the equation of motion of particles has not to be added to the �eld equa-
tions: it is a direct consequenceof them, sincethe particles are expected to follow
the space-time geodesics. As we shall see, the Schr•odinger equation (and more
generally the Klein-Gordon, Pauli and Dirac equations) are, in the scale-relativity
approach, re-expressionsof the equation of geodesics[4, 23, 24]. Note that we
consider here only geodesical curves (of topological dimension 1), but it is also
quite possibleto be more general and to consider subspacesof larger topological
dimensions(fractal strings [7], fractal membranes,etc...).

The present review paper is mainly devoted to the theoretical aspects of the
scale-relativity approach. We shall �rst develop at various levels the description
of the laws of scale that come under the principle of scale-relativity (Sections 3
and 4). Examples of applications of these laws in various domains (astrophysics,
high energy physics, sciencesof life) will be brie
y given, with referencesof more
detailed studies for the interested readers.

Then we shall recall how the description of the e�ects on motion of the internal
fractal and non-di�eren tiable structures of `particles' lead to write a geodesics
equation that is integrated in terms of quantum mechanical equations (Sections
5-6). The Schr•odinger equation is derived in the (motion) non-relativistic case,
that correspondsto a space-timeof which only the spatial part is fractal. Looking
for the motion-relativistic caseamounts to work in a full fractal space-time, in
which the Klein-Gordon equation is derived. Finally the Pauli and Dirac equation
are derived as integrals of geodesicsequations when accounting for the breaking
of the re
exion symmetry of spacedi�eren tial elements that is expectedfrom non-
di�eren tiabilit y.

Now, the three minimal conditions under which this result is obtained (in�nit y
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of tra jectories, each tra jectory is fractal, breaking of di�eren tial time re
exion
invariance) may be achieved in more general systemsthan only the microscopic
realm. As a consequence,fundamental laws that sharesomeproperties in common
with the standard quantum mechanics of microphysics but not all, may apply to
di�eren t realms. Someexamplesof applications of thesenew quantum mechanics
(which are not basedon the Planck constant �h) in the domainsof gravitation and
of sciencesof life will be given.

The next Section7 is devoted to the account of the interpretation of the nature
of gaugetransformation and of gauge�elds in the scale-relativity framework (only
the simple caseof a U(1) electromagnetic like gauge�eld will be considered). We
attribute the emergenceof such �eld to the e�ects of coupling betweenscaleand
motion. In other words, the internal resolutionsbecomesthemselves`�elds' which
are functions of the coordinates. Someapplications in the domain of elementary
particle physics will be brie
y given.

We �nally consider hints of a new tentativ e extension of the theory (Section
8), in which quantum mechanical laws are written in the scalespace. In this case
the internal relative fractal structures becomedescribedby probabilit y amplitudes,
from which a probabilit y density of their `position' in scalespacecanbededuced.A
new quantized conservative quantit y, that we have called `complexergy', is de�ned
(it plays for scalelaws the samerole as played by energy for motion laws), whose
increase corresponds to an increase of the number of hierarchically imbricated
levels of organisations in the system under consideration.

2 Structure of the theory

2.1 Successive levels of developmen t of the theory

The theory of scale relativit y is constructed by completing the standard laws of
classicalphysics (laws of motion in space,i.e. of displacement in space-time) by
new scale laws (in which the space-time resolutions are consideredas variables
intrinsic to the description). We hope such a stage of the theory to be only
provisional, and the motion and scale laws to be treated on the samefooting in
the �nal theory. However, before reaching such a goal, one must realize that the
various possiblecombinations of scalelaws and motion laws already lead to a large
number of sub-setsof the theory to be developed. Indeed, three domains of the
theory are to be considered:

(1) Scale-laws: description of the internal fractal structures of tra jectories in a
non-di�eren tial space-timeat a given point / event;

(2) Induced e�ects of scale laws on the equations of motion: generation of
quantum mechanics as mechanics in a nondi�eren tiable space-time;

(3) Scale-motion coupling: e�ects of dilations induced by displacements, that
we interpret as gauge�elds (only the caseof the electromagnetic �eld has been
consideredup to now) [25, 23, 91].

Now, concerningthe �rst step (1) alone,several levelsof the description of scale
laws can be considered. These levels are quite parallel to that of the historical
development of the theory of motion laws:

(1.i) Galilean scale-relativity: standard laws of dilation, that have the structure
of a Galileo group (fractal power law with constant fractal dimension). When the
fractal dimension of tra jectories is D F = 2, the induced motion laws are that of
standard quantum mechanics [4, 23].
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(1.ii) Special scale-relativity: generalizationof the lawsof dilation to a Lorentzian
form [16]. The fractal dimension itself becomesa variable, and plays the role of
a �fth dimension, that we call `djinn'. An impassablelength-time scale,invariant
under dilations, appears in the theory; it replacesthe zero, owns all its physical
properties (e.g., an in�nite energy-momentum would be neededto reach it), and
plays for scalelaws the samerole as played by the velocity of light for motion.

(1.iii) Scale-dynamics: while the �rst two casescorrespond to \scale freedom",
onecan alsoconsiderdistorsion from strict self-similary that would comefrom the
e�ect of a \scale-force" or \scale-�eld" [26, 27].

(1.iv) General scale-relativity: in analogy with the �eld of gravitation being ul-
timately attributed to the geometryof space-time,a future more profound descrip-
tion of the scale-�eld could be done in terms of geometry of the �v e-dimensional
space-time-djinn and its couplings with the standard classicalspace-time. (This
casewill not be fully considered in this paper: however, the third step involv-
ing scale-motion couplings and leading to a new interpretation of gauge�elds is
expected, in the end, to becomepart of a general theory of scale-relativity.).

(1.v) Quantum scale-relativity: the above casesassumedi�eren tiabilit y of the
scale transformations. If one assumesthem to be continuous but, as we have
assumedfor space-time,non-di�eren tiable, one is confronted for scalelaws to the
sameconditions that lead to quantum mechanicsin space-time. Onemay therefore
attempt to construct a new quantum mechanics in scale-space,thus achieving a
kind of `third quantization'.

The possiblecomplication of the theory becomesapparent when one realizes
that these various levels of the description of scale laws lead to di�eren t levels
of induced dynamics (2) and scale-motion coupling (3), and that other sublevels
are to be considered, depending on the status of motion laws (non-relativistic,
special-relativistic, general-relativistic).

In the present contribution, we recall the various possible developments of
scale laws (1.i-1.v). Then we consider the induced e�ects on motion (2) of the
simplest self-similar scale laws (1.i), that lead to transform classical mechanics
into a quantum mechanics. (For hints on possiblegeneralizations,see[23]. The
scale-motioncoupling laws are analysedin two cases:Galilean scalelaws (1.i) and
their Lorentzian generalization(1.ii). Someexamplesof applications of the various
levels of the theory in various sciences(gravitation, particle physics, sciencesof
life) are brie
y consideredat the end of each section.

2.2 First principles

Let us brie
y recall the fundamental principles that underly, since the work of
Einstein [1], the foundation of theories of relativit y. We shall expressthem here
under a generalform that transcendsparticular theoriesof relativit y, namely, they
can be applied to any state of the referencesystem (origin, orientation, motion,
scale,...). The basic principle is the principle of relativit y, that requires that the
laws of physicsshould be of such a nature that they apply to any referencesystem.
In other words, it meansthat physical quantities are not de�ned in an absolute
way, but are instead relative to the state of the referencesystem. It is subsequently
implemented in physics by three related and interconnected principles and their
related tools:

(1) The principle of covariance, that requires that the equations of physics
keep their form under changesof the state of referencesystems. As remarked by
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Weinberg [28], it should not be interpreted in terms of simply giving the most gen-
eral (arbitrarily complicated) form to the equations,which would be meaningless.
It rather meansthat, knowing that the fundamental equations of physics have a
simple form in someparticular coordinate systems,they will keepthis simple form
whatever the system. With this meaning in mind, two levels of covariance can be
de�ned: (i) Strong covariance, according to which one recovers the simplest pos-
sible form of the equations, which is the Galilean form they have in the vacuum
devoid of any force. For example, the equations of motion in general relativit y
take the free inertial form Du� = 0, in terms of Einstein's covariant derivative,
so they come under strong covariance. (ii) Weak covariance, according to which
the equations keepa same,simple form under any coordinate transformation. A
large part of the general relativit y theory is only weakly covariant: for example,
the Einstein's �eld equations have a sourceterm, and the gravitational �eld (the
Christo�el symbols) are not tensors.

(2) The equivalence principle is a more speci�c statement of the principe of
relativit y, when it is applied to a given physical domain. In general relativit y, it
states that a gravitational �eld is locally equivalent to a �eld of acceleration, i.e.,
it expressesthat the very existenceof gravitation is relative on the choice of the
referencesystems,and it speci�es the nature of the coordinate systemsthat absorb
it. In scalerelativit y, onemay make a similar proposaland set generalizedequiva-
lenceprinciples accordingto which the quantum behavior is locally equivalent to a
fractal and non-di�eren tiable motion, while the gauge�elds are locally equivalent
to expansion/ contraction �elds on the internal resolutions (scalevariables).

(3) The geodesicsprinciple states that the free tra jectories are the geodesicsof
space-time. It plays a very important role in a geometric / relativit y theory, since
it meansthat the fundamental equation of dynamics is completely determined by
the geometry of space-time, and therefore has not to be set as an independent
equation. Moreover, in such a theory the action identi�es (up to a constant) with
the fundamental length-invariant, so that the stationary action principle and the
geodesicsprinciple becomeidentical.

One of the main tools by which these principles are implemented is the co-
variant derivative. This tool includes in an internal way the e�ects of geometry
through a newde�nition of the derivative, contrarily to the standard �eld approach
whose e�ects are consideredto be externally applied on the system. In general
relativit y, it amounts to substract the geometric e�ects to the total increaseof a
vector, leaving only the inertial part DA � = dA� � � �

�� A � dx� . One of the most
remarkable results of general relativit y is that the three principles (strong covari-
ance,equivalenceand geodesics/ least action principle) lead to the sameinertial
form for the motion equation, Du� = 0 (seee.g. [83]). As we shall recall in this
paper, the theory of scale-relativity attempts to follow a similar line of thought,
and to construct new covariant tools adapted to the new problem posed here,
i.e., the description of a non-di�eren tiable and fractal geometry coming under the
principle of the relativit y of scales.
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3 On the relation between non-di�eren tiabilit y and
fractalit y

3.1 Bey ond di�eren tiabilit y

One of the main questions that is asked concerning the emergenceof fractals in
natural and physical sciencesis the reasonfor their universality [2, 3]. We mean
here by `universality' that an explicitly scale-dependent behavior (not only self-
similarit y) has been found in a wide class of very di�eren t situations in almost
every sciences.While particular causesmay be found for their origin by a detailed
description of the various systemswherethey appear (chaotic dynamics, biological
systems,life sciencessocial sciences,etc...) their universality neverthelessmay call
for a universal answer (i.e., for an identi�cation of fundamental features which
would be common to thesevarious causes).

Our suggestion,which hasbeendevelopedin [4, 23], is asfollows. Sincethe time
of Newton and Leibniz, the founders of the integro-di�eren tiation calculus, one
basic hypothesiswhich is put forward in our description of physical phenomenais
that of di�eren tiabilit y. The strength of this hypothesishasbeento allow physicists
to write the equationsof physicsin terms of di�eren tial equations. However, there
is neither a a priori principle nor de�nite experiments that imposethe fundamental
lawsof physicsto bedi�eren tiable. On the contrary , it hasbeenshown by Feynman
that typical quantum mechanical paths are non-di�eren tiable [9].

The basic idea that underlines the theory of scale relativit y is therefore to
give up the hypothesisof di�eren tiabilit y of space-time(namely, to usea general-
ized description including di�eren tiable and non-di�eren tiable systems). In such a
framework, the successesof present day di�eren tiable physicscould be understood
as applying to domains where the approximation of di�eren tiabilit y (or integra-
bilit y) was good enough, i.e. at scalessuch that the e�ects of nondi�eren tiabilit y
were smoothed out; but conversely, we expect the di�eren tial method to fail when
confronted with truly nondi�eren tiable or nonintegrable phenomena,namely at
very small and very large length scales(i.e., quantum physics and cosmology),
and also for chaotic systemsseenat very large time scales.

3.2 Con tin uit y and non-deriv abitit y implies fractalit y

A new `frontier' of mathematical physics amounts to construct a continuous but
nondi�eren tiable physics. Set in such terms, the project may seemextraordinarily
di�cult. Fortunately, there is a fundamental key which will be of great help in
this quest, namely, the concept of scaletransformations. Indeed, the main conse-
quenceof continuit y and nondi�eren tiabilit y is explicit scale-dependence(and di-
vergence)[4, 23, 26]. One can prove that the length of a continuousand nowhere-
di�eren tiable curve is dependent on resolution " , and, further, that L (" ) ! 1
when " ! 0, i.e. that this curve is fractal (in a general meaning). The scaledi-
vergenceof continuous and almost nowhere-di�erentiable curvesis a direct conse-
quenceof Lebesgue'stheorem, which states that a curve of �nite length is almost
everywhere di�er entiable. Let us recall the demonstration of this fundamental
property.

Consider a continuous but nondi�eren tiable function f (x) betweentwo points
A0[x0; f (x0)] and A 
 [x 
 ; f (x 
 )]. Sincef is non-di�eren tiable, there exists a point
A1 of coordinates[x1; f (x1)] with x0 < x1 < x 
 , such that A1 is not on the segment
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A0A 
 . Then the total length L 1 = L(A0A1) + L (A1A 
 ) > L 0 = L(A0A 
 ). We
can now iterate the argument and �nd two coordinates x01 and x11 with x0 <
x01 < x1 and x1 < x11 < x 
 , such that L 2 = L(A0A01) + L (A01A1) + L (A1A11) +
L (A11A 
 ) > L 1 > L 0. By iteration we �nally construct successiveapproximations
f 0; f 1; :::f n of f (x) whose lengths L 0; L 1; :::L n increasemonotonically when the
`resolution' r � (x 
 � x0) � 2� n tends to zero. In other words, continuit y and
nondi�eren tiabilit y implies a monotonousscaledependenceof f .

From Lebesgue'stheorem, that states that `a curve of �nite length is almost
everywhere di�eren tiable', seee.g. [29], one deducesthat if f is continuous and
almost everywhere nondi�eren tiable, then L(" ) ! 1 when the resolution " ! 0,
i.e., f is scale-divergent. This theorem is also demonstrated in Ref. [4], p. 82,
using non-standard analysis.

What about the reverseproposition: Is a continuous function whoselength is
scale-divergent betweenany two points (such that xA � xB �nite), i.e., L (r ) ! 1
when r ! 0, non-di�eren tiable? The answer is as follows [26]:

(i) If the length divergesas fast as a power law, i.e. L (� ) / (�=� ) � , or faster
than a power law (e.g., exponential divergenceL(� ) / exp(�=� ), etc...), then the
function is certainly nondi�eren tiable. It is interesting to seethat the standard
(self-similar, power-law) fractal behavior plays a critical role in this theorem: it
givesthe limiting behavior beyond which non-di�eren tiabilit y is ensured.
(ii) In the intermediate domain of slower divergences(for example, logarithmic
divergence,L (� ) / ln(�=� ); ln(ln( �=� )), etc...), the function may be either di�er-
entiable or nondi�eren tiable.

This can be proved by looking at the way the length increasesand the slope
changesunder successive zooms of a constant factor � . There are two ways by
which the divergencecan occur: either by a regular increaseof the length (due
to the regular appearanceof new structures at all scalesthat continuously change
the slope), or by the existenceof jumps (in this case,whatever the scale, there
will always exist a smaller scaleat which the slope will change). The power law
corresponds to a continuous length increase,L (�� ) = � L (� ), then to a continuous
and regular change of slope when � ! 0: therefore the function is nondi�er-
entiable in this case. Divergencesslower than power laws may correspond to a
regular length increase,but with a factor � which becomesitself scale-dependent:
L (�� ) = � (� )L (� ) with � (� ) ! 0 when � ! 0 . In this case,somefunctions can
be di�eren tiable, if they are such that new structures indeed appear at all scales
(and could then be named \fractal" under the general de�nition initially given
by Mandelbrot [2] to this word), but thesestructures becomesmaller and smaller
with decreasingscale, so that a slope can �nally be de�ned in the limit � ! 0.
Someother functions diverging slower than power laws are not di�eren tiable, e.g.
if there always exists a scalesmaller than any given scalesuch that an important
changeof slope occurs: in this case,the slope limit may not exist in the end.

3.3 Explicit scale dependence on resolution

This result is the key for a description of nondi�eren tiable processesin terms of
di�eren tial equations: We intro duceexplicitly the resolutions in the expressionsof
the main physical quantities, and, asa consequence,in the fundamental equations
of physics. This meansthat a physical quantit y f , usually expressedin terms of
space-timevariables x, i.e., f = f (x), must be now described as also depending
on resolutions, f = f (x; " ). In other words, rather than considering only the
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strictly nondi�eren tiable mathematical object f (x), we shall consider its various
approximations obtained from smoothing it or averaging it at various resolutions:

f (x; " ) =
Z + 1

�1
�( x; y; " )f (x + y)dy (1)

where �( x; y; " ) is a smoothing function centered on x, for examplea step function
of width � 2" , or a Gaussian of standard error � " . (This can be also seenas
a wavelet transformation, but using a �lter that is not necessarilyconservative).
Such a point of view is particularly well adapted to applications in physics: any
real measurement is always performedat �nite resolution (see[4, 13] for additional
comments on this point). In this framework, f (x) becomesthe limit when " ! 0
of the family of functions f (x; " ). But while f (x; 0) is nondi�eren tiable, f (x; " ),
which we have called a `fractal function' [4], is now di�eren tiable for all " 6= 0.

The problem of the physical description of the processwhere the function f
intervenesis now shifted. In standard di�eren tiable physics, it amounts to �nding
di�eren tial equations implying the derivativesof f , namely @f =@x; @2f =@x2, that
describe the laws of displacement and motion. The integro-di�eren tiable method
amounts to performing such a local description, then integrating to get the global
properties of the systemunder consideration. Such a method hasoften beencalled
`reductionist', and it was indeedadapted to most classicalproblemswhereno new
information appearsat di�eren t scales.

But the situation is completely di�eren t for systemsimplying fractals and non-
di�eren tiabilit y at a fundamental level, like the space-timeof microphysics itself
as suggestedhere. At high energies,the properties of quarks, of nucleons,of the
nucleus, of atoms are interconnected but not reducible one to the other. In liv-
ing systems,the scalesof DNA bases,chromosomes,nuclei, cells, tissues,organs,
organisms, then social scales,do co-exist, are related one with another, but are
certainly not reducible to oneparticular scale,even the smaller one. In such cases,
new, original information may exist at di�eren t scales,and the project to reduce
the behavior of a systemat onescale(in general,the largeone) from its description
at another scale (the smallest, described by the limit � x ! 0 in the framework
of the standard di�eren tiable tool) seemsto lose its meaning and to be hopeless.
Our suggestionconsistspreciselyto give up such a hope, and of intro ducing a new
frame of thought where all scalesco-exit simultaneously in a scale-space,but are
connectedtogether via scale-di�erential equations. As we shall see,the solutions
of the scaleequations that comeunder the principle of scale-relativity are able to
describe not only continuous scaling behavior on somerangesof scales,but also
the existenceof suddentransitions at someparticular scale.

Indeed, in non-di�eren tiable physics, @f (x)=@x = @f (x; 0)=@x does not exist
any longer. But the physics of the given processwill be completely described
if we succeedin knowing f (x; " ) for all values of " , which is di�eren tiable when
" 6= 0, and can be the solution of di�eren tial equations involving @f (x; " )=@x
but also @f (x; " )=@ln " . More generally, if one seeksnonlinear laws, one expects
the equations of physics to take the form of secondorder di�eren tial equations,
which will then contain, in addition to the previous �rst derivatives,operators like
@2=@x2 (laws of motion), @2=@(ln " )2 (laws of scale), but also @2=@x@ln " , which
corresponds to a coupling betweenmotion laws and scalelaws.

9



4 Scale laws

4.1 Scale invariance and Galilean scale-relativit y

Considera non-di�eren tiable (fractal) curvilinear coordinate L (x; " ), that depends
on someparameter x and on the resolution " . Such a coordinate generalizesto
non-di�eren tiable and fractal space-timesthe concept of curvilinear coordinates
intro duced for curved Riemannian space-timesin Einstein's general relativit y [4].
L (x; " ), being di�eren tiable when " 6= 0, can be the solution of di�eren tial equa-
tions involving the derivativesof L with respect to both x and " .

4.1.1 Di�eren tial dilation op erator

Let us apply an in�nitesimal dilation " ! " 0 = "(1 + d� ) to the resolution. Being,
at this stage, interested in pure scalelaws, we omit the x dependencein order to
simplify the notation and we obtain, at �rst order,

L ("0) = L (" + " d� ) = L (" ) +
@L(" )

@"
" d� = (1 + ~D d� ) L (" ); (2)

where ~D is, by de�nition, the dilation operator. The identi�cation of the two last
members of this equation yields

~D = "
@
@"

=
@

@ln "
: (3)

This well-known form of the in�nitesimal dilation operator, obtained above by
the `Gell-Mann-Levy method' (that allows one to �nd the currents corresponding
to a given symmetry [32]), shows that the \natural" variable for the resolution is
ln " , and that the expected new di�eren tial equations will indeed involve quanti-
ties as @L(x; " )=@ln " . The renormalization group equations, in the multi-scale-
of-length approach proposedby Wilson [30, 31], already describe such a scalede-
pendence.The scale-relativity approach allows one to suggestmore generalforms
for thesescalegroups (and their symmetry breaking).

4.1.2 Simplest di�eren tial scale law

The simplest renormalization group-like equation states that the variation of L
under an in�nitesimal scale transformation d ln " depends only on L itself. We
thus write

@L(x; " )
@ln "

= � (L ): (4)

Still looking for the simplest form of such an equation, we expand � (L ) in
powers of L . We obtain, to the �rst order, the linear equation (in which a and b
are independent of " at this level of the analysis, but may depend on x):

@L(x; " )
@ln "

= a + bL ; (5)

of which the solution is (seeFig. 1)

L (x; " ) = L 0(x)

"

1 + � (x)
�

�
"

� � b
#

; (6)
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where � � b� (x) is an integration constant and L 0 = � a=b.
Let us now de�ne, following Mandelbrot [2, 3], a scaledimension� = D F � DT ,

(where DF is the fractal dimension, de�ned here in terms of covering dimension,
and DT the topological dimension) as:

� =
d ln L

d ln(�=" )
: (7)

ln
 L

ln e

tr
an

si
tio

n
fractal

scale -
independent

ln e

tr
an

si
tio

n

fractal

de
lta

variation of the length variation of the scale dimension

"scale inertia"

scale -
independent

Figure 1: Scale dependence of the length and of the e�ectiv e scale-dimension in the case of
`inertial' scale laws (whic h are solutions of the simplest, �rst order scale-di�eren tial equation):
toward the small scale one gets a scale-invariant law with constant fractal dimension, while the
explicit scale-dependence is lost at scales larger than some transition scale � .

In the asymptotic regime " << � , � = � b is constant, and one obtains a
power-law dependenceon resolution that reads

L(x; " ) = L 0(x)
�

�
"

� �

: (8)

Anticipating on the following, one can also de�ne a variable `e�ectiv e' or `local'
scaledimension from the derivative of the complete solution (6), that jumps from
zero to its constant asymptotic value at the transition scale� (seeFig. 1 and the
following �gures):

� e� =
�

1 + ("=� ) � : (9)

4.1.3 Galilean relativit y of scales

Let us now check that such a simple self-similar scaling law doescomeunder the
principle of relativit y extended to scale transformations of the resolutions. The
above quantities transform, under a scaletransformation " ! " 0, as

ln
L ("0)
L 0

= ln
L (" )
L 0

+ � (" ) ln
"
"0 ; (10)

� ("0) = � (" ): (11)

Thesetransformations have exactly the mathematical structure of the Galileo
group (applied here to scale rather than motion), as con�rmed by the dilation
composition law, " ! " 0 ! "00, which writes

ln
"00

"
= ln

"0

"
+ ln

"00

"0 ; (12)
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and is therefore similar to the law of composition of velocities. Since the Galileo
group of motion transformations is known to be the simplest group that imple-
ments the principle of relativit y, the sameis true for scaletransformations.

4.1.4 Scale transition

However, it is important to note that Eq. (6) gives, in addition, a transition from
a fractal to a non-fractal behavior at scaleslarger than sometransition scale� . In
other words, contrarily to the caseof motion laws, for which the invariance group
is universal, the scalegroup symmetry is broken beyond some(relativ e) transition
scale.

Indeed, Eq.(5) is more generalthat the mere renormalisation argument, under
which the constant a would vanish. Two arguments lead us to keepthis constant:

(i) A research of generality (we look for the most generalamong the simplest
laws).

(ii) The fact that the newscalelawsdo not takethe placeof motion-displacement
laws, but instead must be combined with them. Starting from a strictly scale-
invariant law (a = 0), and adding a translation in standard position space(L !
L + L 0), we indeed recover the broken solution (a 6= 0, which is asymptotically
scale-dependent (in a scale-invariant way) and independent of scalebeyond some
transition.

The scalesymmetry is therefore spontaneously broken by the very existenceof
the standard space-timesymmetries (here, the translations, that are part of the
full Poincar�e group of space-timetransformations including also the rotations and
the Lorentz boosts). The symmetry breaking is not achieved hereby a suppression
of onelaw to the pro�t of the other, but instead by a domination of each law (scale
vs motion) over the other respectively toward the small and large scales. Since
the transition is itself relative (on the state of motion of the referencesystem) this
implies that onecan jump from a behavior to the other by a changeof the reference
system. As we shall seein what follows, this transition plays an important role in
the fractal space-timeapproach to quantum mechanics, sincewe identi�y it with
the Einstein-de Broglie scale,and therefore the fractal-non fractal transition with
the quantum-classical transition [4].

4.1.5 Scale relativit y versus scale in variance

Let us brie
y be more speci�c about the way the scale-relativity viewpoint dif-
fers from `scaling' or simple `scaleinvariance'. In the standard concept of scale
invariance, one considersscaletransformations of the coordinate,

X ! X 0 = q � X ; (13)

then one looks for the e�ect of such a transformation on somefunction f (X ). It
is scaling when

f (qX ) = q� � f (X ) (14)

The scalerelativit y approach involvesa more profound level of description, since
the coordinate X is now explicitly resolution-dependent, i.e. X = X (" ). Therefore
we now look for a scaletransformation of the resolution,

" ! "0 = �"; (15)
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which implies a scaletransformation of the position variable

X (�" ) = � � � X ("): (16)

But now the scalefactor on the variable getsa physical meaningwhich goesbeyond
a trivial changeof units. It correspondsto a coordinate measuredon a fractal curve
of fractal dimension D = 1 + � at two di�eren t resolutions. Finally, one can also
consideragain a scaling function of a fractal coordinate:

f (� � � X ) = � � �� � f (X ): (17)

In the framework of the analogy with the laws of motion and displacement, the
dilation (13) is the equivalent of a static translation x0 = x + a. Indeed, it reads
in logarithmic form

ln
X 0

�
= ln

X
�

+ ln q; (18)

Note that it can also be generalizedto four di�eren t dilations on the four coordi-
nates, ln(X 0

� =� ) = ln(X � =� ) + ln q� . One jumps from static translation x0 = x + a
to motion by intro ducing a time dependent translation a = � vt, so that one ob-
tains the Galileo law of coordinate transformation, x0 = x � vt. The passagefrom
a simple dilation law ln X 0 = ln X + ln q to the law of scale transformation of a
fractal self-similar curve, ln X 0 = ln X � � � ln � is thereforeof the samenature. In
other words, fractals are to scaleinvariance what motion is to static translations.

These `scale-translations' should not be forgotten when constructing the full
scale-relativistic group of transformations (in similarit y with the Poincar�e group,
that addsfour space-timetranslations to the Lorentz group of rotation and motion
in space(i.e., rotation in space-time).

It is alsonoticeablehere that such a scale-relativity group will be di�eren t and
larger than a conformal group, for the two reasonsoutlined in this section:

(i) The conformal group adds to the Poincar�e group a global dilatation and
an inversion (that leadsto four special conformal transformations when combined
with translations), yielding a 15 parameter group. But these transformations
are applied to the coordinates without speci�cation of their physical cause. In
scale relativit y, the causeis the fractalit y, i.e. the resolution dependenceof the
coordinates. For example, the symmetric element in a resolution transformation
is ln( �=" 0) = � ln(�=" ), which is nothing but a resolution inversion " 0 = � 2=". A
fractal coordinate which is resolution-dependent as a power law, L (" ) = (� 0=") � ,
is therefore itself transformed by an inversion, namely L (" 0) = L 1=L(" ), where
L 1 = (� 0=� ) � .

(ii) Ultimately we need to de�ne four independent resolution transformations
on the four coordinates. Such a transformation doesnot preserve the anglesand
it therefore goesbeyond the conformal group (seeSec. 4.3.6).

4.2 Special scale-relativit y

4.2.1 Theory

The question that we shall now addressis that of �nding the laws of scaletrans-
formations that meet the principle of scalerelativit y. Up to now, we have char-
acterized typical scalelaws as the simplest possiblelaws, namely, those which are
solutions of the simplest form of linear scaledi�eren tial equations: this reasoning
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hasprovided us with the standard, power-law, fractal behavior with constant frac-
tal dimension in the asymptotic domain. But are the simplest possiblelaws those
chosenby nature? Experiencein the construction of the former physical theories
suggeststhat the correct and generallaws are simplest among those which satisfy
somefundamental principle, rather than those which are written in the simplest
way: anyway, theselast laws are often approximations of the correct, more general
laws. Good examplesof such relations between theories are given by Einstein's
motion special relativit y, of which the Galilean laws of inertial motion are low
velocity approximations, and by Einstein's generalrelativit y, which includesNew-
ton's theory of gravitation asan approximation. In both cases,the correct lawsare
constructed from the requirement of covariance, rather than from the too simple
requirement of invariance.

The theory of scalerelativit y [16, 4] proceedsalong a similar reasoning. The
principle of scalerelativit y may be implemented by requiring that the equations
of physics be written in a covariant way under scale transformations of resolu-
tions. Are the standard scalelaws (those described by renormalization-group-like
equations, or by a fractal power-law behavior) scale-covariant ? They are usually
described (far from the transition to scale-independence)by asymptotic laws such
as L = L 0(�=" ) � , with � a constant scale-dimension(which may di�er from the
standard value � = 1 by an anomalousdimension term [32]). This meansthat, as
we have recalled hereabove, a scaletransformation " ! " 0 can be written:

ln
L ("0)
L 0

= ln
L (" )
L 0

+ IV � (" ); (19)

� ("0) = � (" );

where we have set:
IV = ln("=" 0): (20)

The choice of a logarithmic form for the writing of the scale transformation
and the de�nition of the fundamental resolution parameter IV is justi�ed by the
expressionof the dilatation operator ~D = @=@ln " . The relative character of IV
is evident: in the sameway that only velocity di�erences have a physical mean-
ing (Galilean relativit y of motion), only IV di�erences have a physical meaning
(relativit y of scales). We have then suggested[16] to characterize this relative
resolution parameter IV as a `state of scale' of the coordinate system, in analogy
with Einstein's formulation of the principle of relativit y [1], in which the relative
velocity characterizesthe state of motion of the referencesystem.

Now in such a frame of thought, the problem of �nding the laws of linear
transformation of �elds in a scaletransformation IV = ln � (" ! " 0) amounts to
�nding four quantities, a(IV ); b(IV ); c(IV ), and d(IV ), such that

ln
L 0

L 0
= a(IV ) ln

L
L 0

+ b(IV ) � ; (21)

� 0 = c(IV ) ln
L
L 0

+ d(IV ) � :

Set in this way, it immediately appears that the current `scale-invariant' scale
transformation law of the standard form (Eq. 19), given by a = 1; b = IV; c = 0
and d = 1, corresponds to the Galileo group.
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This is also clear from the law of composition of dilatations, " ! " 0 ! " ",
which has a simple additiv e form,

IV " = IV + IV 0: (22)

However the generalsolution to the `special relativit y problem' (namely, �nd a; b;c
and d from the principle of relativit y) is the Lorentz group [33]. In particular, we
have proved [16] that, for two variables, only 3 axioms were needed(linearit y,
internal composition law and re
ection invariance) Then we have suggestedto
replace the standard law of dilatation, " ! " 0 = %"by a new Lorentzian relation
[16]. However, while the relativistic symmetry is universal in the caseof the laws
of motion, this is not true for the laws of scale. Indeed, physical laws are no longer
dependent on resolution for scaleslarger than the classical-quantum transition
(identi�ed with the fractal-nonfractal transition in our approach) which has been
analysedabove. This implies that the dilatation law must remain Galilean above
this transition scale.

For simplicit y, we shall considerin what follows only the one-dimensionalcase.
We de�ne the resolution as" = � x = c� t, and we set � 0 = c� dB = �hc=E. In its rest
frame, � 0 is thus the Compton length of the system or particle considered,i.e., in
the �rst place the Compton length of the electron (this will be better justi�ed in
Section 6). The new law of dilatation reads, for " < � 0 and "0 < � 0

ln
"0

� 0
=

ln("=� 0) + ln %

1 + ln %ln("=� 0)=ln2(� =� 0)
: (23)

This relation intro duces a fundamental length scale � , that we have identi�ed
(toward the small scales)with the Planck length (currently 1:6160(11)� 10� 35 m),

� = l IP = (�hG=c3)1=2: (24)

But, as one can seefrom Eq.(23), if one starts from the scale" = � and ap-
ply any dilatation or contraction %, one gets back the scale" 0 = � , whatever the
initial value of � 0 (i.e., whatever the state of motion, since� 0 is Lorentz-covariant
under velocity transformations). In other words, � is now interpreted as a lim-
iting lower length-scale,impassable,invariant under dilatations and contractions.
In the simpli�ed caseof a transformation from L 0 to L ( see[16, 4] for general
expressions),the length measuredalong a fractal coordinate, that was previously
scale-dependent as ln(L=L 0) = � 0 ln( � 0=") for " < � 0 becomesin the new frame-
work (seeFig. 2)

ln(L=L 0) =
� 0 ln( � 0=")

q
1 � ln2(� 0=")=ln2(� 0=� )

: (25)

The main new feature of scale relativit y respectively to the previous fractal or
scale-invariant approachesis that the scaledimension � and the fractal dimension
DF = 1 + � , which were previously constant (D F = 2; � = 1 ), are now explicitly
varying with scale(seeFig. 2), following the law (given onceagain in the simpli�ed
casewhen we start from the referecescaleL 0):

� (" ) =
� 0q

1 � ln2(� 0=")=ln2(� 0=� )
: (26)
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Figure 2: Scale dependence of the length and of the e�ectiv e scale-dimension in the case of
scale-relativistic Lorentzian scale laws.

These new laws corresponds to a Mink owskian scale metrics invariant that
reads:

d� 2 = d� 2 �
(d ln L )2

IC2 : (27)

For a more complete development of special relativit y (including its implica-
tions as regardsnew conservative quantities), seeRefs. [16, 4, 23].

4.2.2 Applications

The theory of special scale-relativity has many consequencesin two domains of
physics (we shall not develop them further in the present contribution for lack of
place: we refer the interestedreader to the quoted references,in particular the two
review papers [23, 35]).

(i) High energy and elementaryparticle physics[16, 4, 23, 34] (with applications
to primeval cosmology[23, 35]). For example, one can apply this description to
the `internal' structures of the electron (identi�ed with the fractal geodesicsof a
fractal space-time). This means that the fractal dimension jumps from D F = 1
to DF = 2 at the electron Compton scale� 0 = � e = �h=mec (seethe construction
of quantum laws in what follows), then begins to vary with scale. Its variation is
�rst very slow (quadratic in log of scale):

DF (" ) = 2(1 +
1
4

IV 2

IC2
0

+ :::); (28)

where IV = ln( � 0=") and IC0 = ln( � 0=lIP ), l IP being the Planck length-scale. Then
it tends to in�nit y at very small scaleswhen IV ! IC0, i.e., " ! � = l IP .

The new status of the Planck length-scale(and time-scale), identi�ed with a
minimal scale, invariant under dilations and contractions, implies new relations
between length-time scalesand momentum-energy scales[4, 23]. These relations
involve new log-Lorentz factors that allow to solve some remaining problems of
the standard model, such as the divergenceproblem of massesand charges,and
the hierarchy problem between the GUT scale and the electroweak scale [23],
and to suggestnew methods for understanding the massand charge spectrum of
elementary particles [46, 23].

(ii) Cosmology [4, 23, 35]. We have suggestedthat log-Lorentz dilation trans-
formations were also relevant at very large scales.In this casethe invariant scale
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� becomesa maximal length-scale,invariant under dilations, that we have iden-
ti�ed with the length-scale � = � � 1=2

c that can be constructed from the cos-
mological constant � c (which is the inverse of the square of a length). Such
an identi�cation brings new light about the nature and the value of the cosmo-
logical constant: its value theoretically predicted in [4], � c;pred = 1:36 � 10� 56

cm� 2 is supported by its recent determination from observational measurements:
� c;obs = (1:29� 0:23)� 10� 56 cm� 2 [36]. This new approach alsoleadsto a descrip-
tion of the large-scaleUniversein which the fractal dimension of the distribution
of matter is increasingwith scale(following the law of Eq. 26, reaching the value
3 (uniformit y) at a scaleof about 750Mpc, in agreement with observational data.

Another application of these new laws to turbulence has also been suggested
by Dubrulle and Graner [37], but with a di�eren t interpretation of the variables.

4.3 Generalized scale laws

4.3.1 Discrete scale in variance, complex dimension and log-p erio dic
behavior

A correction to pure scale invariance is potentially important, namely the log-
periodic correction to power laws that is provided, e.g., by complex exponents or
complex fractal dimensions [7]. Sornette et al. (see [38] and referencestherein)
have shown that such a behavior provides a very satisfactory and possibly predic-
tiv e model of the time evolution of many critical systems,including earthquakes
and market crashes[39]. More recently , it hasbeenapplied to the analysisof major
event chronology of the evolutionary tree of life [40, 41], of human development
[43] and of the main economic crisis of western and Precolumbian civilizations
[41, 44].

Let us show how one can recover log-periodic corrections from requiring scale
covarianceof the scaledi�eren tial equations[27]. Considera scale-dependent func-
tion L (" ), (it may be for example the length measuredalong a fractal curve). In
the applications to temporal evolution quoted above, the scalevariable is identi�ed
with the time interval jt � tcj, where tc is the date of crisis. Assumethat L satis�es
a renormalization-group-like �rst order di�eren tial equation,

dL
d ln "

� � L = 0; (29)

whosesolution is a power law L(" ) / " � . Now looking for corrections to this law,
we remark that simply jumping to a complex value of the exponent � would lead
to large log-periodic 
uctuations rather than to a controlable correction to the
power-law. So let us assumethat the right-hand side of Eq. 29 actually di�ers
from zero

dL
d ln "

� � L = �: (30)

We can now apply the scale-covarianceprinciple and require that the new function
� be solution of an equation which keepsthe sameform as the initial equation

d�
d ln "

� � 0� = 0: (31)

Setting � 0 = � + � , we �nd that L must be solution of a second-orderequation

d2L
(d ln " )2 � (2� + � )

dL
d ln "

+ � (� + � )L = 0: (32)
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It writes L (" ) = a" � (1 + b"� ), and �nally , the choice of an imaginary exponent
� = i! yields a solution whosereal part includes a log-periodic correction:

L (" ) = a " � [1 + bcos(! ln " )]: (33)

Adding a constant term provides a transition to scaleindependenceat large scales
(seeFig. 3).
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Figure 3: Scale dependenceof the length and of the scaledimension in the caseof a log-periodic
behavior with fractal / nonfractal transition, L (" ) = L 0 [1 + (�=" ) � eb cos( ! ln ( "=� )) ].

Let us now give another physically meaningful way to obtain an equivalent
behavior, that does not make use of imaginary exponents. De�ne a log-periodic
local scaledimension:

� =
@ln L
@ln "

= � � b! sin(! ln " ) (34)

It leadsafter integration to a scale-divergencethat reads

L(" ) = a " � eb cos(! ln " ) (35)

whose�rst order expansionis (33). Such a law is a solution of a scalestationary
wave equation:

@2

(@ln ")2 ln
L
L 0

+ ! 2 ln
L
L 0

= 0; (36)

whereL 0 = a" � is the strictly self-similar solution. Hencethe log-periodic behavior
can be viewed as a stationary wave in the scale-space(this prepares Sec. 9, in
which we tentativ ely intro duce a quantum wave scaleequation). Note that these
solutions can apply to fractal lengths only for b! < � , since the local. scale
dimension should remain positive: this behavior is typical of what is observed
when measuringthe resolution-dependent length of fractal curvesof the von Koch
type which are built by iteration and, strictly , have only discrete scaleinvariance
instead of a full continuous scale invariance. But such laws also apply to other
kind of variables(for examplemarket indicesor ion concentration near earthquake
zones,see[38]) for which local decreasesare relevant.

We give in Fig. 4 an example of application of such log-periodic laws to the
analysisof the chronologyof speciesevolution (seemoredetail in Refs. [40, 41, 42]).
One �nds either an accelerationtoward a critical date Tc or a decelerationfrom a
critical date, Tc depending on the consideredlineage.
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Figure 4: Three typical examples of log-periodic chronological laws in species evolution (from
Refs.[40, 41, 42]). Up: main trunk of the `tree of life', from the apparition of life to homeothermy
and viviparit y (last two plotted points). The dates are best-�tted by an accelerating log-periodic
law Tn = T0 + (Tc � T0 ) � g� n , with Tc = � 30 � 60 Myr and g = 1:83. Midd le: comparison of
the dates of the major leaps in the evolution of primates including the hominids (plus the two
preceding main events: apparition of mammals and viviparit y), with an accelerating log-periodic
law. The best �t gives Tc = 2:0 � 0:4 Myr and g = 1:78 � 0:01. For the 14 dates from the
origin of life to the appearance of the Homo sapiens bauplan, one �nds Tc = 2:1 � 1:0 Myr
and g = 1:76 � 0:01. The probabilit y is less than 10� 4 to obtain such a �t by chance. Down:
comparison with a decelerating log-periodic law of the dates of the major leaps in the evolution
of echino derms. The best �t yields Tc = � 575 � 25 Myr and g = 1:67 � 0:02 (origin excluded).
This means that the critical time from which the deceleration starts is their date of apparition
(within uncertain ties). All results are statistically highly signi�can t (see the quoted references
for details about the data and their analysis).

4.3.2 Lagrangian approac h to scale laws

The Lagrangian approach can be usedin the scalespacein order to obtain physi-
cally relevant generalizationsof the above simplest (scale-invariant) laws. In this
aim, we are led to reversethe de�nition and meaning of the variables. Namely,
the scaledimension � becomesa primary variable that plays, for scale laws, the
samerole as played by time in motion laws. We have suggestedto call `djinn' this
variable scaledimension.

The resolution, " , can therefore be de�ned as a derived quantit y in terms of
the fractal coordinate L and of the scaledimension or djinn, �

IV = ln
�

�
"

�
=

d ln L
d�

: (37)

A scaleLagrangefunction ~L(ln L ; IV ; � ) is intro duced,from which a scaleaction
is constructed

~S =
Z � 2

� 1

~L(ln L ; IV ; � ) d� : (38)

The application of the action principle yields a scaleEuler-Lagrangeequation
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that writes
d
d�

@~L
@IV

=
@~L

@ln L
: (39)

In analogy with the physicsof motion, in the absenceof any \scale-force" (i.e.,
@~L=@ln L = 0), the Euler-Lagrangeequation becomes

@~L=@IV = const ) IV = const: (40)

which is the equivalent for scaleof what inertia is for motion. The simplest possible
form for the Lagrangefunction is a quadratic dependenceon the \scale velocity",
(i.e., ~L / IV 2). The constancy of IV = ln( �=" ) meansthat it is independent of
the djinn � . Equation (37) can therefore be integrated to give the usual power law
behavior, L = L 0(�=" ) � . This reversedviewpoint has several advantages which
allow a full implementation of the principle of scalerelativit y:
(i) The djinn � is given its actual status of a �fth dimension or \scale time" and
the logarithm of the resolution, IV , its status of \scale velocity" (seeEq. 37). This
is in accordancewith its scale-relativistic de�nition, in which it characterizesthe
\state of scale" of the referencesystem, in the sameway as the velocity v = dx=dt
characterizesits state of motion.
(ii) This leavesopen the possibility of generalizingour formalism to the caseof four
independent space-timeresolutions, IV � = ln( � � ="� ) = d ln L � =d� . This amount
to jump to a �v e-dimensionalgeometricdescription in terms of a space-time-djinn.
Note in this respect that the genuine nature of resolutionsis tensorial, " �

� = " � " � =
� �� " � " � and involvescorrelation coe�cien ts, in analogy with variance-covariance
matrices.
(iii) Scale laws more general than the simplest self-similar ones can be derived
from more generalscaleLagrangians [26].

4.3.3 Scale `dynamics'

The whole of our previous discussionindicates to us that the scaleinvariant be-
havior corresponds to `freedom' (i.e. scaleforec-freebehavior) in the framework
of a scalephysics. However, in the sameway as there exists forcesin nature that
imply departure from inertial, rectilinear uniform motion, we expect most natural
fractal systemsto also present distorsions in their scalebehavior respectively to
pure scaleinvariance. This meanstaking non-linearity in scaleinto account. Such
distorsions may be, as a �rst step, attributed to the e�ect of a scale\dynamics",
i.e. of a \scale-�eld". (Caution: at this level of description, this is only an analog
of dynamics, which acts on the scaleaxis, on the internal structures of the system
under consideration,not in space-time. Seewhat follows for the e�ects of coupling
with space-timedisplacements).

In this casethe Lagrange scale-equationtakes the form of Newton's equation
of dynamics:

F = �
d2 ln L

d� 2 ; (41)

where � is a `scale-mass',which measureshow the system resists to the `scale-
force', and where � = d2 ln L=d�2 = d ln( �=" )=d� is the `scale-acceleration'.

We shall now attempt to de�ne physical, generic, scale-dynamicalbehaviors
which could be common to very di�eren t systems. For various systemsthe scale-
force may have very di�eren t origins, but in all caseswhere it has the sameform
(constant, harmonic oscillator, etc...), the samekind of scalebehavior would be

20



obtained. It is alsoworthwhile to remark that such a `Newtonian' approach is itself
consideredto be only an intermediate step while waiting for a fully developped
generalscale-relativity. Thus the scale-forcesare expected to be �nally recovered
as approximations of the manifestations of the geometry of the scale-space.

4.3.4 Constan t scale-force

Let us �rst considerthe caseof a constant scale-force.The potential is ' = F ln L ,
and Eq. 41 writes

d2 ln L
d� 2 = G; (42)

where G = F=� = cst. It is easily integrated in terms of a parabolic solution
(which is the equivalent for scalelaws of parabolic motion in a constant �eld):

IV = IV 0 + G� ; ln L = ln L 0 + IV 0� +
1
2

G� 2: (43)

However the physical meaning of this result is not clear under this form. This is
due to the fact that, while in the caseof motion laws we search for the evolution
of the system with time, in the caseof scale laws we search for the dependence
of the system on resolution, which is the directly measuredobservable. We �nd,
after rede�nition of the integration constants:

� = � 0 +
1
G

ln
�

�
"

�
; ln

�
L
L 0

�
=

1
2G

ln2
�

�
"

�
: (44)
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Figure 5: Scale dependence of the length and of the e�ectiv e scale-dimension in the case of a
constant `scale-force'.

The scaledimension � becomesa linear function of resolution (the samebeing
true, asa consequence,of the fractal dimensionD F = 1+ � ), and the (log L ; log" )
relation is now parabolic instead of linear (seeFig. 5). There are several physical
situations where,after careful examination of the data, the power-law modelswere
clearly rejected sinceno constant slope could be de�ned in the (log L ; log" ) plane.
In the several caseswherea clear curvature appearsin this plane (e.g., turbulence,
sand piles, ...), the physics could come under such a 'scale-dynamical' descrip-
tion. In these casesit might be of interest to identify and study the scale-force
responsible for the scaledistorsion (i.e., for the deviation to standard scaling)..
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4.3.5 Scale harmonic oscillator

Another interesting caseof scale-potential is that of a repulsiveharmonic oscillator,
' = � (ln L=� 0)2=2. It is solved as

ln
L
L 0

= � 0

s

ln2
�

�
"

�
�

1
� 2

0
: (45)

For " << � it givesthe standard scale-GalileancaseL = L 0(�=" ) � 0 , but its large-
scalebehavior is particularly interesting, sinceit doesnot permit the existenceof
resolutions larger than a scale

� max = � � e� 1=� 0 ; (46)

where � is the fractal / non-fractal transition scalefor the asymptotic domain (see
Figure 6). In other words, the transition scale is replaced by a smaller scaleat
which the e�ectiv e fractal dimension becomes(formally) in�nite.

ln
 L

ln e

tr
an

si
tio

n

fractal

ln e

fractal

de
lta

harm
onic oscillator scale-force

tr
an

si
tio

n

variation of the scale dimension

scale
independent

scale
independent

variation of the length

Figure 6: Scale dependence of the length and of the scale dimension in the caseof a harmonic
oscillator scale-potential.

We hope such a behavior to provide a model of con�nement in QCD. Indeed,
the gaugesymmetry group of QCD, SU(3), is the dynamical symmetry group of
a 3-dimensional isotropic harmonic oscillator, while gauge invariance can be re-
interpreted in scale relativit y as scale invariance on space-time resolutions (see
following section).

This suggestionis re-inforced by the following results and remarks:
(i) QCD is precisely characterized by the property of `asymptotic freedom,

which means that quarks becomefree at small scaleswhile the strong coupling
constant increasestoward large scales. It may becomeformally in�nite at the
con�nement scale.

(ii) There is increasingevidencefor an internal fractal structure of the proton,
more generally of hadrons [45].

(iii) Free u and d quark masses(i.e., the massesthey would have in the ab-
senceof con�nement) are far smaller than their e�ectiv e massin the proton and
neutron. This meansthat their Compton length � c = �h=mc is larger than the con-
�nement scale(of order 1 Fermi). This is exactly what is expected in the above
model. Indeed, as we shall seein what follows, the fractal/non fractal transition
is identi�ed in rest frame with the Compton length of a particle. The above equa-
tion (46) can therefore be interpreted asa relation betweenthe free quark masses,

22



the con�nement scaleand an internal fractal dimension, that may be tested in the
future.

(iv) A 3-dimensional sphere is scale space (ln X ; ln Y; ln Z ) becomes,when
viewed in terms of direct variables (X ; Y; Z ) and for large valuesof the variables,
a triad (see Fig.7). Such a behavior may provide a model of color and quarks,
in which the three quarks in hadrons would have no real separatedexistence,but
could be identi�ed with the three extremities of such a `3-tip string'. Their ap-
pearancecould therefore be the mere result of a changeof referencesystem (i.e.,
of relativit y), provided the genuine physical variables for the description of intra-
hadron physics be the scalevariables (ln X ; ln Y; ln Z ), in terms of which there is
pure isotropy on the scale-sphere,while our measurement deviceswork in terms
of the (X ; Y; Z ) variables.
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Figure 7: `Three-tip string'. Three dimensional sphere in scale space, (ln X )2 + (ln Y )2 +
(ln Z )2 = A 2 , plotted in terms of direct variables (X ; Y; Z ), for A = 8.

A possibleother interpretation of this scaleharmonic oscillator model is pos-
sible. If we interpret the variable " in the above equations as a distance r from
a center, then one describes a system in which the e�ectiv e fractal dimension of
tra jectories divergesat somedistance r = � max from the center, is larger than 1
in the inner region and becomes1 (i.e., non-fractal in the outer region). Since
the increaseof the fractal dimension of a curve corresponds to the increaseof its
`thickness'(see[4] p. 80 for an exampleof a fractal curve whosefractal dimension
varies with position), such a model can be interpreted as describing a system in
which the inner and outer domains are separatedby a wall or membrane. Such a
solution of non-linear scaleequations may therefore have biological applications.

4.3.6 Toward a generalized theory of scale-relativit y

The above approach in terms of `scaledynamics' is actually intended to be a provi-
sional description. Indeed, in analogy with Einstein's generalrelativit y of motion,
in which Newton's gravitational `force' becomesa mere manifestation of space-
time curvature, we hope that the scaledynamical forcesintro duced hereabove are
only intermediate and practical concepts,which should ultimately be recoveredas
mere manifestation of the fractalit y of space-time.

We shall be led in future developments of the theory to look for the general
non-linear scalelaws that satisfy the principle of scalerelativit y, and also to treat
scale-laws and motion laws on the samefooting. We have suggestedthat, in this
purpose,a changeof representation was necessary.
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Namely, recall that our �rst proposal [13] was to work in a `fractal space-time'
representation, involving four coordinates that are explicit functions of the four
space-timeresolutions, f X (" x ); Y (" y ); Z (" z ); T (" t )g. Since the resolutions are in-
terpreted as characterizing the state of scale of the referencesystem, this eight
variable representation can be viewed as the equivalent of a `phase-space'repre-
sentation. Now, much work remains to be done, sincewe have mainly considered,
up to now, the simpli�ed caseof only one resolution variable. We shall be led
in future works to de�ne four di�eren t transformations on the four space-time
resolutions.

Moreover, in this representation gaugetransformations emergeas a manifes-
tation of the coupling between scale and motion (see the following Section 7).
Namely, we have seen that the coordinates are generally split into two terms,
a scale-dependent part and a scale-independent part that is identi�ed with the
classicalnon-fractal coordinates f x; y; z; tg. In other words, the classicaldi�eren-
tiable space-timeis recoveredasa large-scaledegeneracyof the microscopicfractal
space-time. This allows one to consider resolutions that now vary with the clas-
sical coordinates, and therefore to have a more profound description in terms of
fractal coordinates X � [" (x; y; z; t)]. As we shall see,such an approach leads to a
new interpretation of gaugeinvariance and of gauge�elds (we shall only consider
here the simple Abelian gauge�eld caseof the electromagnetictype).

Now, in the casewhen the fractal dimension is no longer constant, we have
proposedanother representation in terms of a �v e-dimensional`spacetime-djinn',
in which the scale dimension becomesitself a �fth dimension. Note that the
coordinates themselvesare not scale-dependent in an essential way, but only coor-
dinate intervals: indeed, as emphasizedpreviously and will be further developed
in the following, they can be separatedin two parts, a classicalscale-independent
part and a fractal 
uctuation with vanishing mathematical expectation. Only
the fractal 
uctuation dependson scale. Therefore the spacetime-djinn combines
spaceand time intervals with the djinn, i.e., it is de�ned in terms of the variables
f dX ; dY; dZ; dT; � g. It itself involvestwo levels:

(i) A `Galilean' scale-relativity description, in which the djinn � , though pos-
sibly variable, remains a parameter which is separatedfrom the four space-time
coordinates, i.e. f dX (� ), dY(� ), dZ (� ), dT(� )g. It allows one to implement the
identi�cation of resolutions with `scale-velocities',

ln
�

� �

" �

�
=

d ln jdX � j
d�

: (47)

In this framework, the scale-motioncoupling laws intro ducedto account for gauge
transformations are recovered as secondorder derivativesinvolving the djinn and
the coordinates (@2=@� @x), and they therefore appear on the same footing as
motion accelerations(@2=@t2) and `scale-accelerations'(@2=@� 2).

(ii) A fully covariant scale-relativistic description in terms of �v e fractal vari-
ables � � , with � = 0 to 4 and signature (+ ; � ; � ; � ; � ). Its simpli�ed two-
dimensional version has already been explicitly given in the above description
of special-scalerelativit y, involving a log-Lorentzian law of dilation. In this repre-
sentation, the four dilations on the four space-timeresolutions are identi�ed with
rotations in the spacetime-djinn, i.e., to log-Lorentz scale-boosts. In this respect
the �nal group of relativit y (motion + scale)is beyond the conformal group, since
it contains independent dilations of the four coordinates (fractal parts), which do
not conserve angles. It is expected to be at least a combination of the Poincar�e
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group for the 4-dimensional standard space-time (`classical' variables) and of a
group of generators � � @� (including `scale-rotations' (� � @� � � � @� )=2). More-
over, asalready remarked, the true nature of the resolutions is tensorial instead of
vectorial. All these points will be taken into account in the future developments
of the theory [47].

5 Fractal space and induced quan tum mechanics

5.1 In tro duction

Let us now consideran essential part of the theory of scalerelativit y, namely, the
description of the e�ects in standard space-time that are induced by the inter-
nal fractal structures in scale-space.The previous Sectionswere devoted to pure
scale laws, i.e., to the description of the scaledependenceof fractal tra jectories
at a given point of space-time. The question now addressedis: what are the con-
sequenceson motion of the internal fractal structures of space(more generally,
of space-time)? This is a huge question that cannot be solved in one time. We
therefore proceedby �rst studying the induced e�ects of the simplest scale laws
(namely, self-similar laws of fractal dimension 2 for tra jectories) under restricted
conditions (only fractal space,then fractal spaceand time, breaking of symmetry
on time, then also on space). As recalled in the following Sections, we succes-
sively recover in this way more and more profound levels of quantum mechanical
laws: namely, non-relativistic quantum mechanics (Schr•odinger equation), rela-
tivistic quantum mechanics without spin (Klein-Gordon equation) and for spinors
(Dirac equation).More complicated situations (constant fractal dimensiondi�ering
of 2, variable fractal dimension, special scale-relativistic log{Lorentzian behavior,
etc...), that may lead to scale-relativistic corrections to standard quantum me-
chanics, have been tentativ ely consideredin previous works [46, 23], but will not
be recalled here.

5.2 In�nite number of geodesics

Strictly , the non-di�eren tiabilit y of the coordinates meansthat the velocity

V =
dX
dt

= lim
dt ! 0

X (t + dt) � X (t)
dt

(48)

is unde�ned. Namely, when dt tends to zero, either the ratio dX=dt tends to
in�nit y, or it 
uctuates without reaching any limit. However, as recalled in the
intro duction, continuit y and non-di�eren tiabilit y imply an explicit dependenceon
scaleof the various physical quantities. As a consequence,the velocity, V is itself
re-de�ned as an explicitly resolution-dependent function V (t; dt). In the simplest
case,we expect that it is solution of a scaledi�eren tial equation like Eq. 5, i.e.

V = v + w = v
�
1 + �

� �
dt

� 1� 1=D F
�

: (49)

This meansthat the velocity is now the sum of two independent terms of di�eren t
orders of di�eren tiation, since their ratio v=w is, from the standard viewpoint,
in�nitesimal. In analogy with the real and imaginary parts of a complex number,
we have suggested[66] to call v the `classicalpart' of the velocity, v = C̀ hV i , (see
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below the de�nition of the classicalpart operator C`h i ) and w its `fractal part'.
The new component w is an explicitely scale-dependent fractal 
uctuation (which
would be in�nite from the standard point of view where one makesdt ! 1 ) and
� and � are chosensuch that C̀ h� i = 0 and C̀ h� 2i = 1.

The abovedescription strictly appliesfor an individual fractal tra jectory. Now,
oneof the direct geometricconsequencesof the non-di�eren tiabilit y and of the sub-
sequent fractal character of spaceitself (not only of the tra jectories) is that there
is an in�nit y of fractal geodesicsrelating any couple of points of this fractal space
[4]. This can be easily understood already at the level of fractal surfaces,which
can be described in terms of a fractal distribution of conic points of positive and
negative in�nite curvature (see [4], Sec. 3.6 and 3.10). As a consequence,we
are led to replace the velocity V (t; dt) on a particular geodesic by the velocity
�eld V [x(t); t; dt] of the whole in�nite ensemble of geodesics. Moreover, this fun-
damental and irrepressible loss of information of purely geometric origin means
the giving-up of determinism at the level of tra jectories and leads to jump to a
statistical and probabilistic description. But here, contrarily to the view of stan-
dard quantum mechanics, the statistical nature of the physical tool is not set as a
foundation of physics, but derived from geometric properties.

We have thereforesuggested[13] that the description of a quantum mechanical
particle, including its property of wave-particle dualit y, could be reduced to the
geometric properties of the set of fractal geodesicsthat corresponds to a given
state of this \particle". In such an interpretation, we do not have to endow the
\particle" with internal properties such as mass, spin or charge, since the \par-
ticle" is not identi�ed with a point mass which would follow the geodesics,but
its \in ternal" properties can now be de�ned as global geometric properties of the
fractal geodesicsthemselves. As a consequence,any measurement is interpreted
as a sorting out (or selection) of the geodesics: as an example, if the \particle"
has beenobserved at a given position with a given resolution, this meansthat the
geodesicswhich passthrough this domain have beenselected[4, 13].

5.3 `Classical part' and `fractal part' of di�eren tials

The transition scale appearing in Eq. (49) yields two distinct behaviors of the
system (i.e., the `particle', identi�ed with an in�nite family of geodesicsof the
fractal space) depending on the resolution at which it is considered. Equation
(49) multiplied by dt gives the elementary displacement, dX , of the system as a
sum of two in�nitesimal terms of di�eren t orders

dX = dx + d� : (50)

The variable
dx = C̀ hdX i (51)

is de�ned as the \classical" part of the full deplacement dX . By `classical',we do
not mean that this is necessarilya variable of classical physics (for example, as
we shall seehereafter, thedx will becometwo-valued due to non-di�eren tiabilit y,
which is clearly not a classicalproperty). We mean that it remains di�eren tiable,
and therefore comeunder classicaldi�eren tiable equations.

Here d� represents the fractal 
uctuations or \fractal part" of the deplacement
dX : due to the de�nitiv e lossof information implied by the non-di�eren tiabilit y,
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we have no other choice than to represent it in terms of a stochastic variable. We
therefore write:

dx = v dt; (52)

d� = �
p

2D(dt2)1=2D ; (53)

which becomes,for D = 2,
d� = �

p
2Ddt1=2; (54)

where 2D = � 0 = � v2, and where � is a stochastic variable such that < � > = 0
and < � 2 > = 1. Owing to Eq. (49), we identify � with the Einstein transition
scale, � = �h=E = �h=1

2 mv2. Therefore, as we shall seefurther on, 2D = � 0 is a
scalarquantit y which canbe identi�ed with the Compton scale(up to fundamental
constants), �h=mc, i.e., its physical meaning is the massof the particle itself.

Now, the Schr•odinger, Klein-Gordon and Dirac equationsgive results applying
to measurements performed on quantum objects, but achieved with classicalde-
vices, in the di�eren tiable \large-scale" domain. The microphysical scaleat which
the physical systemsunder study are consideredinduces the selection of a bun-
dle of geodesics,corresponding to the scaleof the systems(seeabove), while the
measurement processimplies a smoothing out of the geodesic bundle coupled to
a transition from the non-di�eren tiable \small-scale" to the di�eren tiable \large-
scale" domain. We are therefore led to de�ne an operator C̀ h i , which we apply
to the fractal variablesor functions each time we are drawn to the classicaldomain
where the dt behavior dominates.

5.4 Discrete symmetry breaking

Oneof the most fundamental consequencesof the non-di�eren tiable nature of space
(more generally, of space-time) is the breaking of a discrete symmetry, namely, of
the re
ection invariance on the di�eren tial element of (proper) time . As we
shall see in what follows, it implies a two-valuednessof velocity which can be
subsequently shown to be the origin of the complex nature of the quantum tool.

The derivative with respect to the time t of a di�eren tiable function f can be
written twofold

df
dt

= lim
dt ! 0

f (t + dt) � f (t)
dt

= lim
dt ! 0

f (t) � f (t � dt)
dt

: (55)

The two de�nitions are equivalent in the di�eren tiable case. In the non-
di�eren tiable situation, both de�nitions fail, sincethe limits are no longer de�ned.
In the new framework of scale relativit y, the physics is related to the behavior
of the function during the \zo om" operation on the time resolution � t, identi�ed
with the di�eren tial element dt. The nondi�eren tiable function f (t) is replacedby
an explicitly scale-dependent fractal function f (t; dt), which therefore a function
of two variables, t (in space-time)and dt (in scale-space).Two functions f 0

+ and
f 0

� are therefore de�ned as explicit functions of the two variables t and dt

f 0
+ (t; dt) =

f (t + dt; dt) � f (t; dt)
dt

; (56)

f 0
� (t; dt) =

f (t; dt) � f (t � dt; dt)
dt

: (57)

One passesfrom one de�nition to the other by the transformation dt $ � dt
(di�eren tial time re
ection invariance), which was therefore an implicit discrete
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symmetry of di�eren tiable physics. When applied to fractal spacecoordinates
x(t; dt), these de�nitions yield, in the non-di�eren tiable domain, two velocity
�elds instead of one, that are fractal functions of the resolution, V+ [x(t); t; dt]
and V� [x(t); t; dt]. In order to go back to the classical domain and derive the
classicalvelocities appearing in Eq. (52), we smooth out each fractal geodesic in
the bundles selectedby the zooming processwith balls of radius larger than � .
This amounts to carry out a transition from the non-di�eren tiable to the di�er-
entiable domain and leads to de�ne two classical velocity �elds which are now
resolution-independent: V+ [x(t); t; dt > � ] = C̀ hV+ [x(t); t; dt]i = v+ [x(t); t] and
V� [x(t); t; dt > � ] = C̀ hV� [x(t); t; dt]i = v� [x(t); t]. The important new fact ap-
pearing here is that, after the transition, there is no longer any reasonfor these
two velocity �elds to be the same. While, in standard mechanics, the concept of
velocity was one-valued, we must intro duce, for the caseof a non-di�eren tiable
space, two velocity �elds instead of one, even when going back to the classical
domain. In recent papers, Ord [48] also insists on the importance of intro ducing
`entwined paths' for understanding quantum mechanics.

A simple and natural way to account for this doubling consistsin usingcomplex
numbers and the complex product. As we recall hereafter, this is the origin of the
complex nature of the wave function of quantum mechanics, sincethis wave func-
tion can be identi�ed with the exponential of the complex action that is naturally
intro duced in this framework. We shall now demonstrate that the choice of com-
plex numbers to represent the two-valuednessof the velocity is a simplifying and
\covariant" choice (in the senseof the principle of covariance, according to which
the form of the equationsof physicsshould be conserved under all transformations
of coordinates).

5.5 `Covarian t' total deriv ativ e operator

We are now lead to describe the elementary displacements for both processes,
dX � , as the sum of a C̀ part, dx� = v� dt, and a 
uctuation about this C̀ part,
d� � , which is, by de�nition, of zero classicalpart, C̀ hd� � i = 0

dX + (t) = v+ dt + d� + (t);

dX � (t) = v� dt + d� � (t): (58)

Considering �rst the large-scaledisplacements, large-scaleforward and back-
ward derivatives,d+ =dt and d� =dt, are de�ned, using the C̀ part extraction pro-
cedure. Applied to the position vector, x, they yield the twin large-scalevelocities

d+

dt
x(t) = v+ ;

d�

dt
x(t) = v� : (59)

As regardsthe 
uctuations, the generalizationto three dimensionsof the fractal
behavior of Eq. (53) writes (for D F = 2)

C̀ hd� � i d� � j i = � 2 D � ij dt i; j = x; y; z; (60)

as the d� (t)'s are of null C̀ part and mutually independent. The Kr•onecker sym-
bol, � ij , in Eq. (60), implies indeed that the C̀ part of every crossedproduct
C̀ hd� � i d� � j i , with i 6= j , is null.
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5.5.1 Origin of complex num bers in quan tum mechanics

We now know that each component of the velocity takes two values instead of
one. This means that each component of the velocity becomesa vector in a
two-dimensionalspace,or, in other words, that the velocity becomesa two-index
tensor. The generalization of the sum of these quantities is straighforward, but
one also needsto de�ne a generalizedproduct.

The problem can be put in a generalway: it amounts to �nd a generalization
of the standard product that keepsits fundamental physical properties.

From the mathematical point of view, we are here exactly confronted to the
well-known problem of the doubling of algebra (see,e.g., Ref. [78]). Indeed, the
e�ect of the symmetry breaking dt $ � dt (or ds $ � ds) is to replacethe algebra
A in which the classical physical quantities are de�ned, by a direct sum of two
exemplariesof A , i.e., the spaceof the pairs (a; b) where a and b belong to A.
The new vectorial spaceA 2 must be supplied with a product in order to become
itself an algebra (of doubled dimension). The sameproblem is asked again when
one takesalso into account the symmetry breakings dx� $ � dx� and x � $ � x �

(see[66]): this leadsto new algebra doublings. The mathematical solution to this
problem is well-known: the standard algebradoubling amounts to supply A 2 with
the complex product. Then the doubling IR2 of IR is the algebra IC of complex
numbers, the doubling IC2 of IC is the algebraIH of quaternions, the doubling IH2 of
quaternions is the algebra of Graves-Cayley octonions. The problem with algebra
doubling is that the iterativ e doubling leads to a progressive deterioration of the
algebraic properties. Namely, one losesthe order relation of reals in the complex
plane, while the quaternion algebra is non-commutativ e, and the octonion algebra
is also non-associative. But an important positive result for physical applications
is that the doubling of a metric algebra is a metric algebra [78].

Thesemathematical theoremsfully justify the useof complexnumbers, then of
quaternions, in order to describe the successivedoublingsdue to discretesymmetry
breakingsat the in�nitesimal level, which are themselvesmore and more profound
consequencesof space-timenon-di�eren tiabilit y.

However, we give in what follows complementary arguments of a physical na-
ture, which show that the useof the complex product in the �rst algebradoubling
have a simplifying and covariant e�ect (we use here the word \covariant" in the
original meaning given to it by Einstein [1], namely, the requirement of the form
invariance of fundamental equations).

In order to simplify the argument, let us consider the generalization of scalar
quantities, for which the product law is the standard product in IR.

The �rst constraint is that the new product must remain an internal compo-
sition law. We also make the simplifying assumption that it remains linear in
terms of each of the components of the two quantities to be multiplied. A general
bilinear product writes:

ck = ai ! k
ij bj ; (61)

and it is therefore de�ned by eight numbers in the case(consideredhere) of two-
valuedness.

The secondphysical constraint is the requirement to recover the classicalvari-
ablesand the classicalproduct at the classicallimit. The mathematical equivalent
of this constraint is the requirement that A still be a sub-algebraof A 2. Therefore
we identify a0 2 A with (a0; 0) and we set (0; 1) = � . This allows us to write
the new two-dimensionalvectors in the simpli�ed form a = a0 + a1� , so that the
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product now writes

c = (a0 + a1� ) (b0 + b1� ) = a0b0 + a1b1� 2 + (a0b1 + a1b0)�: (62)

The problem is now reduced to �nd � 2, which is now de�ned by only two
coe�cien ts

� 2 = ! 0 + ! 1�: (63)

Let usnow comeback to the beginningof our construction. Wehave intro duced
two elementary displacements, each of them made of two terms, a C̀ part and a
fractal part (seeEq. (58))

dX + (t) = v+ dt + d� + (t);

dX � (t) = v� dt + d� � (t): (64)

Let us �rst consider the two values of the `classical' part of the velocity. Instead
of considering them as a vector of a new plane, (v+ ; v� ), we shall use the above
construction for de�ning them asa number of the doubledalgebra[67]. Namely, we
�rst replace(v+ ; v� ) by the equivalent twin velocity �eld [(v+ + v� )=2; (v+ � v� )=2],
then we de�ne the number:

V =
�

v+ + v�

2
� �

v+ � v�

2

�
: (65)

This choiceis motivated by the facta that, at the classicallimit when v = v+ = v� ,
the real part identi�es with the classicalvelocity v and the new `imaginary' part
vanishes. The sameoperation can be made for the fractal parts. One can de�ne
velocity 
uctuations w+ = d� + =dt and w� = d� � =dt, so that we de�ne a new
number of the doubled algebra:

W =
�

w+ + w�

2
� �

w+ � w�

2

�
: (66)

Finally the total velocity (classicalpart and fractal 
uctuation) reads:

V + W =
�

v+ + v�

2
� �

v+ � v�

2

�
+

�
w+ + w�

2
� �

w+ � w�

2

�
: (67)

We shall seein what follows that a Lagrange function can be intro duced in
terms of the new two-valued tool, that leads to a conserved form for the Euler-
Lagrange equations. In the end, the Schr•odinger equation is obtained as their
integral. Now, from the covariance principle, the Lagrange function in the New-
tonian caseshould strictly be written:

L =
1
2

m C̀ h(V + W)2i =
1
2

m
�
C̀ hV2i + C̀ hW2i

�
(68)

We haveC̀ hWi = 0, by de�nition, and C̀ hVWi = 0, becausethey aremutually
independent. But what about C̀ hW2i ? The presenceof this term would greatly
complicateall the subsequent developments toward the Schr•odingerequation, since
it would imply a fundamental divergenceof non-relativistic quantum mechanics.
Let us expand it:

4C̀ hW2i = C̀ h[(w+ + w� ) � � (w+ � w� )]2 i

= C̀ h(w2
+ + w2

� )(1 + � 2) � 2� (w2
+ � w2

� ) + 2w+ w� (1 � � 2)i :(69)

30



SinceC̀ hw2
+ i = C̀ hw2

� i and C̀ hw+ w� i = 0 (they are mutually independent),
we �nally �nd that C̀ hW2i can vanish only provided

� 2 = � 1; (70)

namely, � = � i , the imaginary. Therefore we have shown that the choice of the
complex product in the algebra doubling plays an essential physical role, since it
allows to suppresswhat would be additional in�nite terms in the �nal equationsof
motion. The two solutions + i and � i have equal physical meaning, sincethe �nal
equation of Schr•odinger (demonstrated in the following) and the wave function
are physically invariant under the transformation i ! � i provided it is applied to
both of them, as is well known in standard quantum mechanics.

5.5.2 Complex velocit y

We now combine the two derivativesto obtain a complex derivative operator, that
allows us to recover local di�eren tial time reversibilit y in terms of the new complex
process[4]:

d�

dt
=

1
2

�
d+

dt
+

d�

dt

�
�

i
2

�
d+

dt
�

d�

dt

�
: (71)

Applying this operator to the position vector yields a complex velocity

V =
d�

dt
x(t) = V � iU =

v+ + v�

2
� i

v+ � v�

2
: (72)

The minus sign in front of the imaginary term is chosenhere in order to ob-
tain the Schr•odinger equation in terms of  . The reversechoice would give the
Schr•odingerequation for the complexconjugateof the wavefunction  y, and would
be therefore physically equivalent.

The real part, V , of the complex velocity, V, represents the standard classi-
cal velocity, while its imaginary part, � U, is a new quantit y arising from non-
di�eren tiabilit y. At the usual classical limit, v+ = v� = v, so that V = v and
U = 0.

5.5.3 Complex time-deriv ativ e op erator

Contrary to what happens in the di�eren tiable case, the total derivative with
respect to time of a fractal function f (x(t); t) of integer fractal dimensioncontains
�nite terms up to higher order [68]

df
dt

=
@f
@t

+
@f
@x i

dX i

dt
+

1
2

@2f
@x i @x j

dX i dX j

dt
+

1
6

@3f
@x i @x j @xk

dX i dX j dX k

dt
+ ::: (73)

Note that it has beenshown by Kolwankar and Gangal [69] that, if the fractal
dimension is not an integer, a fractional Taylor expansion can also be de�ned,
using the local fractional derivative (however, see[70] about the physical relevance
of this tool).

In our case,a �nite contribution only proceedsfrom terms of D F -order, while
lesser-orderterms yield an in�nite contribution and higher-order onesare negli-
gible. Therefore, in the special caseof a fractal dimension D F = 2, the total
derivative writes

df
dt

=
@f
@t

+
@f
@x i

dX i

dt
+

1
2

@2f
@x i @x j

dX i dX j

dt
: (74)
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Let us now consider the `C̀ part' of this expression. By de�nition, C̀ hdX i =
dx, so that the second term is reduced to v:r f . Now concerning the term
dX i dX j =dt, it is usually in�nitesimal, but hereits C̀ part reducesto C̀ hd� i d� j i =dt.
Therefore, thanks to Eq. (60), the last term of the C̀ part of Eq. (74) amounts to
a Laplacian, and we obtain

df
dt�

=
�

@
@t

+ v� :r � D�
�

f : (75)

Substituting Eqs. (75) into Eq. (71), we �nally obtain the expressionfor the
complex time derivative operator [4]

d�

dt
=

@
@t

+ V:r � iD� : (76)

This is one of the main results of the theory of scale relativit y. Indeed, the
passagefrom standard classical(i.e., almost everywheredi�eren tiable) mechanics
to the new non-di�eren tiable theory can now be implemented by replacing the
standard time derivative d=dt by the new complex operator d� =dt [4] (being cau-
tious with the fact that it involvesa combination of �rst order and secondorder
derivatives). In other words, this meansthat d� =dt plays the role of a \covariant
derivative operator", namely, we shall write in its term the fundamental equations
of physics under the sameform they had in the di�eren tiable case.

It should be remarked, beforegoing on with this construction, that we usehere
the word `covariant' in analogywith the covariant derivative D j Ak = @j Ak + � k

j l A
l

replacing @j Ak in Einstein's general relativit y. But one shoud be cautious with
this analogy, since the two situations are di�eren t. Indeed, the problem posedin
the construction of general relativit y was that of a new geometry, in a framework
where the di�eren tial calculus was not a�ected. Therefore the Einstein covariant
derivative amounts to substracting the new geometric e�ect � � k

j l A
l in order to

recover the mereinertial motion, for which the Galilean law of motion Duk =ds= 0
naturally holds [83]. Here there is an additional di�cult y: the new e�ects come
not only from the geometry (seeSec. 7 for a scale-covariant derivative acting in
the sameway as that of general relativit y) but also from the non-di�eren tiabilit y
and its consequenceson the di�eren tial calculus.

Therefore the true status of the new derivative is actually an extension of the
conceptof total derivative. Already in standard physics, the passagefrom the free
Galileo-Newton's equation to its Euler form wasa caseof conservation of the form
of equations in a more complicated situation, namely, dv=dt = 0 ! (d=dt)v =
(@=@t + v:r )v = 0. In the fractal and non-di�eren tiable situation consideredhere,
the three consequences(in�nit y of geodesics,fractalit y and two-valuedness)lead to
three new terms in the total derivative operator, namely V:r , � iU:r and � iD�.

5.6 Covarian t mechanics induced by scale laws

Let us now summarize the main stepsby which one may generalizethe standard
classical mechanics using this covariance. We are now looking to motion in the
standard space. In what follows, we therefore consideronly the `classicalparts' of
the variables, which are di�eren tiable and independent of resolutions. The e�ects
of the internal non-di�eren tiable structures are now contained in the covariant
derivative. We assumethat the `C̀ part' of the mechanical system under consid-
eration can be characterizedby a Lagrangefunction that keepsthe usual form but

32



now in terms of the complex velocity, L (x; V; t), from which an action S is de�ned

S =
Z t 2

t 1

L(x; V; t)dt: (77)

In this expression,we have combined the forward and backward velocities in
terms of a unique complex velocity. We have already given arguments, in the
previous section, according to which this choice is a simplifying and covariant
choice. We shall now support this conclusion by demonstrating hereafter that it
indeed allows us to conserve the standard form of the Euler-Lagrangeequations.

In a general way, the Lagrange function is expected to be a function of the
variables x and their time derivatives _x. We have found that the number of
velocity components _x is doubled, so that we are led to write

L = L(x; _x+ ; _x � ; t): (78)

Instead, we have madethe choiceto write the Lagrangefunction asL = L(x; V; t).
We now justify this choice by the covariance principle. Re-expressedin terms of
_x+ and _x � , the Lagrangefunction writes

L = L
�

x;
1 � i

2
_x+ +

1 + i
2

_x � ; t
�

: (79)

Therefore we obtain

@L
@_x+

=
1 � i

2
@L
@V

;
@L

@_x �
=

1 + i
2

@L
@V

; (80)

while the new covariant time derivative operator writes

d�

dt
=

1 � i
2

d+

dt
+

1 + i
2

d�

dt
: (81)

Let us write the stationary action principle in terms of the Lagrange function of
Eq. (78)

� S = �
Z t 2

t 1

L(x; _x+ ; _x � ; t) dt = 0: (82)

It becomes Z t 2

t 1

�
@L
@x

� x +
@L
@_x+

� _x+ +
@L

@_x �
� _x �

�
dt = 0: (83)

Since� _x+ = d+ (� x)=dt and � _x � = d� (� x)=dt, it takesthe form

Z t 2

t 1

�
@L
@x

� x +
@L
@V

�
1 � i

2
d+

dt
+

1 + i
2

d�

dt

�
� x

�
dt = 0; (84)

i.e., Z t 2

t 1

�
@L
@x

� x +
@L
@V

d�

dt
� x

�
dt = 0 QED: (85)

The subsequent demonstration of the Lagrangeequations from the stationary
action principle relies on an integration by part. This integration by part cannot
be performed in the usual way without a speci�c analysis, becauseit involvesthe
new covariant derivative.
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The �rst point to be consideredis that such an operation involvesthe Leibniz
rule for the covariant derivative operator d� =dt. Sinced� =dt = @=dt + V : r � iD�
is a linear combination of �rst and secondorder derivatives,the sameis true of its
Leibniz rule. This implies the appearanceof an additional term in the expression
for the derivative of a product (see[73]):

d�

dt

�
@L
@V

: � x
�

=
d�

dt

�
@L
@V

�
: � x +

@L
@V

:
d�

dt
� x � 2i D r

�
@L
@V

�
: r � x: (86)

Since � x(t) is not a function of x, the additional term vanishes. Therefore the
above integral becomes

Z t 2

t 1

��
@L
@x

�
d�

dt
@L
@V

�
� x +

d�

dt

�
@L
@V

: � x
� �

dt = 0: (87)

The secondpoint is concernedwith the integration of the covariant derivative
itself. We de�ne a new integral as being the inverse operation of the covariant
derivation, i.e.,

�
Z

d� f = f (88)

in terms of which one obtains

�
Z t 2

t 1

d�
�

@L
@V

: � x
�

=
�

@L
@V

: � x
� t 2

t 1

= 0; (89)

since � x(t1) = � x(t2) = 0 by de�nition of the variation principle. Therefore the
action integral becomes

Z t 2

t 1

�
@L
@x

�
d�

dt
@L
@V

�
� x dt = 0: (90)

And �nally we obtain generalizedEuler-Lagrangeequations that read

d�

dt
@L
@V

=
@L
@x

: (91)

Therefore, thanks to the transformation d=dt ! d� =dt, they take exactly their
standard classical form. This result reinforces the identi�cation of our tool with
a \quantum-covariant" representation, since,as we have shown in previous works
and as we recall in what follows, this Euler-Lagrange equation can be integrated
in the form of a Schr•odinger equation.

Since we now consider only the `classical parts' of the variables (while the
e�ects on them of the fractal parts are included in the covariant derivative) the
basic symmetries of classical physics hold. From the homogeneity of standard
spaceone de�nes a generalizedcomplex momentum given by

P =
@L
@V

: (92)

If we now considerthe action asa functional of the upper limit of integration in
Eq. (77), the variation of the action from a tra jectory to another nearby tra jectory
yields a generalization of another well-known relation of standard mechanics:

P = rS : (93)

As concerns the generalized energy, its expression involves an additional term
[73, 49]: namely it write for a Newtonian Lagrangefunction and in the absenceof
exterior potential, E = (1=2)m(V2 � 2i D divV).
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5.7 Newton-Sc hr•odinger Equation

5.7.1 Geo desics equation

Let us now specializeour study, and considerNewtonian mechanics, i.e., the gen-
eral casewhen the structuring external scalar �eld is described by a potential
energy �. The Lagrange function of a closedsystem, L = 1

2 mv2 � �, is general-
ized, in the large-scaledomain, as L (x; V; t) = 1

2 mV2 � �. The Euler-Lagrange
equations keepthe form of Newton's fundamental equation of dynamics

m
d�

dt
V = �r � ; (94)

which is now written in terms of complex variables and complex operators.
In the casewhen there is no external �eld (and when the �eld is gravitational,

seefollowing section), the covariance is explicit, since Eq. (94) takes the form of
the equation of inertial motion, i.e., of a geodesicsequation,

d� V=dt = 0; (95)

This is analog to Einstein's general relativit y, where the equivalenceprinciple of
gravitation and inertia leads to a strong covariance principle, expressedby the
fact that one may always �nd a coordinate system in which the metric is locally
Mink owskian. This meansthat, in this coordinate system, the covariant equation
of motion of a free particle is that of inertial motion Du� = 0 in terms of the
general-relativistic covariant derivative D and four-vector u� . The expansion of
the covariant derivative subsequently transforms this free-motion equation in a
local geodesicequation in a gravitational �eld.

The covariance induced by scalee�ects leads to an analogoustransformation
of the equation of motions, which, aswe show below, becomeafter integration the
Schr•odinger equation, (then the Klein-Gordon and Dirac equationsin the motion-
relativistic case), which we can therefore consider as the integral of a geodesic
equation.

In both cases,with or without external �eld, the complex momentum P reads

P = mV; (96)

so that, from Eq. (93), the complex velocity V appearsas a gradient, namely the
gradient of the complex action

V = rS =m: (97)

5.7.2 Complex wave function

We now intro duce a complex wave function  which is nothing but another ex-
pressionfor the complex action S

 = ei S=S0 : (98)

The factor S0 has the dimension of an action (i.e., an angular momentum)
and must be intro duced for dimensional reasons.We show in what follows, that,
when this formalism is applied to microphysics,S0 is nothing but the fundamental
constant �h. The function  is related to the complexvelocity appearing in Eq. (97)
as follows

V = � i
S0

m
r (ln  ): (99)
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5.7.3 Schr•odinger equation

We have now at our disposalall the mathematical tools neededto write the funda-
mental equation of dynamics of Eq. (94) in terms of the new quantit y  . It takes
the form

iS0
d�

dt
(r ln  ) = r � : (100)

Now oneshould be aware that d� and r do not commute. However, aswe shall
seein the following, there is a particular choice of the arbitrary constant S0 for
which d� (r ln  )=dt is neverthelessa gradient.

Replacing d� =dt by its expression,given by Eq. (76), yields

r � = iS0

�
@
@t

+ V:r � iD�
�

(r ln  ); (101)

and replacing onceagain V by its expressionin Eq. (99), we obtain

r � = iS0

�
@
@t

r ln  � i
�

S0

m
(r ln  :r )( r ln  ) + D�( r ln  )

� �
: (102)

Consider now the remarkable identit y [4]

(r ln f )2 + � ln f =
� f
f

; (103)

which proceedsfrom the following tensorial derivation

@� @� ln f + @� ln f @� ln f = @�
@� f

f
+

@� f
f

@� f
f

=
f @� @� f � @� f @� f

f 2 +
@� f @� f

f 2

=
@� @� f

f
: (104)

When we apply this identit y to  and take its gradient, we obtain

r
�

�  
 

�
= r [(r ln  )2 + � ln  ]: (105)

The secondterm in the right-hand side of this expressioncan be transformed,
using the fact that r and � commute, i.e.,

r � = � r : (106)

The �rst term can also be transformed thanks to another remarkable identit y

r (r f )2 = 2(r f :r )( r f ); (107)

that we apply to f = ln  . We �nally obtain

r
�

�  
 

�
= 2(r ln  :r )( r ln  ) + �( r ln  ): (108)

Werecognize,in the right-hand sideof this equation, the two terms of Eq. (102),
which were respectively in factor of S0=m and D. Therefore, the particular choice

S0 = 2mD (109)
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allows us to simplify the right-hand side of Eq. (102). This is more general than
standard quantum mechanics, in which S0 is restricted to the only value S0 = �h.
Eq. 109 is actually a generalization of the Compton relation (seenext section):
this meansthat the function  becomesa wave function only provided it is accom-
panied by a Compton-de Broglie relation. Without this condition, the equation
of motion would remain of third order, with no general prime integral. Indeed,
the simpli�cation brought by this choice is twofold: (i) several complicated terms
are compactedinto a simple one; (ii) the �nal remaining term is a gradient, which
means that the fundamental equation of dynamics can now be integrated in a
universal way. The function  in Eq. (98) is therefore de�ned as

 = ei S=2m D ; (110)

and it is solution of the fundamental equation of dynamics, Eq. (94), which we
write

d�

dt
V = � 2Dr

�
i

@
@t

ln  + D
�  
 

�
= �r � =m: (111)

Integrating this equation �nally yields

D2�  + iD
@
@t

 �
�

2m
 = 0; (112)

up to an arbitrary phasefactor which may be set to zero by a suitable choice of
the  phase. Therefore the Schr•odinger equation is the new form taken by the
Hamilton-Jacobi / energyequation (see[49] on this point).

Arriv ed at that point, several steps have been already made toward the �nal
identi�cation of the function  with a wave function: it is complex, solution of a
Schr•odinger equation, so that its linearit y is also ensured: namely, if  1 and  2

are solutions, a1	 1 + a2 2 is also a solution. Let us complete the proof by giving
new insights about other basic axioms of quantum mechanics.

5.7.4 Compton length

In the caseof standard quantum mechanics, as applied to microphysics, the nec-
essarychoice S0 = 2mD meansthat there is a natural link betweenthe Compton
relation and the Schr•odinger equation. In this case,indeed, S0 is nothing but the
fundamental action constant �h, while D de�nes the fractal/non-fractal transition
(i.e., the transition from explicit scale-dependenceto scale-independencein the
rest frame), � = 2D=c. Therefore, the relation S0 = 2mD becomesa relation
betweenmassand the fractal to scale-independencetransition, which writes

� c =
�h

mc
: (113)

We recognizehere the de�nition of the Compton length. Its profound meaning
(i.e., up to the fundamental constants �h and c, it gives the inertial mass itself )
is thus given, in our framework by the transition scale from fractalit y (at small
scales)to scale-independence(at large scales). We note that this length-scale is
to be understood as a structure of scale-space,not of standard space. The de
Broglie length can now be easily recovered: the fractal 
uctuation is a di�eren tial
elements of order 1=2, i.e., it reads < d� 2 > = �hdt=m in function of dt, and then
< d� 2 > = � x dx in function of the spacedi�eren tial elements. This implies � x =
�h=mv, which is the non-relativistic expressionfor the de Broglie length.
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We recover, in this case,the standard form of Schr•odinger's equation

�h2

2m
�  + i �h

@
@t

 = �  : (114)

5.7.5 Born postulate

The statistical meaningof the wave function (Born postulate) can now be deduced
from the very construction of the theory (at least in the one-dimensionaland
stationary case). Even in the caseof only oneparticle, the virtual geodesicfamily
is in�nite (this remains true even in the zero particle case, i.e., for the vacuum
�eld). The particle properties are assimilated to those of a random subset of the
geodesicsin the family, and its probabilit y to be found at a given position must
be proportional to the density of the geodesics
uid. This density can easily be
calculated in our formalism.

Indeed, we have found up to now two equivalent representations of the same
equations: (i) a geodesicsequation (in the free case)d� V=dt = 0, depending on
two variables V and U, i.e. the real and imaginary parts of the complex velocity;
(ii) a Schr•odinger equation (after integration) , depending on two variables

p
P

and � , i.e. the modulus and the phaseof the function  . A third mixed equivalent
representation is possible,in terms of the couple of variables (P; V ).

In function of thesevariables, the imaginary part of Eq. (112) writes

@P
@t

+ div(PV ) = 0; (115)

where V is identi�ed, at the classicallimit, with the classicalvelocity. This equa-
tion is recognizedas an equation of continuit y. This implies that P =   y is
related to the probabilit y density � (which is also subjected to an equation of
continuit y) by a relation P = K � , such that dK =dt = @K =@t + V:r K = 0. In
the one-dimensionalstationary casethis implies that K =cst, thus ensuring the
validit y of Born's postulate. The remarkable new feature that allows us to obtain
such a result is that the continuit y equation is not written asan additional a priori
equation, but is now a part of our generalizedequation of dynamics. This allows
a �nal identi�cation of the function  (i.e. the action after a changeof variable)
with a wave function.

5.7.6 Von Neumann postulate

The von Neumannpostulate (i.e. the axiom of wavefunction collapse)is alsoeasily
recovered in such a geometric interpretation. Indeed, we may identify a measure-
ment with a selection of the sub-sampleof the geodesicsfamily that keepsonly
the geodesicshaving the geometric properties corresponding to the measurement
result. Therefore, just after the measurement, the system is in the state given by
the measurement result.

As concernsothers axioms of quantum mechanics, commutation relations and
the Heisenberg representation, seeRefs. [72, 73].

5.7.7 Schr•odinger form of other fundamen tal equations of physics

The generalmethod describedabovecanbeapplied to any physical situation where
the three basicconditions (namely, in�nit y of tra jectories,each tra jectory is a frac-
tal curve of fractal dimension 2, breaking of di�eren tial time re
exion invariance)
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are achieved in an exact or in an approximativ e way. Several fundamental equa-
tions of classical physics can be transformed to take a generalizedSchr•odinger
form under these conditions: namely, equation of motion in the presenceof an
electromagnetic �eld (seeSec. 7), the Euler and Navier-Stokes equations in the
caseof potential motion and for incompressibleand isentropic 
uids; the equation
of the rotational motion of solids, the motion equation of dissipative systems;�eld
equations(scalar �eld for onespacevariable). We cannot enter hereinto the detail
of thesegeneralizations,so we refer the interested reader to Ref. [26].

5.8 Application to gravitation

5.8.1 Curv ed and fractal space

Applications of the scale relativit y theory to the problem of the formation and
evolution of gravitational structures have beenpresented in several previous works
[4, 23, 50, 26, 51, 52, 53, 54]. A recent review paper about the comparisonbetween
the theoretically predicted structures and observational data, from the scale of
planetary systemsto extragalactic scales,has been given in Ref. [56]. We shall
only brie
y sum up herethe principles and methods usedin such an attempt, then
quote someof the main results obtained.

In its present acceptance,gravitation is understood as the various manifesta-
tions of the geometry of space-timeat large scales.Up to now, in the framework
of Einstein's theory, this geometry was consideredto be Riemannian, i.e. curved.
However, in the new framework of scalerelativit y, the geometry of space-timeis
assumedto be characterized not only by curvature, but also by fractalit y beyond
a new relative time-scale and/or space-scaleof transition, which is an horizon of
predictibilit y for the classicaldeterministic description. As weshall seein what fol-
lows, fractalit y manifests itself, in the simplest case,in terms of the appearanceof
a new scalar �eld. We have suggestedthat this new �eld leadsto spontaneousself-
organization and may also be able to explain [34, 56], without additional matter,
the various astrophysical e�ects which havebeen,up to now, tentativ ely attributed
to unseen\dark" matter .

5.8.2 Gra vitational Schr•odinger equation

We shall brie
y consider in what follows only the Newtonian limit. In this case
the equation of geodesicskeepsthe form of Newton's fundamental equation of
dynamics in a gravitational �eld, namely,

�DV
dt

=
d� V
dt

+ r
�

�
m

�
= 0; (116)

where � is the Newtonian potential energy. As demonstrated hereabove, once
written in terms of  , this equation can be integrated to yield a gravitational
Newton-Schr•odinger equation :

D2 4  + iD
@
@t

 =
�

2m
 : (117)

Since the imaginary part of this equation is the equation of continuit y, and
basing ourselves on our description of the motion in terms of an in�nite family
of geodesics,P =   y can be interpreted as giving the probabilit y density of the
particle position.
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Note however that the situation and therefore the interpretation are di�eren t
here from the application of the theory to the microphysical domain. The two
main di�erences are:

(i) While in the microscopicrealm elementary \particles" can be de�ned asthe
geodesicsthemselves(their de�ning properties such as mass,spin or charge being
de�ned as internal geometric properties, see[23, 66]), in the macroscopicrealm
there doesexist actual particles that follow the geodesics.

(ii) While di�eren tiabilit y is de�nitiv ely lost toward the small scalesin the mi-
crophysical domain, the macroscopicquantum theory is valid only beyond some
time-scale transition (and/or space-scaletransition) which is an horizon of pre-
dictibilit y. Therefore in this last casethere is an underlying classicaltheory, which
meansthat the quantum macroscopicapproach is a hidden variable theory [26].

Eventhough it takesthis Schr•odinger-likeform, equation (117) is still in essence
an equation of gravitation, sothat it must keepthe fundamental properties it owns
in Newton's and Einstein's theories. Namely, it must agreewith the equivalence
principle [50, 57], i.e., it is independent of the mass of the test-particle. In the
Kepler central potential case(� = � GM m=r), GM provides the natural length-
unit of the systemunder consideration. As a consequence,the parameter D takes
the form:

D =
GM
2w

; (118)

wherew is a fundamental constant that has the dimensionof a velocity. The ratio
� g = w=c actually plays the role of a macroscopicgravitational coupling constant
[57, 54]).

5.8.3 Formation and evolution of gravitational structures

Let us now compareour approach with the standard theory of gravitational struc-
ture formation and evolution. Instead of the Euler-Newton equation and of the
continuit y equation which are used in the standard approach, we write the only
above Newton-Schr•odinger equation. In both cases,the Newton potential is given
by the Poisson equation. Two situations can be considered: (i) when the `or-
bitals', which are solutions of the motion equation, can be consideredas �lled
with the particles (e.g., planetesimalsin the caseof planetary systemsformation,
interstellar gas and dust in the caseof star formation, etc...), the mass density
� is proportional to the probabilit y density P =   y: this situation is relevant
in particular for addressingproblems of structure formation; (ii) another possible
situation concernstest bodieswhich are not in su�cien tly large number to change
the matter density, but whosemotion is neverthelesssubmitted to the Newton-
Schr•odinger equation: this caseis relevant for the anomalous dynamical e�ects
which have up to now beenattributed to unseen,\dark" matter.

By separating the real and imaginary parts of the Schr•odinger equation we get
respectively a generalizedEuler-Newton equation (written here in terms of the
Newtonian potential energy � ) and a continuit y equation:

m (
@
@t

+ V � r )V = �r (� + Q); (119)

@P
@t

+ div(PV ) = 0; (120)

� � = 4� G� m: (121)
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In the caseP / � this system of equations is equivalent to the classicalone
usedin the standard approach of gravitational structure formation, except for the
appearanceof an extra potential energy term Q that writes:

Q = � 2mD2 �
p

P
p

P
: (122)

The existenceof this potential energy, which has been identi�ed as such by
Bohm in the microphysical case(but without an understanding of its origin, since
it wasderived from the a priori axioms of quantum mechanics) is, in our approach,
readily demonstrated and understood: namely, it is the very manifestation of the
fractalit y of space[49], in similarit y with Newton's potential being a manifestation
of curvature.

In the case(i) whereactual particles achievethe probabilit y density distribution
(structure formation), we have � = � 0P; then the Poissonequation (i.e., the �eld
equation) becomes� � = 4� Gm� 0  y and it is therefore strongly interconnected
with the Schr•odinger equation (i.e., the particle motion equation). An equation
for matter alonecan �nally be written [26] (which hasautomatically its equivalent
in an equation for the potential alone):

�
�

D2�  + iD@ =@t
 

�
� 2� G� 0j j2 = 0: (123)

This is a Hartree equation of the kind which is encountered in the description of
superconductivity. We expect its solutions to provide us with general theoretical
predictions for the structures (in position and velocity space) of self-gravitating
systems at multiple scales[56]. This expectation is already supported by the
observed agreement of several solutions with astrophysical observational data [4,
50, 54, 51, 52, 58, 59, 53].

Indeed, the theory hasbeenable to predict in a quantitativ e way a large num-
ber of new e�ects in the domain of gravitational structures. Moreover, these
predictions have been successfullychecked in various systems on a large range
of scalesand in terms of a common fundamental gravitational coupling constant
whosevalue averagedon these systemswas found to be w0 = c� g = 144:7 � 0:7
km/s [50]. New structures have beentheoretically predicted, then checked by the
observational data in a statistically signi�can t way, for our solar system, including
distances of planets [4, 51] and satellites [53], sungrazer comet perihelions [55],
obliquities and inclinations of planets and satellites [58], exoplanets semi-major
axes[50, 54] (seeFig. 10 and eccentricities [60], including planets around pulsars
(for which a high precision is reached) [50, 59], double stars [52], planetary nebula
[56] (seeFig. 12, binary galaxies [23], our local group of galaxies[56], clusters of
galaxiesand large scalestructures of the universe[52, 56].

A full account of this new domain would be too long to be included in the
present contribution. We give here only few typical examplesof thesee�ects (see
the �gures) and we refer the interested reader to the review paper Ref. [56] for
more detail.

5.8.4 Possible solution to the \dark matter" problem

In the case(ii) of isolated test particles, the density of matter � may be nearly
zerowhile the probabilit y density P doesexist, but only asa virtual quantit y that
determines the potential Q, without being e�ectiv ely achieved by matter. In this
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Figure 8: IR-dust density observed during the solar eclipse of January 1967 (adapted from
MacQueen [61]). The scale-relativit y approach leads to a hierarchical description of the So-
lar System, which is described by imbricated sub-systems that are solutions of gravitational
Schr•odinger equations. While the inner solar system is organized on a constant w0 = 144 km/s,
we expect the existence of an intramercurial subsystem organized on the basis of a new constant
w = 3� 144 = 432 km/s. The Sun radius is in precise agreement with the peak of the fundamen-
tal level of this sequence: namely, one �nds n � = 0:99 with R � = 0:00465 AU, that corresponds
to a Keplerian velocit y of 437.1 km/s. The next probabilit y density peaks are predicted to lie
at distances 4:09R � , and 9:20R � = 0:043 AU, which correspond respectively to Keplerian ve-
locities of 432=2 and 432=3 = 144 km/s. Since 1966, there has been several claims of detection
during solar eclipses of IR thermal emission peaks from possible circumsolar dust rings which lie
precisely at the predicted distances [56]. Several exoplanets have now been also found at similar
relativ e distances a=M from their star (see Fig. 10).
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Figure 9: Distribution of the semi-major axis of Kuip er belt objects (KBO) and scattered
Kuip er belt objects (SKBO), compared with the theoretical predictions of probabilit y density
peaks for the outer solar system (arro ws) [56]. The whole inner solar system (whose density peak
lies at the Earth distance, that corresponds to n i = 5) can be identi�ed with the fundamental
ne = 1 orbital of the outer solar system [51]. Therefore the outer solar system is expected to
be organized according to a constant we = 144=5 = 28:8 km/s. Remark that the existence of
probabilit y density peaks for the Kuip er belt small planets at � 40, 55, 70, 90 AU, etc..., has
been theoretically predicted before the discovery of these objects [62].

situation, even though there is no or few matter at the point considered(except
the test particle that is assumedto have a very low contribution), the e�ects of
the potential Q are real (since it is the result of the structure of the geodesicstwo-

uid). This situation is quite similar to the Newton potential in vacuum around
a mass.
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Figure 10: Observed distribution of the semi-major axes of recently discovered exoplanets and
inner solar system planets, compared with the theoretical prediction from the scale-relativit y
/ Schr•odinger approach. Note that these predictions [4, 62] have been made before the �rst
discovery of exoplanets. One expects the occurence of peaks of probabilit y density for semimajor
axes an = GM (n=w0)2 , where n is integer, M is the star mass and w0 = 144:7 � 0:7 km/s is a
gravitational coupling constant (see[4, 50, 54]). For example, the velocit y of Mercury is 48=144/3
km/s, of Venus 36=144/4 km/s, of the Earth 29=144/5 km/s and of Mars 24=144/6 km/s. The
data supports the theoretical prediction in a statistically signi�can t way (the probabilit y to obtain
such an agreement by chance is P = 4 � 10� 5 ).
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Figure 11: Observed distribution of the eccentricities of exoplanets. The theory predicts that
the product of the eccentricit y e by the quantit y ~n = 4:83(a=M )1=2 , where a is the semi-major axis
and M the parent star mass, should cluster around integers. The data support this theoretical
prediction at a probabilit y level P = 10� 4 [60, 56].

We have therefore suggested[34, 56, 35] that this extra scalar �eld, which is
a manifestation of the fractalit y of space,may be responsible for the various dy-
namical and lensing e�ects which are usually attributed to unseen\dark matter".
Recall that up to now two hypotheseshave beenformulated in order to account for
thesee�ects (which are far larger than those due to visible matter): (i) The exis-
tenceof a very large amount of unseenmatter in the Universe: but, despiteintense
and continuous e�orts, it has escaped detection. (ii) A modi�cation of Newton's
law of force: but such an ad hoc hypothesis seemsimpossible to reconcile with
its geometric origin in general relativit y, which lets no latitude for modi�cation.
In the scale-relativity proposal, there is no needfor additional matter, and New-
ton's potential is unchangedsince it remains linked to curvature, but there is an
additional potential linked to fractalit y.
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Figure 12: Example of morphologies predicted from solution of a macroscopic Schr•odinger
equation that describes an accretion or ejection process. This problem is similar to that of
scattering in elementary particle physics (spherical ingoing or outgoing wave). Such morphologies
are typical of those observed in 'planetary nebula', which are, despite their names, stars that
eject their outer shells (see [56]).
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Figure 13: Depro jection of the interv elocit y distribution of galaxy pairs [63, 56] from the
Schneider-Salpeter catalog with precision redshifts [64]. The main probabilit y peak is found to
lie at 144 km/s (plus secondary peaks at 72=144/2 km/s and 24=144/6 km/s), in agreement
with the exoplanet and inner solar system structuration (see Fig. 10).

This interpretation is supported by the fact that, for a stationary solution of
the gravitational Schr•odinger equation, one gets the general relation:

� + Q
m

=
E
m

= cst; (124)

where E=m can take only quantized values(which are related to the fundamental
gravitational coupling [57], � g = w=c).

This result can be applied, as an example, to the motion of bodies in the
outer regions of spiral galaxies. In these regions there is practically no longer
any visible matter, so that the Newtonian potential (in the absenceof additional
dark matter) is Keplerian. While the standard Newtonian theory predicts for the
velocity of the halo bodies v / � 1=2, i.e. v / r � 1=2, we predict in our theory
v / j(� + Q)=mj1=2, i.e., v = constant. More speci�cally , assuming that the
gravitational Schr•odinger equation is solved for the halo objects in terms of the
fundamental level wave function, one �nds Qpr ed = � (GM m=2r B )(1 � 2rB =r),
where rB = GM =w2

0 . This is exactly the result which is systematically observed
in spiral galaxies(i.e., 
at rotation curves)and which hasmotivated (among other
e�ects) the assumptionof the existenceof dark matter. In other words, we suggest
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that the e�ects tentativ ely attributed to unseenmatter are simply the result of
the geometry of space-time. In this proposal, space-timeis not only curved but
alsofractal beyond somegiven relative time and space-scales.While the curvature
manifests itself in terms of the Newton potential, fractalit y would manifest itself
in terms of the new scalar potential Q, and then �nally in terms of the anomalous
dynamics and lensing e�ects.

5.9 Application to sciences of life

Self-similar fractal laws have already been used as models for the description of
a huge number of biological systems(lungs, blood network, brain, cells, vegetals,
etc..., seee.g. [89, 8], previous volumes,and referencestherein).

The scale-relativistic tools may also be relevant for a description of behaviors
and properties which are typical of living systems. Some examples have been
given in [88, 40, 41, 42] (and are brie
y recalled in the present review), concern-
ing halieutics, morphogenesis,log-periodic branching laws and cell \membrane"
models. As we shall seein what follows, scalerelativit y may also provide a phys-
ical and geometric framework for the description of additional properties such as
formation, duplication, morphogenesisand imbrication of hierarchical levels of or-
ganization. This approach does not mean to dismiss the importance of chemical
and biological laws in the determination of living systems, but on the contrary
to attempt to establish a geometric foundation that could underlie them. Under
such a view-point, biochemical processeswould arise as a manifestation `tool' of
fundamental laws issuedfrom �rst principles.

5.9.1 Morphogenesis

The Schr•odinger equation can be viewed asa fundamental equation of morphogen-
esis. It hasnot beenyet consideredassuch, becauseits unique domain of applica-
tion was, up to now, the microscopic (molecular, atomic, nuclear and elementary
particle) domain, in which the available information wasmainly about energyand
momentum. Such a situation is now changing thanks to �eld e�ect microscopy and
atom laser trapping, which begin to allow the observation of quantum-induced ge-
ometric shapesat small scales.

However, scale-relativity extendsthe potential domain of application of Schr•odinger-
like equationsto every systemsin which the three conditions (in�nite or very large
number of tra jectories, fractal dimension 2 of individual tra jectories, local irre-
versibilit y) are ful�lled. MacroscopicSchr•odinger equationscan be de�ned, which
are not basedon Planck's constant �h, but on constants that are speci�c of each
system (and may emergefrom their self-organization). We have suggestedthat
such an approach applies to gravitational structures at large scales. We have in
particular been able by this way to recover complicated shapes such as those of
planetary nebulae[56], that had up to now no detailed quantitativ e explanation.

Now the three above conditions seemsto be particularly well adapted to the
description of living systems.Let us give a simple exampleof such an application.

In living systems,morphologiesare acquired through growth processes.One
can attempt to describesuch a growth in terms of an in�nite family of virtual, frac-
tal and locally irreversible, tra jectories. Their equation can therefore be written
under the form (94), then it can be integrated in a Schr•odinger equation (112).

We now look for solutions describing a growth from a center. This problem
is formally identical to the problem of planetary nebulae (which are stars that
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eject their outer shells), and, in the quantum point of view, to the problem of
particle scattering. The solutions looked for correspond to the caseof the outgoing
spherical probabilit y wave.

Depending on the potential, on the boundary conditions and on the symmetry
conditions, a very large family of solutions can be obtained. Let us consider
here only the simplest ones, i.e., central potential and spherical symmetry. The
probabilit y density distribution of the various possible values of the angles are
given in this caseby the spherical harmonics:

P(� ; ' ) = jYlm (� ; ' )j2: (125)

Thesefunctions show peaksof probabilit y for someangles,depending on the quan-
tized values of the square of angular momentum L 2 (measuredby the quantum
number l ) and of its projection L z on axis z (measuredby the quantum number
m).

Finally a more probable morphology is obtained by sending matter at angles
of maximal probabilit y. The solutions obtained in this way, show 
oral `tulip'-lik e
shape (seeFig. 12and Ref. [88]). Now the sphericalsymmetry is broken in the case
of living systems. One jumps to cylindrical symmetry: this leads in the simplest
caseto intro duce a periodic quantization of angle � (measuredby an additional
quantum number k), that givesrise to a separationof discretizedpetals. Moreover
there is a discretesymmetry breaking along axis z linked to orientation (separation
of `up' and `down' due to gravit y, growth from a stem). This results in 
oral shapes
such as given in Fig. 14.

Figure 14: Morphogenesis of 
o wer-lik e structure, solution of a Schr•odinger equation that
describes a growth process (l = 5; m = 0). The `petals' and `sepals' and `stamen' are traced
along angles of maximal probabilit y density. A constant force of `tension' has been added,
involving an additional curvature of petals, and a quantization of the angle � that gives an
integer number of petals (here, k = 5).

5.9.2 Formation, duplication and bifurcation

A fondamentally new feature of the scale-relativity approach concerningproblems
of formation is that the Schr•odinger form taken by the geodesicsequation can
be interpreted as a general tendency for systems to which it applies to make
structures, i.e., to self-organize. In the framework of a classical deterministic
approach, the question of the formation of a system is always posed in terms
of initial conditions. In the new framework, structures are formed whatever the
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initial conditions, in correspondancewith the �eld, the boundary conditions and
the symmetries,and in function of the valuesof the various conservative quantities
that characterize the system.
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Figure 15: Mo del of formation of a structure from a background medium. The global harmonic
oscillator potential de�ned by the background induces the formation of a local structure (see a
3D representation in Fig. 16), in such a way that the average density remains constant (i.e., the
matter of the structure is taken from the medium).

A typical example is given by the formation of gravitational structures from
a background medium of strictly constant density (Fig. 15). This problem has
no classical solution: no structure can form and grow in the absenceof large
initial 
uctuations. On the contrary , in the present quantum-lik e approach, the
stationary Schr•odinger equation for an harmonic oscillator potential (which is the
form takenby the gravitational potential in this case)doeshavecon�ned stationary
solutions. The `fundamental level' solution (n = 0 is made of one object with
Gaussiandistribution (seeFig. 15), the secondlevel (n = 1) is a pair of objects
(see Fig. 16), then one obtains chains, trap ezes,etc... for higher levels. It is
remarkable that, whatever the scales(stars, clusters of stars, galaxies,clusters of
galaxies) the zonesof formation show in a systematic way this kind of double,
aligned or trap eze-like structures [56].

Now these solutions may also be meaningful in other domains than gravita-
tion, becausethe harmonic oscillator potential is encountered in a wide range of
conditions. It is the general force that appears when a system is displaced from
its equilibrium conditions, and, moreover, it describes an elementary clock. For
thesereasons,it is well adapted to an attempt of description of living systems,at
�rst in a rough way [Chaline, Grou and Nottale, in preparation].

Firstly , such an approach could allow one to ask the question of the origin of
life in a renewed way. This problem is the analog of the `vacuum' (lowest energy)
solutions, i.e. of the passagefrom a non-structured medium to the simplest, fun-
damental level structures. Provided the description of the prebiotic medium comes
under the three above conditions (complete information loss on angles, position
and time), we suggestthat it could be subjected to a Schr•odinger equation (with
a coe�cien t D self-generatedby the systemitself ). Such a possibility is supported
by the symplectic formal structure of thermodynamics [65], in which the state
equations are analogousto Hamilton-Jacobi equations. One can therefore con-
template the possibility of a future `quantization' of thermodynamics, and then
of the chemistry of solutions. In such a framework, the fundamental equations
would describe a universal tendency to make structures. Moreover, a �rst result
naturally emerges: due to the quantization of energy, we expect the primordial
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structures to appear at a given non-zero energy, without any intermediate step.
But clearly much pluridisciplinary work is neededin order to implement such a
working program.

n=0 n=1

E = 3 D w E = 5 D w

Figure 16: Mo del of duplication. The stationary solutions of the Schr•odinger equation in
a 3D harmonic oscillator potential can take only discretized morphologies in correspondence
with the quantized value of the energy. Provided the energy increases from the one-object
case (E0 = 3D! ), no stable solution can exist before it reaches the second quantized level at
E1 = 5D! . The solutions of the time-dep endent equation show that the system jumps from the
one object to the two-object morphology .

Secondly, the analogy can be pushed farther, since the passagefrom the fun-
damental level to the �rst excited level now provides us with a (rough) model of
duplication (seeFigs. 16 and 17). Once again, the quantization implies that, in
caseof energy increase,the system will not increaseits size, but will instead be
lead to jump from a one-object structure to a two-object structure, with no stable
intermediate step between the two stationary solutions n = 0 and n = 1. More-
over, if one comesback to the level of description of individual tra jectories, one
�nds that from each point of the initial onebody-structure there exist tra jectories
that go to the two �nal structures. We expect, in this framework, that duplication
needsa discretized and precisely �xed jump in energy.

Such a model can also be applied to the description of a branching process
(Fig. 17), e.g. in the caseof a tree growth when the previous structure remains
instead of disappearing as in cell duplication.

Note �nally that, though such a model is still too rough to claim that it de-
scribes biological systems, it may already improved by incorporating in it other
results that are quoted elsewherein this paper, in particular (i) the model of mem-
brane through fractal dimensionvariable with the distanceto a center (Sec.4.3.5);
(ii) the model of multiple hierarchical levels of organization depending on `com-
plexergy' (Sec.8.4).

6 Fractal space-time and relativistic quan tum me-
chanics

6.1 Klein-Gordon equation

6.1.1 Theory

Let usnow comeback to standard quantum mechanics,but in the motion-relativistic
case(i.e., classicalMink owski space-time). Weshall recall herehow onecanget the
free and electromagneticKlein-Gordon equations,asalready presented in [25, 23].
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Figure 17: Mo del of branching / bifurcation. Successive solutions of the time-dep endent 2D
Schr•odinger equation in an harmonic oscillator potential are plotted as isodensities. The energy
varies from the fundamental level (n = 0) to the �rst excited level (n = 1), and as a consequence
the system jumps from a one-object to a two-object morphology .

Most elements of our approach asdescribed hereaboveremain correct, with the
time di�eren tial element dt replaced by the proper time di�eren tial element, ds.
Now not only space,but the full space-timecontinuum, is consideredto be non-
di�eren tiable, and therefore fractal. We chosea metric of signature (+ ; � ; � ; � ).
The elementary displacement along geodesicsnow writes (in the standard case
DF = 2 ):

dX �
� = dx�

� + d� �
� : (126)

Due to the breaking of the re
ection symmetry (ds $ � ds) issued from non-
di�eren tiabilit y, we still de�ne two `classical'derivatives,d+ =dsand d� =ds, which,
onceapplied to x � ; yield two classical4-velocities,

d+

ds
x � (s) = v�

+ ;
d�

ds
x � (s) = v�

� : (127)

Thesetwo derivativescan be combined in terms of a complex derivative operator

d�

ds
=

(d+ + d� ) � i (d+ � d� )
2ds

; (128)

which, when applied to the position vector, yields a complex 4-velocity

V� =
d�

ds
x � = V � � i U � =

v�
+ + v�

�

2
� i

v�
+ � v�

�

2
: (129)

We are lead to a stochastic description, due to the in�nit y of geodesicsof the
fractal space-time. This forces us to consider the question of the de�nition of a
Lorentz-covariant stochasticity in space-time. This problem has been addressed
by several authors in the framework of a relativistic generalization of Nelson's
stochastic quantum mechanics. Two 
uctuation �elds, d� �

� (s), are de�ned, which
have zero expectation (< d� �

� > = 0), are mutually independent and such that

< d� �
� d� �

� > = � � � �� ds: (130)

The constant � is another writing for the coe�cien t 2D = �c , with D = �h=2m
in the standard quantum case: namely, it is the Compton length of the particle.
This processmakes senseonly in IR4, i.e. the \metric" � �� should be positive
de�nite: indeed, the fractal 
uctuations are of the samenature as uncertainties
and `errors', so that the spaceand the time 
uctuations add quadratically. The
sign corresponds to a choice of space-like 
uctuations.
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Dohrn and Guerra [75] intro duce the above \Bro wnian metric" and a ki-
netic metric g�� ; and obtain a compatibilit y condition betweenthem which reads
g�� � �� � � � = g�� . An equivalent method was developed by Zastawniak [76], who
intro duces, in addition to the covariant drifts v�

+ and v�
� , new drifts b�

+ and b�
�

(note that our notations are di�eren t from his). Serva [77] givesup Markov pro-
cessesand considersa covariant processwhich belongsto a larger class,known as
\Bernstein processes".

All these proposals are equivalent, and amount to transforming a Laplacian
operator in IR4 into a Dalembertian. Namely, the two (+) and (� ) di�eren tials of
a function f [x(s); s] can be written (we assumea Mink owskian metric for classical
space-time):

d� f =ds= (@=@s + v�
� @� �

1
2

� @� @� )f : (131)

In what follows, we shall only consider s-stationary functions, i.e., that are not
explicitly dependent on the proper time s. In this casethe covariant time derivative
operator reducesto:

d�

ds
=

�
V� +

1
2

i � @�
�

@� : (132)

Let us assumethat the systemunder considerationcan be characterizedby an
action S, which is complex becausethe four-velocity is now complex. The same
reasoning as in classical mechanics leads us to write dS = � mcV� dx� (see [73]
for another equivalent choice). The least-action principle applied on this action
yields the equationsof motion of a free particle, that takesthe form of a geodesics
equation, d� V� =ds = 0. Such a form is also directly obtained from the `strong
covariance' principle and the generalizedequivalenceprinciple. We can also write
the variation of the action as a functional of coordinates. We obtain the usual
result (but here generalizedto complex quantities):

� S = � mcV� � x � ) P� = mcV� = � @� S; (133)

where P� is now a complex 4-momentum. As in the nonrelativistic case,the wave
function is intro duced as being nothing but a reexpressionof the action:

 = ei S=mc� ) V� = i� @� (ln  ); (134)

so that the equations of motion become:

d� V� =ds= i�
�

V� +
1
2

i�@�
�

@� V� = 0 )
�

@� ln  +
1
2

@�
�

@� @� ln  = 0: (135)

Now, by using the remarkable identit y (104) establishedin [4], it reads:

@� (@� @� ln  + @� ln  @� ln  ) = @�

�
@� @�  

 

�
= 0: (136)

So the equation of motion can �nally be integrated in terms of the Klein-Gordon
equation for a free particle:

� 2@� @�  =  ; (137)

where � = �h=mc is the Compton length of the particle. The integration constant
is chosenso as to ensurethe identi�cation of %=   y with a probabilit y density
for the particle.
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As shown by Zastawniak [76] and ascan be easily recoveredfrom the de�nition
(129), the quadratic invariant of special motion-relativit y, v� v� = 1, is naturally
generalizedas

V� Vy
� = 1; (138)

where Vy
� is the complex conjugate of V� . This ensuresthe covariance (i.e. the

invariance of the form of equations) of the theory at this level.

6.1.2 Quadratic in varian t, Leibniz rule and complex velocit y op erator

However, it has beenrecalledby Pissondes[72, 73] that the squareof the complex
four-velocity is no longer equal to unit y, sinceit is now complex. It can be derived
directly from (136) after accounting for the Klein-Gordon equation. One obtains
the generalizedenergy (or quadratic invariant) equation:

V� V� + i�@� V� = 1: (139)

Now taking the gradient of this equation, one obtains:

@� (V� V� + i�@� V� ) = 0 )
�

V� +
1
2

i�@�
�

@� V� = 0; (140)

which is equivalent to Eq. (135) in the caseof free motion, sincein the absenceof
external �eld @� V� = @� V� .

Clearly, the new form of the quadratic invariant comesonly under `weakcovari-
ance'. Pissondeshas therefore addressedthe problem of implementing the strong
covariance(i.e., of keepingthe free, Galilean form of the equationsof physicseven
in the new, more complicated situation) at all levels of the description. The ad-
ditional terms in the various equations �nd their origin in the very de�nition of
the `quantum-covariant' total derivative operator. Indeed, it contains derivatives
of �rst order (namely, @=@t + Vr ), but also derivativesof secondorder (� iD�).
Therefore, when one is led to compute quantities like d� (f g)=dt = 0 the Leibniz
rule to usebecomesa linear combination of the �rst order and secondorder Leib-
niz rules. There is no problem provided one always come back to the de�nition
of the covariant total derivative. (Some inconsistency would appear if one, in
contradiction with this de�nition, wanted to use only the �rst order Leibniz rule
d(f g) = f dg+ gdf ). Indeed, one �nds:

d�

ds
(f g) = f

d� g
ds

+ g
d� f
ds

+ i� @� f @� g: (141)

Pissondesattempted to �nd a formal tool in terms of which the form of the �rst
order Leibniz rule would be preserved. He intro duced the following `symmetric
product':

f �
d� g
ds

= f
d� g
ds

+ i
�
2

@� f @� g; (142)

and he showed that, using this product, the covariancecan be fully implemented.
In particular, one recovers the form of the derivative of a product, d� (f g) = f �
d� g + g � d� f , and the standard decomposition in terms of partial derivatives,
d� f = @� f � d� x � .

However, oneof the problem with this tool is that it dependson two functions
f and g. We shall therefore useanother equivalent tool, which has the advantage
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to depend only on one function. We de�ne a complex velocity operator:

cV� = V� + i
�
2

@� ; (143)

sothat the covariant derivativecan now be written in terms of an operator product
that keepsthe standard, �rst order form:

d�

ds
= cV� @� : (144)

More generally, one de�nes the operator:

dd� g
ds

=
d� g
ds

+ i
�
2

@� g @� (145)

which hasthe advantage to be de�ned only in terms of g. The covariant derivative
of a product now writes

d� (f g)
ds

=
dd� f
ds

g +
dd� g
ds

f (146)

i.e., one recovers the form of the �rst order Leibniz rule. Since bf g 6= bgf , one is led
to de�ne a symmetrizedproduct, following Pissondes[73]. Onede�nes _f = d� f =ds,
then

_f 
 _g = b_f _g + b_g _f � _f _g: (147)

This product is now commutativ e, _f 
 _g = _g 
 _f , and in its terms the standard
expressionfor the squareof the velocity is recovered, namely,

V� 
 V� = 1: (148)

The intro duction of such a tool, that may appear formal in the caseof free
motion, becomesparticularly useful in the presenceof an electromagnetic �eld:
this point will be further developed in Sect. 7. We shall show that the intro duction
of a new level of complexity in the description of a relativistic fractal space-time,
namely, the account of resolutions that becomefunctions of coordinates, leads to
a new geometric theory of gauge�elds, in particular of the U(1) electromagnetic
�eld. We �nd that the complex velocity is given in this caseby:

V� = i� D � ln  = i� @� ln  �
e

mc2 A � ; (149)

where A � is a �eld of dilations of internal resolutions that can be identi�ed with
an electromagnetic �eld.

Inserting this expressionin Eq. (140) yields the standard Klein-Gordon equa-
tion with electromagnetic �eld, [i �h@� � (e=c)A � ][i �h@� � (e=c)A � ] = m2c2 [73].

6.1.3 Application to gravitation in the motion-relativistic case

Let usconsiderthe motion of a freeparticle in a curvedand fractal space-time. One
can de�ne a motion-covariant and quantum-covariant derivative that combine the
general-relativistic covariant derivative (which describes the e�ects of curvature)
and the scale-relativistic quantum-covariant derivative (which describesthe e�ects
of fractalit y), namely,

�DA �

ds
=

�
@
@s

+ V� @� + i
�
2

@� @�

�
A � + � �

�� V� A � : (150)
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The equation of motion of a free particle can now be written as a geodesics
equation by using this covariant derivative. However, one should take care that
the combination of the two covariant derivatives imply the appearanceof a new
term in the geodesicsequation [71, 26, 72]. This is easily establishedby starting
from the quadratic invariant, [73] V� V� + i�@� V� = 1, which becomesin the
general-relativistic case:

V� V� + i� D � V� = 1; (151)

where we now have V� V� = g�� V� V� , D � being Einstein's covariant derivative.
The equationsof motion are obtained by di�eren tiating this relation. One obtains
[72]:

d�

ds
V� + � �

� � V� V� � i
�
2

R�
� V� = 0: (152)

This equation can be integrated in terms of  to yield a generalized\Einstein-
Klein-Gordon" equation of motion:

� 2 �
g�� @� @�  + @� (ln

p
� g) @�  

�
= � 1; (153)

where g is the metrics determinant. A detailed study of this equation, although
interesting, is outside the scope of the present contribution. It may have physical
applications, e.g., for the description of the closeenvironment of black holes.

6.2 Dirac Equation

6.2.1 Re
ection symmetry breaking of spatial di�eren tial elemen t

One of the main result of the scale-relativity theory is its abilit y to provide a
physical origin for the complexnature of the wave function in quantum mechanics.
Indeed, we have seenthat in its framework, it is a direct consequenceof the non-
di�eren tiable geometry of space-time,which involvesa symmetry breaking of the
re
ection invariance dt $ � dt, and therefore a two-valuednessof the classical
velocity vector.

Going to motion-relativistic quantum mechanicsamounts to intro ducenot only
a fractal space,but a fractal space-time. The invariant parameter becomesin this
casethe proper time s instead of the time t. As a consequencethe complex nature
of the four-dimensional wave function in the Klein-Gordon equation comesfrom
the discrete symmetry breaking ds $ � ds.

However, this is not the last word of the new structures implied by the non-
di�eren tiabilit y. The total derivative of a physical quantit y also involves partial
derivativeswith respect to the spacevariables, @=@x � . Once again, from the very
de�nition of derivatives, the discrete symmetry under the re
ection dx � $ � dx�

should also broken at a more profound level of description. Therefore, we expect
the possibleappearanceof a new two-valuednessof the generalizedvelocity.

At this level one should also account for parit y violation. Finally, we have
suggestedthat the three discrete symmetry breakings

ds $ � ds dx� $ � dx� x � $ � x �

can be accounted for by the intro duction of a bi-quaternionic velocity. It has
beensubsequently shown by C�el�erier [66, 24] that one can derive in this way the
Dirac equation, namely as an integral of a geodesicsequation: this demonstration
is summarized in what follows. In other words, this means that this new two-
valuednessis at the origin of the bi-spinor nature of the electron wave function.

53



6.2.2 Spinors as bi-quaternionic wave-function

SinceV� is now bi-quaternionic, the Lagrangefunction is alsobi-quaternionic and,
therefore, the sameis true of the action. Moreover, it hasbeenshown [66] that, for
s-stationary processes,the bi-quaternionic generalisationof the quantum-covariant
derivative keepsthe sameform as in the complex number case,namely,

�d�

ds
= V� @� + i

�
2

@� @� : (154)

A generalizedequivalenceprinciple, as well as a strong covariance principle,
allows us to write the equation of motion under a free-motion form, i.e., under the
form of a di�eren tial geodesicsequation

�d� V�

ds
= 0; (155)

whereV� is the bi-quaternionic four-velocity, e.g., the covariant counterpart of V � .
The elementary variation of the action, consideredas a functional of the coor-

dinates, keepsthe usual form

� S = � mc V� � x � : (156)

We thus obtain the bi-quaternionic four-momentum, as

P� = mcV� = � @� S: (157)

We are now able to intro ducethe wave function. We de�ne it asa re-expression
of the bi-quaternionic action by

 � 1@�  =
i

cS0
@� S; (158)

using, in the left-hand side, the quaternionic product. The bi-quaternionic four-
velocity is derived from Eq. (157), as

V� = i
S0

m
 � 1@�  : (159)

This is the bi-quaternionic generalizationof the de�nition usedin the Schr•odinger
case: = eiS=S 0 . It is worth stressinghere that we could choose,for the de�nition
of the wave function in Eq. (158), a commutated expressionin the left-hand side,
i.e., (@�  ) � 1 instead of  � 1@�  . But with this reversed choice, owing to the
non-commutativit y of the quaternionic product, we could not obtain the motion
equation as a vanishing four-gradient, as in Eq. (165). Therefore, we retain the
above simplest choice, as yielding an equation which can be integrated.

Note that this non-commutativit y is at a more profound level than that already
involved on the quantum operatorial tool by the fractal and non-di�eren tiable de-
scription [73]. It is now at the level of the fractal space-timeitself, which therefore
fundamentally comesunder Connes'snoncommutativ e geometry [80, 81]. More-
over, this non-commutativit y might be consideredas a key for a future under-
standing of the parit y and CP violation, which will not be developed here.

Finally, the isomorphism which can be established between the quaternionic
and spinorial algebraethrough the multiplication rules applying to the Pauli spin
matrices allows us to identify the wave function  to a Dirac bispinor. Indeed,
spinors and quaternions are both a representation of the SL(2,C). This identi-
�cation is reinforced by the result [66, 24] that follows, according to which the
geodesicsequation written in terms of bi-quaternions is naturally integrated un-
der the form of the Dirac equation.
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6.2.3 Free-particle bi-quaternionic Klein-Gordon equation

The equation of motion, Eq. (155), writes
�

V� @� + i
�
2

@� @�

�
V� = 0: (160)

We replaceV� , (respectively V� ), by their expressionsgiven in Eq. (159) and
obtain

i
S0

m

�
i
S0

m
 � 1@�  @� + i

�
2

@� @�

�
�
 � 1@�  

�
= 0: (161)

The choice S0 = m� allows us to simplify this equation and we get

 � 1@�  @� ( � 1@�  ) +
1
2

@� @� ( � 1@�  ) = 0: (162)

The de�nition of the inverseof a quaternion

  � 1 =  � 1 = 1; (163)

implies that  and  � 1 commute. But this is not necessarilythe casefor  and
@�  � 1 nor for  � 1 and @�  and their contravariant counterparts. However, when
we derive Eq. (163) with respect to the coordinates, we obtain

 @�  � 1 = � (@�  ) � 1;

 � 1@�  = � (@�  � 1) ; (164)

and identical formulae for the contravariant analogues.
Developing Eq. (162), using Eqs. (164) and the property @� @� @� = @� @� @� , we

obtain, after somecalculations,

@� [(@� @�  ) � 1] = 0: (165)

We integrate this four-gradient as

(@� @�  ) � 1 + C = 0; (166)

of which we take the right product by  to obtain

@� @�  + C = 0: (167)

We therefore recognizethe Klein-Gordon equation for a free particle with a
massm, after the identi�cation C = m2c2=�h2 = 1=� 2. But in this equation  is
now a biquaternion, i.e. a Dirac bispinor.

6.2.4 Deriv ation of the Dirac equation

We now usea long-known property of the quaternionic formalism, which allows to
obtain the Dirac equation for a free particle as a mere square root of the Klein-
Gordon operator (seeRefs. in [66, 24]).

We �rst develop the Klein-Gordon equation as

1
c2

@2 
@t2 =

@2 
@x2 +

@2 
@y2 +

@2 
@z2 �

m2c2

�h2  : (168)
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Thanks to the property of the quaternionic and complex imaginary units e2
1 =

e2
2 = e2

3 = i 2 = � 1, we can write Eq. (168) under the form

1
c2

@2 
@t2 = e2

3
@2 
@x2 e2

2 + ie2
1
@2 
@y2 i + e2

3
@2 
@z2 e2

1 + i 2 m2c2

�h2 e2
3 e2

3: (169)

We now take advantage of the anticommutativ e property of the quaternionic
units (ei ej = � ej ei for i 6= j ) to add to the right-hand side of Eq. (169) six
vanishing couplesof terms which we rearrangeas

1
c

@
@t

�
1
c

@ 
@t

�
= e3

@
@x

�
e3

@ 
@x

e2 + e1
@ 
@y

i + e3
@ 
@z

e1 � i
mc
�h

e3 e3

�
e2

+ e1
@
@y

�
e3

@ 
@x

e2 + e1
@ 
@y

i + e3
@ 
@z

e1 � i
mc
�h

e3 e3

�
i

+ e3
@
@z

�
e3

@ 
@x

e2 + e1
@ 
@y

i + e3
@ 
@z

e1 � i
mc
�h

e3 e3

�
e1

� i
mc
�h

e3

�
e3

@ 
@x

e2 + e1
@ 
@y

i + e3
@ 
@z

e1 � i
mc
�h

e3 e3

�
e3:(170)

We seethat Eq. (170) is obtained by applying two times to the bi-quaternionic
wavefunction  the operator

1
c

@
@t

= e3
@

@x
e2 + e1

@
@y

i + e3
@
@z

e1 � i
mc
�h

e3( )e3: (171)

The three �rst Conway matrices e3( )e2, e1( )i and e3( )e1 [79], appearing
in the right-hand side of Eq. (171), can be written in the compact form � � k , with

� k =
�

0 � k

� k 0

�
;

the � k 's being the three Pauli matrices, while the fourth Conway matrix

e3( )e3 =

0

B
B
@

1 0 0 0
0 1 0 0
0 0 � 1 0
0 0 0 � 1

1

C
C
A

can be recognizedas the Dirac � matrix. We can therefore write Eq. (171) as the
non-covariant Dirac equation for a free fermion

1
c

@ 
@t

= � � k @ 
@xk � i

mc
�h

�  : (172)

The covariant form, in the Dirac representation, can be recoveredby applying
ie3( )e3 to Eq. (172).

6.2.5 Pauli equation

Finally it is easy to derive the Pauli equation, since it is known that it can be
obtained as a non-relativistic approximation of the Dirac equation [84]. Two of
the components of the Dirac bi-spinor becomenegligiblewhenv << c, sothat they
becomePauli spinors (i.e., in our representation the bi-quaternions are reducedto
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quaternions) and the Dirac equation is transformed in a Sch•odinger equation for
thesespinorswith a magnetic dipole additional term. Such an equation is but the
Pauli equation. Therefore the Pauli equation is understood in the scale-relativity
framework as a manifestation of the fractalit y of space(but not time), while the
symmetry breaking of spacedi�eren tial elements is neverthelessat work:

fractal space(ds = dt) fractal space-time
ds $ � ds Schr•odinger Klein-Gordon
dx $ � dx Pauli Dirac

7 Gauge theories and scale relativit y

7.1 In tro duction

Let us now review another important �eld of application of the fractal space-
time / scale-relativity theory. In the previous sections,we have (i) developed the
scalelaws, internal to a given space-timepoint, that can be constructed from �rst
physical principles; (ii) studied the consequenceson motion of the simplest of these
laws.

In that description the resolution variables ln( �=" ) can take all the values of
the scale-space,but, as a �rst step, they do not themselves vary in function of
other variables. Then we have consideredthe new situation of `scaledynamics', in
which `scale-accelerations'are de�ned, so that the resolutions may vary with the
djinn (variable scale-dimension).

We shall now consider the casewhen the " variables becomefunctions of the
coordinates, " = " (x; y; z; t). This meansthat the resolutions becomethemselves
a �eld. Such a casecan be described as a coupling between motion and scales,
but it also comesunder a future `generalscale-relativitistic' description in which
scale and motion will be treated on the same footing. As we shall now recall,
this approach provides us with a new interpretation of gaugetransformations and
therefore with a geometric interpretation of the nature of gauge�elds [25, 23, 82].

In the present physical theory, one still doesnot really understand the nature
of the electric charge and of the electromagnetic �eld. As recalled by Landau
([83], Chap. 16), in the classical theory the very existenceof the charge e and
of the electromagnetic 4-potential A � are ultimately derived from experimental
data. Moreover, the form of the action for a particle in an electromagnetic �eld
cannot be chosenonly from generalconsiderations,and it is therefore merely pos-
tulated. Said another way, contrarily to general relativit y in which the equation
of tra jectories (i.e., the fundamental equation of dynamics) is self-imposed as a
geodesicsequation, in today's theory of electromagnetismthe Lorentz force must
be added to Maxwell's equations. Quantum �eld theories have improved the situ-
ation thanks to the link between the nature of chargesand gaugeinvariance, but
we still lack a fundamental understanding of the nature of gaugetransformations.

We shall now review the proposals of the scale-relativity approach made in
order to solve these problems, that involvesa new interpretation of gaugetrans-
formations, then we shall recall someof its possibleconsequences.
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7.2 Nature of the electromagnetic �eld (classical theory)

7.2.1 Electromagnetic poten tial as dilation �eld

The theory of scalerelativit y allows one to get new insights about the nature of
the electromagnetic �eld, of the electric charge, and about the physical meaning
of gauge invariance. Consider an electron (or any other charged particle). In
scale relativit y, we identify the particle with a family of fractal tra jectories, de-
scribed as the geodesicsof a nondi�eren tiable space-time. These tra jectories are
characterized by internal (fractal) structures.

Now consideranyone of thesestructures, lying at some(relativ e) resolution "
smaller that the Compton length of the particle (i.e. such that " < � c ) for a given
relative position of the particle. In a displacement of the particle, the relativit y of
scalesimplies that the resolution at which this given structure appearsin the new
position will a priori be di�eren t from the initial one. Indeed, if the whole internal
fractal structure of the electron was rigidly �xed, this would mean an absolute
character of the scale-space,which would bein contradiction with the principle of
the relativit y of scales.

Therefore we expect the occurrence of dilatations of resolutions induced by
translations, which read:

q
� "
"

= � A � � x � : (173)

In this expression,the elementary dilation is written as� "=" = � ln("=� ): this is
justi�ed by the Gell-Mann-Levy method, from which the dilation operator is found
to take the form ~D = "@=@" = @=@ln " (seeSect. 4.1.1). Since the elementary
displacement in space-time � x � is a four-vector and since � "=" is a scalar, one
must intro duce a four-vector A � in order to ensure covariance. The constant
q measuresthe amplitude of the scale-motion coupling; it will be subsequently
identi�ed with the active electric charge that intervenesin the potential. This
form ensuresthat the dimensionality of A � be CL � 1, where C is the electric
charge unit (e.g., ' = q=r for a Coulomb potential).

This behaviour canbeexpressedin terms of the intro duction of a scale-covariant
derivative. Namely, the total e�ect is now the sum of an inertial e�ect and of a
geometric e�ect described by A � :

q@� ln( �=" ) = qD � ln( �=" ) + A � : (174)

(Note the correction of sign with respect to previous papers). This method is
analogousto Einstein's contruction of generalizedrelativit y of motion, in which
the Christo�el components � �

� % can be intro duceddirectly from the mereprinciple
of relativit y of motion (seee.g. ref. [83]).

7.2.2 Nature of gauge in variance

Let us go onewith the dilation �eld A � . If onewants such a \�eld" to be physical,
it must be de�ned whatever the initial scale from which we started. Therefore,
starting from another relative scale" 0 = %", where the scaleratio %may be any
function of coordinates %= %(x; y; z; t), we get (considering only Galilean scale-
relativit y for the moment):

q
� "0

"0 = � A0
� � x � ; (175)
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so that we obtain:
A0

� = A � + q@� ln %(x; y; z; t): (176)

Therefore the 4-vector A � depends on the relative \state of scale", or \scale ve-
locity", ln %= ln("=" 0).

We have suggested[25, 23] to identify A � with an electromagnetic4-potential
and Eq. (176) with the gaugeinvariancerelation for the electromagnetic�eld, that
writes in the standard way:

A0
� = A � + q@� � (x; y; z; t); (177)

where � is usually consideredas an arbitrary function of coordinates devoid of
physical meaning. This is no longer the casehere, since it is now identi�ed with
a scale ratio � = ln %between internal structures of the electron geodesics(at
scalessmaller than its Compton length). Our interpretation of the nature of the
gaugefunction is compatible with its inobservabilit y. Indeed, such a scaleratio is
impossibleto measureexplicitly , since it would mean to make two measurements
of two di�eren t relative scalessmaller than the electron Compton length. But the
very �rst measurement with resolution " would change the state of the electron:
namely, just after the measurement, its de Broglie length would becomeof order
� dB � " (see e.g. [4]), so that the secondscale " 0 would not be measuredon
the sameelectron. Therefore the ratio %= " 0=" is destined to remain a virtual
quantit y. However, as we shall seein what follows, even whether it can not be
directly measured,it hasindirect consequences,sothat the knowledgeof its nature
�nally plays an important role: it allows one to demonstrate the quantization of
the electron charge and to relate its value to that of its mass.

7.2.3 Electromagnetic �eld, electric charge and Loren tz force

Let usnow show that the subsequent developments of the propertiesof this dilation
�eld support its interpretation in terms of electromagneticpotentials.

If oneconsiderstranslation along two di�eren t coordinates (or, in an equivalent
way, displacement on a closedloop), one may write a commutator relation (once
again, in analogy with the de�nition of the Riemann tensor in Einstein's general
relativit y):

q(@� D � � @� D � ) ln( �=" ) = � (@� A � � @� A � ): (178)

This relation de�nes a tensor �eld:

F�� = @� A � � @� A � (179)

which, contrarily to A � , is independent of the initial relative scale (i.e., of the
gauge). One recognizesin F�� the expressionfor the electromagnetic �eld. The
�rst group of Maxwell equationsdirectly derivesfrom this expression,namely,

@� F� � + @� F�� + @� F�� = 0: (180)

In this interpretation, the property of gaugeinvariancerecoversits initial status
of scaleinvariance, in accordancewith Weyl's initial ideas[85]. However, equation
(176) may represent a progresscomparedwith theseearly attempts and with the
status of gaugeinvariance in today's physics. Indeed the gaugefunction, which
has, up to now, been consideredas arbitrary and devoid of physical meaning, is
now identi�ed with the logarithm of internal resolutions. As we shall recall in what
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follows, this interpretation has physical consequencesconcerningthe quantization
of the electric charge and its value.

Let usnow derive the equation of motion of a chargein an electromagnetic�eld.
Consider the action S for the electron. In the framework of a space-timetheory
basedon a relativit y principle, as it is the casehere, it should be given directly by
the length invariant s, i.e., dS = � mc ds. This relation ensuresthat the stationary
action principle �

R
dS = 0 becomesidentical with a geodesics(Fermat) principle

�
R

ds = 0. Now the fractalit y of the geodesical curves to which the electron is
identi�ed meansthat, while S is an invariant with respect to space-timechangesof
the coordinate system, it is however a function of the scalevariable, S = S(ln � ),
at scalessmaller than � .

Therefore its di�eren tial reads:

dS =
@S

@ln �
d ln � =

@S
@ln �

(D ln � +
1
q

A � dx� ); (181)

so that we obtain:

@� S = D � S +
@S

q@ln �
A � : (182)

The �rst term of the product actually providesus with a de�nition for the `passive'
charge:

e
c

= �
@S

q@ln �
(183)

This is an important point worth to be emphasized,sinceit will play an impor-
tant role for the forthcoming generalizationsto non-Abelian gaugetheories. In the
standard theory, the charge is set from experiment, then it is shown to be related
to gaugetransformations, while the gaugefunctions are consideredto be arbitrary
and devoid of physical meaning. In the scale-relativity approach, the chargesare
built from the symmetries of the scalespace. One indeed recognizesin Eq. 183
the standard expressionthat relates, though the derivative of the action, a con-
servative quantit y to the symmetry of a fundamental variable (here the internal
relative resolution), following Noether's theorem.

Finally, the known form of the coupling term in the action is now demonstrated,
while it was merely postulated in the standard theory:

Spf =
Z

�
e
c

A � dx� : (184)

We can now write the total action under the form (recall that the �eld term is
self-imposedto be the squareof the electromagnetictensor, seee.g. [83]):

S = Sp + Spf + Sf = �
Z

mc ds �
Z

e
c

A � dx� �
1

16� c

Z
F�� F �� d
 : (185)

The variational principle applied on the two �rst terms of this action �nally yields
the searched motion equation as a geodesicsequation (since tha action is now
proportioanl to the length-invariant) and therefore the known expressionfor the
Lorentz force acting on charge e:

mc
du�

ds
=

e
c

F�� u� : (186)
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The variational principle applied on the two last terms (after their generalization
to the current of several charges)yields Maxwell's equations:

@� F �� = �
4�
c

j � : (187)

In conclusion of this section, the progresshere, respectively to the standard
classicalelectromagnetictheory, is that, insteadof being independently constructed,
the Lorentz forceand the Maxwell equationsare derived in the scalerelativit y the-
ory asbeing both manifestations of the fractal geometry of space-time. Moreover,
a new physical meaning can be given to the electric chargeand to gaugetransfor-
mations.

We shall now consider its consequencesfor the quantum theory of electrody-
namics.

7.3 Scale-relativistic quan tum electro dynamics

7.3.1 Analysis of the problem

It is well-known that the quantum theory of electromagnetismand of the electron
has added a new and essential stone in our understanding of the nature of charge.
Indeed, in its framework, gaugeinvariancebecomesdeeply related to phaseinvari-
ance of the wave function. The electric charge conservation is therefore directly
related to the gauge symmetry. However, despite the huge progress that such
a successhas been (in particular, the extension of the approach to non-Abelian
gaugetheories has allowed to incorporate the weak and strong �eld into the same
scheme) the lack of a fundamental understanding of the nature of gaugetransfor-
mations has up to now prevented from reaching the �nal goal of gaugetheories:
namely, understand why charge is quantized and, as a consequence,theoretically
calculate its quantized value.

Let us indeed consider the wave function of an electron. It writes:

 =  0 exp
�

i
�h

(px � E t + � ' + e� )
�

(188)

Its phasecontains the usual products of fundamental quantities (spaceposition,
time, angle) and of their conjugate quantities (momentum, energy, angular mo-
mentum). They are related through Noether's theorem. Namely, the conjugate
variables are the conservative quantities that originate from the space-timesym-
metries. This meansthat our knowledgeof what are the energy, the momentum
and the angular momentum and of their physical properties is founded on our
knowledgeof the nature of space,time and its transformations (translations and
rotations).

This is true already in the classicaltheory, but there is something more in the
quantum theory. In its framework, the conservative quantities are quantized when
the basic variables are bounded. Concerning energy-momentum, this meansthat
it is quantized only in some speci�c circumstances(e.g., bound states in atoms
for which r > 0 in spherical coordinates). The caseof the angular momentum is
instructiv e: its di�erences are quantized in an universal way in units of �h because
anglesdi�erences can not exceed2� .

In comparison, the last term in the phaseof Eq. (188) keepsa special status
in today's standard theory. The gauge function � remains arbitrary , while it is
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clear from a comparison with the other terms that the meaning of charge e and
the reasonfor its universal quantization can be obtained only from understanding
the physical meaningof � and why it is universally limited, sinceit is the quantit y
conjugate to the charge. As we shall now see, the identi�cation of � with the
resolution scalefactor ln %that we have developped in the previous sectionsin the
classicalframework, can be transported to the quantum theory and allows one to
suggestsolutions to theseproblems in the special scale-relativity framework.

7.3.2 QED covarian t deriv ativ e

Let us �rst show how onecan recover the standard QED quantum derivative in the
scale-relativity approach. Let us consideragain the generalizedaction intro duced
in the previous section, which depends on motion and on scalevariables. In the
scale-relativistic quantum description, the 4-velocity is now complex(seeSec. 2.4),
sothat the action writes, S = S(x � ; V� ; ln %). Recall that the complexaction gives
the fundamental meaning of the wave function, namely,  is de�ned as:

 = ei S=�h : (189)

The decomposition performed in the framework of the classicaltheory still holds
and now becomes:

dS = � mcV� dx� �
e
c

A � dx� : (190)

This leadsus to a QED-covariant expressionfor the velocity:

V� = i� D � (ln  ) = i� @� (ln  ) �
e

mc2 A � ; (191)

where � = �h=mc is the Compton length of the electron.
We recognizein this derivative the standard QED-covariant derivativeoperator

acting on the wave function  :

� i �hD � = � i �h@� +
e
c

A � ; (192)

sincewe can write Eq. (191) as mcV�  = [i �h@� � (e=c)A � ]  .
We have therefore reached an understanding from �rst principles of the nature

and origin of the QED covariant derivative, while it wasmerely set asa rule devoid
of geometric meaning in the standard quantum �eld theory.

This covariant derivative is exactly the previous one intro ducedin the classical
framework. Indeed, the classical covariant derivative was written (for q = e),
D � = @� � (1=e)A � acting on %, while  =  0 exp[(� i=�h)(e2=c) ln %]. We therefore
recover expression(192) acting on  .

7.3.3 Klein-Gordon equation in the presence of an electromagnetic
�eld

We can now combine the two main e�ects of the fractalit y of space-time,namely,
the induced e�ects that lead to quantum laws and the e�ects of coordinate-
dependent resolutions that lead to the appearance of an electromagnetic �eld.
The account of both covariant derivatives allows one to derive from a geodesics
equation the relativistic wave equation for a scalar particle in the presenceof an
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electromagnetic�eld. Following Pissondes[73], let us start from the fully covariant
form of the quadratic invariant, as establishedin Sec. 6:

V� 
 V� = (V� + i� @� )V� = 1: (193)

By taking its gradient, we obtain (in terms of the operator cV� = V� + i (�= 2)@�

intro duced in Sec.6.1.2
cV� @� V� = 0: (194)

This equation is no longer equivalent to cV� @� V� = 0 in the presenceof an electro-
magnetic �eld, sincein this case

@� V� = @� V� +
e

mc2 F�� : (195)

Therefore Eq. 194 becomes

cV�
�

@� V� +
e

mc2 F��

�
= 0; (196)

and we �nally recover the form of the Lorentz equation of electrodynamics [73]:

mc
d�

ds
V� = cV� F�� : (197)

This equation is equivalent to that found by Pissondes[73], but now the electro-
magnetic �eld itself is built from the fractal geometry, instead of being simply
added by applying the standard (but previously misunderstood) QED rules. The
Klein-Gordon equation with electromagnetic �eld is easily obtained by replacing
in Eq. (193) the complex velocity by its expressionin function of  (Eq. 191):

�
i �h@� �

e
c

A �

� �
i �h@� �

e
c

A �
�

 = m2c2 : (198)

7.3.4 Nature of the electric charge (quan tum theory)

In a gaugetransformation A0
� = A � + e@� � the wave function of an electron of

charge e becomes:

 0 =  exp
�

� i
�h

�
e
c

� e�
�

: (199)

We have reinterpreted in the previous sectionsthe gaugetransformation as a
scaletransformation of resolution, " ! " 0, yielding an identi�cation of the gauge
function with a scaleratio, � = ln %= ln("=" 0), which is a function of space-time
coordinates. In such an interpretation, the speci�c property that characterizesa
charged particle is the explicit scale-dependenceon resolution of its action, then
of its wave function. The net result is that the electron wave function writes

 0 =  exp
�

� i
e2

�hc
ln %

�
: (200)

Since,by de�nition (in the systemof units where the permittivit y of vacuum is 1),

e2 = 4� � �hc; (201)

where � is the �ne structure constant, equation (200) becomes

 0 =  e� i 4� � ln %: (202)
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This result supports the previous solution brought to the problem of the nature
of the electric charge in the classical theory. Indeed, considering now the wave
function of the electron as an explicitly resolution-dependent function, we can
write the scaledi�eren tial equation of which it is solution as:

i �h
@ 

@
�

e
c ln %

� = e : (203)

We recognizein ~D = i (�hc=e)@=@ln %a dilatation operator similar to that intro-
duced in Section 3. Equation (203) can then be read as an eigenvalue equation
issuedfrom an extensionof the correspondenceprinciple (but here,demonstrated),

~D  = e : (204)

This is the quantum expressionof the above classical suggestion, according to
which the electric charge is understood as the conservative quantit y that comes
from the new scalesymmetry, namely, from the uniformit y of the resolution vari-
able ln " .

7.3.5 Charge quan tization and mass-charge relations

While the results of the scalerelativit y theory described in the previous sections
mainly deal with a new interpretation of the nature of the electromagnetic �eld,
of the electric charge and of gauge invariance, we now arrive at the principal
consequencesof this approach: as we shall see, it allows one to establish the
universality of the quantization of charges(for any gauge�eld) and to theoretically
predict the existenceof fundamental relations between massscalesand coupling
constants.

In the previous section, we have recalled our suggestion[25, 23] to elucidate
the nature of the electric charge as being the eigenvalue of the dilation operator
corresponding to resolution transformations. We have written the wave function
of a charged particle under the form Eq. (203).

Let us now consider in more detail the nature of the scalefactor ln %in this
expression.This factor describesthe ratio of two relative resolution scales" and " 0

that correspond to structures of the fractal geodesicaltra jectories that we identify
with the electron. However the electron is not structured at all scales,but only
at scalessmaller than its Compton length � = �h=mec. We can therefore take this
upper limit as one of the two scalesand write:

 0 = exp
�

� i 4� � ln
�

�
"

��
 : (205)

In the caseof Galilean scale-relativity, such a relation leads to no new result,
since " can go to zero, so that ln(�=" ) is unlimited. But in the framework of
special scale-relativity, scale laws take a log-Lorentzian form below the scale �
(see Section 2). The Planck length lP becomesa minimal, unreachable scale,
invariant under dilations, so that ln( �=" ) becomeslimited by IC = ln( �=l P ). This
implies a quantization of the charge which amounts to the relation 4� � IC = 2k� ,
i.e.:

� IC =
1
2

k; (206)
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where k is integer. SinceIC = ln( �=l p) and is equal to ln(mP =me) for the electron
(where mP is the Planck massand me the elctron mass),equation (206) amounts
to a general relation betweenmassscalesand coupling constants..

In order to explicitly apply such a relation to the electron, we must account for
the fact that we expect the electric charge to be only a residual of a more general,
high energy electroweak coupling in the framework of Grand Uni�ed theories.
From the U(1) and SU(2) couplings, one can de�ne an e�ectiv e electromagnetic
coupling as:

� � 1
0 =

3
8

� � 1
2 +

5
8

� � 1
1 : (207)

It is such that � 0 = � 1 = � 2 at uni�cation scale and it is related to the �ne
structure constant at Z scaleby the relation � = 3� 0=8. This meansthat, because
the weakgaugebosonsacquiremassthrough the Higgsmechanism, the interaction
becomestransported at low energy only by the residual null massphoton. As a
consequencethe amplitude of the electromagnetic force abruptly falls at the W Z
scale. Therefore, we have suggestedthat it is the coupling � 0 instead of � which
must be used in Eq. (206) for relating the electron massto its charge.

Finally, disregardingasa �rst step threshold e�ects (that occur at the Compton
scaleof the electron), we get a mass-charge relation for the electron [25, 23]:

ln
mP

me
=

3
8

� � 1: (208)

The existenceof such a relation betweenthe massand the chargeof the electron is
supported by the experimental data. Indeed,using the known experimental values,
the two members of this equation agreeto 0:2%: ICe = ln(mP =me) = 51:528(1)
while (3=8)� � 1 = 51:388. The agreement is madeeven better if oneaccounts from
the fact that the measured�ne structure constant (at Bohr scale)di�ers from the
limit of its asymptotic behavior (that includes radiativ e corrections). One �nds
that the asymptotic inverserunning coupling at the scalewhere the asymptotic
running massreachesthe observed massme is � � 1

0 f r (m = me)g = 51:521, which
lies within 10� 4 of the value of ICe (seeFig. 18).

8 `Third quan tization': quan tum mechanics in
scale-space

8.1 Motiv ation

Let us now consider a new tentativ e development of the scale relativit y theory.
Recall that this theory is founded on the giving up of the hypothesis of di�eren-
tiabilit y of space-timecoordinates. We reached the conclusionthat the problem of
dealing with non-derivable coordinates could be circumvented by replacing them
by fractal functions of the resolutions. These functions are de�ned in a spaceof
resolutions, or `scale-space'.The advantage of this approach is that it sendsthe
problem of non-derivabilit y to in�nit y in the scalespace(ln( �=" ) ! 1 ). But, in
such a framework, standard physicsshould be completedby scalelaws allowing to
determine the physically relevant functions of resolution. We have suggestedthat
these fundamental scalelaws be written in terms of di�eren tial equations (which
amounts to de�ne a di�eren tial fractal `generator'). Then the e�ects induced by
these internal scale laws on the dynamics can be studied: we have found that
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Figure 18: Observed convergence at the electron mass-scale(i.e. at the Compton length of the
electron) of the asymptotic running electromagnetic inverse coupling � � 1 (r ) and of the running
scale-relativit y constant 8 IC(r )=3 = 8 ln[mP =m(r )]. Such a convergence is theoretically expected
in the framework of the scale-relativistic interpretation of gauge transformations, that yields a
mass-charge relation for the electron, that reads 8� e ln( mP =me) = 1. The �nal low energy �ne
structure constant di�ers from its asymptotic value by a small theshhold e�ect (see e.g. [84], [4]
Sec.6.2)

the simplest possiblescalelaws that are consistent (i) with the principle of scale
relativit y and (ii) with the standard laws of motion and displacements, lead to a
quantum-lik e mechanics in space-time.

However, the choice to write the transformation laws of the scale space in
terms of standard di�eren tial equations [involving @=@ln "; @2=(@ln ")2 as a �rst
step, then @=@� , etc... asa secondstep], even though it allowsnon-di�eren tiabilit y
in standard space-time,implicitly assumesdi�eren tiabilit y in the scalespace.This
is onceagain a mere hypothesis that can be again given up.

We may therefore use the method that has been built for dealing with non-
di�eren tiabilit y in space-timeand explore a new level of structures that may be
its manifestation. As we shall now see,this results in the obtention of scalelaws
that take quantum-lik e forms instead of a classicalones. Now, thesenew proposals
should be consideredas tentativ e in view of their novelty. Their self-consistency
and their abilit y to describe real systemsremain to be established. Moreover, the
complementary problem of constructing the motion laws that are induced by such
quantum scalelaws is left open to future studies.

8.2 Schr•odinger equation in scale-space

Recall that, for the construction of classicalscaledi�eren tial equations, we have
mainly consideredtwo representations: (i) the logarithms of resolution are funda-
mental variables; (ii) the main new variable is the djinn and the resolutions are
deducedas derivatives.

Thesetwo possibilities are alsoto be consideredfor the new present attempt to
construct quantum scale-laws. The �rst one, that we shall only brie
y study here,
consists of intro ducing a scale-wave function  [ln " (x; t); x; t]. In the simpli�ed
casewhere it depends only on the time variable, one may write a Schr•odinger
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equation acting in scale-space:

D2
"

@2 
(@ln " )2 + i D"

@ 
@t

�
1
2

� = 0: (209)

This is the quantum equivalent of the classicalstationary waveequation giving rise
to a log-periodic behavior (Section 4.3.1). It is also related to the scale-relativity
re-interpretation of gaugeinvariance (Section 7), in which the resolutions become
`�elds' depending on spaceand time variables, so that the wave function becomes
a function of the ln " . However only the phasewasa�ected, while now the modulus
of the scale-wave function depends on the resolution scale. This meansthat the
solutions of such an equation give the probabilit y of presenceof a structure in the
scale-space,and that time-dependent solutions describe the propagation in the
`zoom' dimension of quantum waves.

8.3 Schr•odinger equation in terms of the djinn

Let us considernow the secondrepresentation in which the `djinn' (variable scale
dimension)hasbecomethe primary variable. Start with the generalEuler-Lagrange
form given to scalelaws in Sec.4.3.2 after intro duction of the djinn � ,

d
d�

@~L
@IV

=
@~L

@ln L
: (210)

where we recall that L is a fractal coordinate, � is the djinn that generalizesto a
variable �fth dimension the scaledimension, ~L is the scaleLagrangefunction and
IV = ln( �=" ) is the `scale-velocity'.

It becomesin the Newtonian case

d2 ln L
d� 2 = �

@� S

@ln L
: (211)

Sincethe scale-spaceis now assumedto be itself non-di�eren tiable and fractal,
the various elements of the new description can be usedin this case,namely:

(i) In�nit y of tra jectories, leading to intro duce a scale-velocity �eld IV =
IV (ln L (� ); � );

(ii) Decomposition of the derivative of the fractal coordinate in terms of a
`classicalpart' and a `fractal part', and intro duction of its two-valuednessbecause
of the symmetry breaking of the re
ection invariance under the exchange (d� $
� d� );

(iv) Intro duction of a complex scale-velocity ~V basedon this two-valuedness;
(v) Construction of a new total covariant derivative with respect to the djinn,

that reads:
d�

d�
=

@
@�

+ ~V
@

@ln L
� i Ds

@2

(@ln L )2 : (212)

(vi) Intro duction of a wave function as a re-expressionof the action (which is
now complex), 	 s(ln L ) = exp(iSs=2Ds);

(vii) Transformation and integration of the above Newtonian scale-dynamics
equation under the form of a Schr•odinger equation now acting on scalevariables:

D2
s

@2	 s

(@ln L )2 + i Ds
@	 s

@�
�

1
2

� s	 s = 0: (213)
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8.4 Complexergy

In order to understand the meaningof this new Schr•odinger equation, let us review
the various levels of evolution of the concept of physical fractals adapted to a
geometric description of a non-derivable space-time.

The �rst level in the de�nition of fractals is Mandelbrot's concept of `fractal
objects' [2].

The second step has consisted to jump from the concept of fractal objects
to scale-relativistic fractals. Namely, the scalesat which the fractal structures
appear are no longer de�ned in an absolute way: only scale ratios do have a
physical meaning, not absolute scales.

The third step, that is achieved in the new interpretation of gaugetransfor-
mations recalled hereabove, considersfractal structures (still de�ned in a relative
way) that are no longer static. Namely, the scaleratios betweenstructures become
a �eld that may vary from place to place and with time.

The �nal level (in the present state of the theory) is given by the solutions of
the abovescale-Schr•odingerequation. The Fourier transform of thesesolutionswill
provide probabilit y amplitudes for the possiblevalues of the logarithms of scale
ratios, 	 s(ln %). Then j	 s j2(ln %) gives the probabilit y density of these values.
Depending on the scale-�eld and on the boundary conditions (in the scale-space),
peaksof probabilit y density will be obtained, this meaningthat somespeci�c scale
ratios becomemore probable than others. Therefore, such solutions now describe
quantum probabilistic fractal structures. The statement about thesefractals is no
longer that they own given structures at some(relativ e) scales,but that there is
a given probabilit y for two structures to be related by a given scaleratio.

Concerningthe direct solutions of the scale-Schr•odingerequation, they provide
probabilit y densities for the position on the fractal coordinate (or fractal length)
ln L . This meansthat, instead of having a unique and determined L(ln " ) depen-
dence(e.g., the length of the Britain coast), an in�nite family of possiblebehaviors
is de�ned, which self-organizein such a way that somevaluesof ln L becomemore
probable than others.

A more completeunderstanding of the meaningof this new description can be
reached by consideringthe caseof a scale-harmonicoscillator potential well. This
is the quantum equivalent of the scaleforce consideredpreviously, but now in the
attractiv e case.The stationary Schr•odinger equation reads in this case:

2D2
s

@2	 s

(@ln L )2 +
�
IE �

1
2

! 2(ln L )2
�

	 s = 0: (214)

The stationarit y of this equation meansthat it doesno longer depend on the djinn
� . (Recall that the djinn is to scalelaws what time is to motion laws, i.e., it can
be identi�ed with a `scale-time', while the resolutions are `scale-velocities').

A new important quantit y, denoted here IE , appearsin this equation. It is the
conservative quantit y which, according to Noether's theorem, must emergefrom
the uniformit y of the new djinn variable (or �fth dimension). It is de�ned, in
terms of the scale-Lagrangefunction ~L and of the resolution IV = ln( �=" ), as:

IE = IV
@~L
@IV

� ~L: (215)

This new fundamental prime integral had already beenintro duced in Refs. [16, 4],
but its physical meaning remained unclear.
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As we shall now see,the behavior of the above equation suggestsan interpre-
tation for this conservative quantit y and allows one to link it to the complexity of
the system under consideration. For this reason,and becauseit is linked to the
djinn in the sameway as energy is linked to the time, we have suggestedto call
this new fundamental quantit y `complexergy'.

Indeed, let us consider the momentum solutions a[ln( �=" )] of the above scale-
Schr•odinger equation. Recall that the main variable is now ln L and that the scale-
momentum is the resolution, ln � = ln( �=" ) = d ln L=d� (sincewe take herea scale-
mass � = 1). The squared modulus of the wave function yields the probabilit y
density of the possiblevaluesof resolution ratios:

jan (ln � ) j2 =
1

2n n!
p

2� Ds !
e� (ln � )2 =2D s ! H 2

n

�
ln �

p
2Ds!

�
; (216)

where the Hn 's are the Hermite polynomials (seeFig. 19).
The complexergy is quantized, in terms of the quantum number n, according

to the well-known relation for the harmonic oscillator:

IEn = 2Ds !
�

n +
1
2

�
: (217)

As can be seenin Fig. 19, the solution of minimal complexergyshows a unique
peak in the probabilit y distribution of the ln( �=" ) values. This can be interpreted
as describing a system characterized by a single, more probable relative scale.
Now, when the complexergy increases,the number of probabilit y peaks (n + 1)
increases.Since thesepeaksare nearly regularly distributed in terms of ln " (i.e.,
probabilistic log-periodicit y), it can be interpreted as describing a system char-
acterized by a hierarchy of imbricated levels of organization. Such a hierarchy
of organization levels is one of the criterions that de�ne complexity. Therefore
increasing complexergy corresponds to increasing complexity, which justi�es the
chosenname for the new conservative quantit y.

More generally, onecan remark that the djinn is universally limited from below
(� > 0), which implies that the complexergyis universally quantized. The sameis
true for the energyof systemswhich are described by the above scale-Schr•odinger
equation. In the casewhere ln(L=L 0) = ln(T =T0) is mainly a time variable (as for
example in motion-relativistic high energy physics), the associated conservative
quantit y is E = ln(E=E0) (see[4], p.242). Becauseof the fractal-nonfractal tran-
sition, ln(T =T0) > 0 is also limited from below, so that we expect the energy to
be generally quantized, but now in exponential form. In other words, it describes
a hierarchy of energies.

8.5 Applications

8.5.1 Elemen tary particle physics

A natural domain of possible application of these new concepts is the physics
of elementary particles. Indeed, there is an experimentally observed hierarchy
of elementary particles, that are organizedin terms of three known families, with
massincreasingwith the family quantum number. For example,there is a (e; �; � )
universality among leptons, namely these three particles have exactly the same
properties except for their mass and family number. However, there is, in the
present standard model, no understanding of the nature of the families and no
prediction of the valuesof the masses.
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Hence, the experimental massesof charged leptons and of the `current' quark
massesare ([90]:

� me = 0:510998902(21)MeV; m � = 105:658357(5)MeV; m � = 1776:99(28)
MeV;

� mu = 0:003 GeV; mc = 1:25 GeV; mt = 174 GeV;
� md = 0:006 GeV; ms = 0:125 GeV; mb = 4:2 GeV.
Basing ourselveson the above de�nition of complexergyand on this masshi-

erarchy, we suggestthat the existenceof particle families are a manifestation of
increasing complexergy, i.e., that the family quantum number is nothing but a
complexergy quantum number. This would explain why the electron, muon and
tau numbers are conserved in particle collisions, sincesuch a fondamental conser-
vative quantit y (lik e energy) can be neither created nor destroyed.

We have shown in Sec.7 that the scale-relativistic re-interpretation of gauge
transformations allowed oneto suggesta relation betweenthe massof the electron
and its electric charge (in terms of the �ne structure constant). This result is
compatible with the massof the electron mainly being of electromagneticorigin.
More generally, the observed masshierarchy between(neutrinos, charged leptons,
quarks) alsogoesin this direction, suggestingthat their massesare respectively of
(weak, electroweak and electroweak+strong) origin.

Although a full treatment of the problem must await a more advanced level
of development of the theory, that would mix the `third quantization' description
with the gauge�eld one,someremarkablestructures of the particle masshierarchy
already support such a view:

(i) The above values of quark and lepton massesare clearly organized in a
hierarchical way. This suggeststhat their understanding is indeed to be searched
in terms of structures of the scale-space,for example as manifestation of internal
structures of iterated fractals [4].

(ii) For example, concerning the quarks, we have suggestedthat QCD was
linked to a 3D harmonic oscillator scale-potential (which should be the sourceof
the SU(3) gaugesymmetry, understood here as a scale-dynamicalsymmetry). In
such a framework, the energyratios areexpectedto bequantized asln E / (3+ 2n).
It may therefore be signi�can t in this regard that the s=d massratio, which is far
morepreciselyknown that the individual massessinceit canbedirectly determined
from the pion and kaon masses,is found to be ms=md = 20:1 [90], to be compared
with e3 = 20:086, which is the fundamental (n = 0) level predicted by the above
formula.

However, it is clear that one should wait for a more complete development of
such a new quantum mechanics in scale-spacebefore deciding whether such an
approach is meaningful.

8.5.2 Biology: nature of �rst evolutionary leaps

Another tentativ e application of the complexergy concept concernsbiology. In
the CGN fractal model of the tree of life [40, 41, 42], we have voluntarily limited
ourselvesto an analysisof only the chronology of events (seeFig. 4), independently
of the nature of the major evolutionary leaps. We have now at our disposal a tool
that allows us to reconsiderthe question. As well the question of the origin of life
as that of speciesevolution can be posedin a renewed way.

We indeedsuggestthat life evolution proceedsin terms of increasingquantized
complexergy. This would account for the existenceof punctuated evolution [92],
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and for the log-periodic behavior of the leap dates, which can now be interpreted
in terms of probabilit y density of the events, P =   y / sin2[! ln(T � Tc)].
Moreover, one may contemplate the possibility of an understanding of the nature
of the events, even though in a rough way as a �rst step.

Indeed, oneexpects the formation of a structure at the fundamental level (low-
est complexergy) characterized by one length-scale(Fig. 19). Moreover, the most
probable value for this scale of formation is predicted to be the `middle' of the
scale-space(in the free case,it is determined by the boundary conditions). The
universal boundary conditions are the Planck-length lP in the microscopic do-
main and the cosmicscaleIL = � � 1=2 given by the cosmologicalconstant � in the
macroscopicdomain [4, 23, 35]. From the predicted and now observed value of
the cosmologicalconstant, one �nds IL=l IP = 5:3 � 1060, so that the mid scaleis at
2:3� 1030 l IP = 40 � m. A quite similar result is obtained from the scaleboundaries
of living systems(0.5 Angstr•oms - 30 m). This scaleof 40 � m is indeed a typical
scaleof living cells. Moreover, the �rst `prokaryot' cellsappearedabout three Gyrs
ago had only one hierarchy level (no nucleus).
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Figure 19: Solutions of increasing complexergy of the scale-Schr•odinger equation for an har-
monic oscillator scale-potential. These solutions can be interpreted as describing systems char-
acterized by an increasing number of hierarchical levels, as illustrated in the righ t hand side of
the �gure. For example, living systems such as procaryots, eucaryots and simple multicellular
organisms have respectively one (cell size), two (nucleus and cell) and three (nucleus, cell and
organism) characteristic scales.

In this framework, a further increaseof complexergycan occur only in a quan-
tized way. The secondlevel describesa system with two levels of organization, in
agreement with the secondstep of evolution leading to eukaryots about 1.7 Gyrs
ago (seeupper Fig. 4). One expects (in this very simpli�ed model), that the scale
of nuclei be smaller than the scaleof prokaryots, itself smaller than the scaleof
eucaryots: this is indeed what is observed.

The following expected major evolutionary leap is a three organization level
system, in agreement with the apparition of multicellular forms (animals, plants
and fungi) about 1 Gyr ago (third event in upper Fig. 4). It is also predicted that
the multicellular stagecan be built only from eukaryots, in agreement with what
is observed. Namely, the cells of multicellulars do have nuclei; more generally,
evolved organisms keep in their internal structure the organization levels of the
preceedingstages.

The following major leaps correspond to more complicated structures then
functions (supporting structures such as exoskeletons, tetrapody, homeothermy,
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viviparit y), but they are still characterizedby fundamental changesin the number
of organization levels. The above model (basedon spherical symmetry) is clearly
too simple to account for these events. But the theoretical biology approach
outlined herefor the �rst time is still in the infancy: future attempts of description
using the scale-relativity methods will have the possibility to take into account
more complicated symmetries, boundary conditions and constraints, so that the
�eld seemsto be wide open to investigation.

9 Conclusion and prosp ect

We have attempted, in the present review paper, to give an extended discussion
of the various developments of the theory of scale-relativity, including somenew
proposalsconcerningin particular the quantization in the scale-spaceand tentativ e
applications to the sciencesof life.

The aim of this theory is to describespace-timeasa continuousmanifold (either
derivableor not) that would be constrainedby the principle of relativit y (of motion
and of scale). Such an attempt is a natural extension of general relativit y, since
the two-times di�eren tiable continuous manifolds of Einstein's theory, that are
constrained b the principle of relativit y of motion, are particular sub-casesof the
new geometry to be built.

Now, giving up the di�eren tiabilit y hypothesisinvolvesan extremely largenum-
ber of new possible structures to be investigated and described. In view of the
immensity of the task, we have chosento proceedby adding self-imposedstruc-
tures in a progressive way, using presently known physics as a guide. Such an
approach is rendered possibleby the result according to which small-scalestruc-
tures issuedfrom non-di�eren tiabilit y are smoothed out beyond sometransitions
at large scale. Moreover, these transitions have profound physical meaning, since
they are themselves linked to fundamental massscales.

This meansthat the program that consistsof developing a full scale-relativistic
physics is still in its infancy. Much work remains to be done, in order (i) to
describe the e�ect on motion laws of the various levelsof scalelaws that have been
considered,and of their generalizationsstill to come(general scale-relativity); (ii)
to take into account the various new symmetries, as well continuous as discrete,
of the new variables that must be intro duced for the full description of a fractal
space-time, and of the conservative quantities constructed from them (including
their quantum counterparts which are expected to provide us with an explanation
of various still misunderstood quantum numbers in elementary particle physics).

Let us concludeby a �nal remark: oneof the main interest of the new approach
is that, being based on the universality of fractal geometry already unveiled by
Mandelbrot, it allows one to go beyond the frontiers betweensciences.In particu-
lar, it opensthe hope of a future refoundation on �rst principles of sciencesof life
and of somehuman sciences.
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