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Abstract

In the rst part of this contribution, we review the developm ent of the theory of
scale relativity and its geometric framework constructed n terms of a fractal and
nondi erentiable continuous space-time. This theory leads (i) to a generalization
of possible physically relevant fractal laws, written as patial di erential equation
acting in the space of scales, and (ii) to a new geometric foudation of quantum
mechanics and gauge eld theories and their possible gendisations.

In the second part, we discuss some examples of applicatiorf the theory to
various sciences, in particular in cases when the theoreté& predictions have been
validated by new or updated observational and experimentaldata. This includes
predictions in physics and cosmology (value of the QCD coujhg and of the cosmo-
logical constant), to astrophysics and gravitational structure formation (distances of
extrasolar planets to their stars, of Kuiper belt objects, value of solar and solar-like
star cycles), to sciences of life (log-periodic law for spées punctuated evolution,
human development and society evolution), to Earth science (log-periodic decelera-
tion of the rate of California earthquakes and of Sichuan eahquake replicas, critical
law for the arctic sea ice extent) and tentative applications to systems biology.

1 Introduction

One of the main concern of the theory of scale relativity is aut the foundation of
guantum mechanics. As it is now well known, the principle ofelativity (of motion)

underlies the foundation of most of classical physics. Nogyantum mechanics, though it
is harmoniously combined with special relativity in the franework of relativistic quantum
mechanics and quantum eld theories, seems, up to now, to beunded on dierent
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grounds. Actually, its present foundation is mainly axiom8c, i.e., it is based on postulates
and rules which are not derived from any underlying more furainental principle.

The theory of scale relativity 67, 68, 69, 72, 79, 95 suggests an original solution to
this fundamental problem. Namely, in its framework, quanttn mechanics may indeed be
founded on the principle of relativity itself, provided this principle (applied up to now to
position, orientation and motion) be extended to scales. @ngeneralizes the de nition of
reference systems by including variables characterizingdir scale, then one generalizes the
possible transformations of these reference systems by sudy to the relative transforma-
tions already accounted for (translation, velocity and aaeration of the origin, rotation
of the axes), the transformations of these scale variablasamely, their relative dilations
and contractions. In the framework of such a newly generadid relativity theory, the laws
of physics may be given a general form that transcends and indes both the classical and
the quantum laws, allowing in particular to study in a renewd way the poorly understood
nature of the classical to quantum transition.

A related important concern of the theory is the question oftie geometry of space-time
at all scales. In analogy with Einstein's construction of geeral relativity of motion, which
is based on the generalization of at space-times to curvediémannian geometry, it is
suggested, in the framework of scale relativity, that a newegeralization of the description
of space-time is now needed, toward a still continuous but wonondi erentiable and frac-
tal geometry (i.e., explicitly dependent on the scale of obsvation or measurement). New
mathematical and physical tools are therefore developedander to implement such a gen-
eralized description, which goes far beyond the standardewy of di erentiable manifolds.
One writes the equations of motion in such a space-time as gesics equations, under the
constraint of the principle of relativity of all scales in naure. To this purpose, covariant
derivatives are constructed that implement the various e ets of the nondi erentiable and
fractal geometry.

As a rst theoretical step, the laws of scale transformatiorthat describe the new
dependence on resolutions of physical quantities are obtad as solutions of di erential
equations acting in the space of scales. This leads to seVgrassible levels of description
for these laws, from the simplest scale invariant laws to geralized laws with variable
fractal dimensions, including log-periodic laws and logdrentz laws of \special scale-
relativity”, in which the Planck scale is identied with a minimal, unreachable scale,
invariant under scale transformations (in analogy with thespecial relativity of motion in
which the velocity ¢ is invariant under motion transformations).

The second theoretical step amounts to describe the e ectaduced by the internal
fractal structures of geodesics on motion in standard spag¢ef positions and instants).
Their main consequence is the transformation of classicaymhmics into a generalized,
guantum-like self-organized dynamics. The theory allowsne to de ne and derive from
relativistic rst principles both the mathematical and physical quantum tools (complex,
spinor, bispinor, then multiplet wave functions) and the egations of which these wave
functions are solutions: a Schrodinger-type equation (mergenerally a Pauli equation



for spinors) is derived as an integral of the geodesic equatiin a fractal space, then
Klein-Gordon and Dirac equations in the case of a full fractaspace-time. We then brie 'y
recall that gauge elds and gauge charges can also be constad from a geometric re-
interpretation of gauge transformations as scale transforations in fractal space-time.

In a second part of this review, we consider some applicat®of the theory to various
sciences, particularly relevant to the questions of evolain and development. In the
realm of physics and cosmology, we compare the various thetical predictions obtained
at the beginning of the 90's for the QCD coupling constant andor the cosmological
constant to their present experimental and observational sasurements. In astrophysics,
we discuss applications to the formation of gravitationaltsuctures over many scales, with
a special emphasis on the formation of planetary systems and the validations, on the
new extrasolar planetary systems and on Solar System Kuipleelt bodies discovered since
15 years, of the theoretical predictions of scale relatiyit(made before their discovery).
This is completed by a validation of the theoretical predigbn obtained some years ago
for the solar cycle of 11 yrs on other solar-like stars whosgctes are now measured. In
the realm of life sciences, we discuss possible applicaaf this extended framework to
the processes of morphogenesis and the emergence of praktaryand eukaryotic cellular
structures, then to the study of species evolution, socievolution, embryogenesis and
cell con nement. This is completed by applications in Earthsciences, in particular to
a prediction of the Arctic ice rate of melting and to possibleredictivity in earthquake
statistical studies.

2 Theory

2.1 Foundations of scale relativity theory

The theory of scale relativity is based on the giving up of théwypothesis of manifold
di erentiability. In this framework, the coordinate transformations are continuous but
can be nondi erentiable. This implies several consequersc{9], leading to the following
steps of construction of the theory:

(1) One can prove the following theorem@9, 72, 7, 22, 23]: a continuous and nondif-
ferentiable curve is fractal in a general meaning, namelysilength is explicitly dependent
on a scale variable, i.e., L = L(g), and it diverges,L — oo, whene - 0. This theorem
can be readily extended to a continuous and nondi erentiabl manifold, which is therefore
fractal, not as an hypothesis, but as a consequence of theigiy up of an hypothesis (that
of di erentiability).

(2) The fractality of space-time B9, 105 66, 67] involves the scale dependence of
the reference frames. One therefore adds to the usual varied de ning the coordinate
system, new variable€ characterizing its “state of scale'. In particular, the coalinates
themselves become functions of these scale variables, = X(¢).



(3) The scale variable€ can never be de ned in an absolute way, but only in a relative
way. Namely, only their ratio p = £7¢ does have a physical meaning. In experimental
situations, these scales variables amount to the resoluti@f the measurement apparatus
(it may be de ned as standard errors, intervals, pixel sizegtc...). In a theoretical analysis,
they are the space and time di erential elements themselve3his universal behavior leads
to extend the principle of relativity in such a way that it applies also to the transformations
(dilations and contractions) of these resolution variabke [67, 68, 69].

2.2 Laws of scale transformation
2.2.1 Fractal coordinate and di erential dilation operato r

Consider a variable length measured on a fractal curve, andpore generally, a non-
di erentiable (fractal) curvilinear coordinate L(s, €), that depends on some parametes
which characterizes the position on the curve (it may be, e,ga time coordinate), and on
the resolutione. Such a coordinate generalizes to nondi erentiable and fcgal space-times
the concept of curvilinear coordinates introduced for cued Riemannian space-times in
Einstein's general relativity [69.

Such a scale-dependent fractal length(s, €), remains nite and di erentiable when
€ E10, namely, one can de ne a slope for any resolution, being aware that this slope is
itself a scale-dependent fractal function. It is only at thdimit € - O that the length is
in nite and the slope unde ned, i.e., that nondi erentiabi lity manifests itself.

Therefore the laws of dependence of this length upon positiand scale may be written
in terms of a double di erential calculus, i.e., it can be thesolution of di erential equations
involving the derivatives of L with respect to both s and €.

As a preliminary step, one needs to establish the relevantrfo of the scale variables
and the way they intervene in scale di erential equations. &1 this purpose, let us apply
an in nitesimal dilation dp to the resolution, which is therefore transformed as - €"=
€(1 + dp). The dependence on position is omitted at this stage in ordéo simplify the
notation. By applying this transformation to a fractal coodinate L, one obtains, to rst
order in the di erential element,

L (g)

o€

L(e) = L(e+ edp)= L(g) + edp=(1+ Ddp)L(e), 1)

where D is, by de nition, the dilation operator.
Sincede/e = dIn g, the identi cation of the two last members of equation () yields

0 0

This form of the in nitesimal dilation operator shows that the natural variable for the
resolution is Ing, and that the expected new di erential equations will inded involve
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guantities such asdL (s, €)/dIne€. This theoretical result agrees and explains the current
knowledge according to which most measurement devices (ght, sound, etc..), including
their physiological counterparts (eye, ear, etc..) respdnaccording to the logarithm of
the intensity (e.g., magnitudes, decibels, etc..).

2.2.2 Self-similar fractals as solutions of a rst order sca le di erential equa-
tion

Let us start by writing the simplest possible di erential equation of scale, then by solving
it. We shall subsequently verify that the solutions obtaind comply with the principle
of relativity. As we shall see, this very simple approach aady yields a fundamental
result: it gives a foundation and an understanding from rstprinciples for self-similar
fractal laws, which have been shown by Mandelbrot and many leérs to be a general
description of a large number of natural phenomena, in padillar biological ones (see,
e.g., b0, 104 59, other volumes of these series and references therein). aladition, the
obtained laws, which combine fractal and scale-independdyehaviours, are the equivalent
for scales of what inertial laws are for motiong0]. Since they serve as a fundamental
basis of description for all the subsequent theoretical csimuctions, we shall now describe
their derivation in detail.

The simplest di erential equation of explicit scale depenence which one can write is
of rst order and states that the variation of L under an in nitesimal scale transformation
dIn e depends only orlL itself. Basing ourselves on the previous derivation of therfm of
the dilation operator, we thus write

oL(s,g) _
Sine = BL). 3)

The function B is a priori unknown. However, still looking for the simplest form of
such an equation, we expan@(L) in powers ofL, namely we write (L) = a+ bL + ....
Disregarding for the moment thes dependence, we obtain, to the rst order, the following
linear equation, in whicha and b are constants:

—sz a+ bL. (4)

In order to nd the solution of this equation, let us change tle names of the constants as
Tr = —b and Lo = a/1¢, so thata+ bL = —1: (L — Lo). We obtain the equation

dL
Lol —Te dIne. (5)
Its solution reads A
L(e)= Lo 1+ = : (6)



where A is an integration constant. This solution corresponds to a&hgth measured on a
fractal curve up to a given point. One can now generalize it ta variable length that also
depends on the position characterized by the parametsr One obtains

=

L69= L9 142) 5 )

in which, in the most general case, the exponent may itself be a variable depending on
the position.

The same kind of result is obtained for the projections on axgn axis of such a fractal
length [69]. Let X(s, €) be one of these projections, it reads

=

X(5.8)= X(9) 1+3(9) > ®

In this case (x(s) becomes a highly uctuating function which may be descrilkat by a
stochastic variable.

The important point here and for what follows is that the soltion obtained is the
sum of two terms, a classical-like, \di erentiable part" ard a nondi erentiable \fractal
part”, which is explicitly scale-dependent and tends to innity when € — 0 [69, 17].
By di erentiating these two parts in the above projection, we obtain the dierential
formulation of this essential result,

dX = dx + dg, (9)

wheredx is a classical di erential element, whiled¢ is a di erential element of fractional
order. This relation plays a fundamental role in the subsegmt developments of the
theory.

Consider the case whemr is constant. In the asymptotic small scale regime; [—A,]
one obtains a power-law dependence on resolution that reads

L(s,€) = Lo(s) % F. (20)

We recognize in this expression the standard form of a seifrdar fractal behaviour with
constant fractal dimensionDg = 1 + 1, which have already been found to yield a fair
description of many physical and biological system$(]. Here the topological dimension
is Dt = 1, since we deal with a length, but this can be easily generatd to surfaces
(Dt =2), volumes (Dt = 3), etc.., according to the general relatiorDg = Dt + 1. The
new feature here is that this result has been derived from adbretical analysis based on
rst principles, instead of being postulated or deduced frm a t of observational data.

It should be noted that in the above expressions, the resolah is a length interval,
€ = 0X de ned along the fractal curve (or one of its projected cooidate). But one may
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also travel on the curve and measure its length on constantntie intervals, then change
the time scale. In this case the resolutior® is a time interval, € = 6t. Since they are
related by the fundamental relation

6XPr [ (11)
the fractal length depends on the time resolution as
1-1=D¢
X(s,0t) = Xp(s) X — : (12)

ot

An example of the use of such a relation is Feynman's result@ording to which the mean
square value of the velocity of a quantum mechanical partilis proportional to dt™* [33,
p. 176], which corresponds to a fractal dimensioDg = 2, as later recovered by Abbott
and Wise [L] by using a space resolution.

More generally, (in the usual case whea = §X), following Mandelbrot, the scale
exponentt: = D — Dt can be de ned as the slope of the (lg, In L) curve, namely

dinL

F T din(wVe)

(13)
For a self-similar fractal such as that described by the fraal part of the above solution,
this de nition yields a constant value which is the exponentn Eq. (10). However, one can
anticipate on the following, and use this de nition to comptie an \e ective" or \local"
fractal dimension, now variable, from the complete solutiothat includes the di erentiable
and the nondi erentiable parts, and therefore a transitionto e ective scale independence.
Di erentiating the logarithm of Eq. ( 6) yields an e ective exponent given by

Tr

Te = m (14)

The e ective fractal dimensionDg = 1 + T¢ therefore jumps from the nonfractal value
Dr = Dy =1 to its constant asymptotic value at the transition scaleA.

2.2.3 Galilean relativity of scales

The above scale laws have been obtained as solutions of theest possible di erential
equation acting in scale space. Now the main method of the &eaelativity theory consists
of constraining the various laws which are obtained by matineatical and/or physical tools
by the principle of relativity applied to scale transformatons.

In order to check whether the obtained laws come indeed undgre principle of scale
relativity, one should verify that these laws are covariantinder a transformation of scale.
We have found that these simple scale laws are the sum of a sogl(fractal) part and



of a scale-independent part. The question of the compatitiy with the principle of scale
relativity concerns the scale-dependent part.

It reads L = Lo(A€) F (Eqg. 10), and it is therefore a law involving two variables
(In L and t¢) in function of one parameter €) which, according to the relativistic view,
characterizes the state of scale of the system (its relatiyiis apparent in the fact that we
need another scalé to de ne it by their ratio). Note that, to be complete, we anticipate
on what follows and consider priori Tz to be a variable, even if, in the simple law rst
considered here, it takes a constant value.

Let us take the logarithm of Eqg. @0). It yields In(L/Ly) = Tt In(A/€). The two
quantities InL and 1= then transform, under a nite scale transformatione - &= pe,
as

L(e) _, L(g) _
In Lo In » T Inp, (15)
and, to be complete,
= T (16)

These transformations have exactly the same mathematicatrigcture as the Galilean
group of motion transformation (applied here to scale rathrethan motion), which reads

xP=x—tv, t=1t (17)

This is con rmed by the dilation composition law, & — €” - €™ which writes

ED]] O ED]]
In—=In —+In —, 18
€ € el (18)

and is therefore similar to the law of composition of velodés between three reference
systemsK, K and K",

VEKY7K) = V(K7K) + V{KZKY. (19)

Since the Galileo group of motion transformations is knowrotbe the simplest group that
implements the principle of relativity, the same is true forscale transformations.

It is important to realize that this is more than a simple anabgy: the same physical
problem is set in both cases, and is therefore solved undengar mathematical structures
(since the logarithm transforms what would have been a mufilicative group into an
additive group). Indeed, in both cases, it amounts to nd thelaw of transformation of
a position variable (X for motion in a Cartesian system of coordinates, Ibh for scales
in a fractal system of coordinates) under a change of the stabf the coordinate system
(change of velocityV for motion and of resolution Inp for scale), knowing that these state
variables are de ned only in a relative way. NamelyY is the relative velocity between the
reference system& and K4 and p is the relative scale: note thate and €”have indeed
disappeared in the transformation law, only their ratio remains. This remark founds the



status of resolutions as (relative) \scale velocities" andf the scale exponentr as a \scale
time".

Recall nally that, since the Galilean group of motion is ory a limiting case of the
more general Lorentz group, a similar generalization is eapted in the case of scale
transformations, which we shall brie y consider in Sec2.2.6

2.2.4 Breaking of scale invariance

The standard self-similar fractal laws can be derived fromhe scale relativity approach.
However, it is important to note that Eq. (6) provides us with another fundamental
result. Namely, it also contains a spontaneous breaking dfé scale symmetry. Indeed, it
is characterized by the existence of a transition from a fréa to a non-fractal behaviour
at scales larger than some transition scalk. The existence of such a breaking of scale
invariance is also a fundamental feature of many natural siggns, which remains, in most
cases, misunderstood.

The advantage of the way it is derived here is that it appearssaa natural, sponta-
neous, but only e ective symmetry breaking, since it does m@ ect the underlying scale
symmetry. Indeed, the obtained solution is the sum of two tens, the scale-independent
contribution (di erentiable part), and the explicitly sca le-dependent and divergent contri-
bution (fractal part). At large scales the scaling part becmes dominated by the classical
part, but it is still underlying even though it is hidden. There is therefore an apparent
symmetry breaking, though the underlying scale symmetry &ally remains unbroken.

The origin of this transition is, once again, to be found in dativity (namely, in the
relativity of position and motion). Indeed, if one starts fom a strictly scale-invariant law
without any transition, L = Lo(A/€) 7, then adds a translation in standard position space
(L - L+ L), one obtains

F F

= Ll 1+ ﬁ . (20)

L= L, + L
1 0 €

™| >

Therefore one recovers the broken solution (that correspds to the constanta £0 in the
initial scale di erential equation). This solution is now asymptotically scale-dependent
(in a scale-invariant way) only at small scales, and becomaslependent of scale at large
scales, beyond some relative transitioh; which is partly determined by the translation
itself.

2.2.5 Generalized scale laws

Discrete scale invariance, complex dimension and log-peri odic laws  Fluctu-
ations with respect to pure scale invariance are potentigllimportant, namely the log-
periodic correction to power laws that is provided, e.g., bgomplex exponents or complex
fractal dimensions. It has been shown that such a behaviourqvides a very satisfactory



and possibly predictive model of the time evolution of manyriical systems, including
earthquakes and market crashes (P2 and references therein). More recently, it has
been applied to the analysis of major event chronology of thevolutionary tree of life
[19, 86, 87], of human development 14] and of the main economic crisis of western and
precolumbian civilizations 4, 86, 50, 45].

One can recover log-periodic corrections to self-similarower laws through the re-
guirement of covariance (i.e., of form invariance of equains) applied to scale di erential
equations [5. Consider a scale-dependent functioh(€). In the applications to temporal
evolution quoted above, the scale variable is identi ed wit the time interval [t—t;|, where
t. is the date of a crisis. Assume thatL satis es a rst order di erential equation,

dL
—— —vL =0, 21
ding 1)
whose solution is a pure power law.(g) [&1(cf Sect.2.2.2. Now looking for corrections
to this law, one remarks that simply incorporating a complexalue of the exponentv
would lead to large log-periodic uctuations rather than toa controllable correction to
the power law. So let us assume that the right-hand side of E¢R1) actually di ers from

zero
dL

ding

We can now apply the scale covariance principle and requirbat the new function x
be solution of an equation which keeps the same form as thetiai equation

—vL = Xx. (22)

dx _
Sins v =0. (23)

Setting v-= v + n, we nd that L must be solution of a second-order equation

d’L

dL
gz &Vt

ding

+v(v+n)L=0. (24)
The solution readsL(€) = ag (1 + be ), and nally, the choice of an imaginary exponent
n = iw yields a solution whose real part includes a log-periodicrcection:

L(e)= a€ [1+ bcos@Ine¢)]. (25)

As previously recalled in Sect2.2.4 adding a constant term (a translation) provides a
transition to scale independence at large scales.

Lagrangian approach to scale laws In order to obtain physically relevant general-
izations of the above simplest (scale-invariant) laws, a lgrangian approach can be used
in scale space, in analogy with its use to derive the laws of tan, leading to reverse the
de nition and meaning of the variables 75.
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This reversal is an analog to that achieved by Galileo congeng motion laws. Indeed,
from the Aristotle viewpoint, \time is the measure of motiorl. In the same way, the
fractal dimension, in its standard (Mandelbrot's) acceptin, is de ned from the topological
measure of the fractal object (length of a curve, area of a gace, etc..) and resolution,
namely (see Eql3)

dinL

T din(Me) (26)

t= 5 o T = D —
v

In the case, mainly considered here, wheln represents a length (i.e., more generally, a
fractal coordinate), the topological dimension iDt = 1 so that T = D — 1. With
Galileo, time becomes a primary variable, and the velocitysideduced from space and
time, which are therefore treated on the same footing, in ters of a space-time (even
though the Galilean space-time remains degenerate becausgethe implicitly assumed
in nite velocity of light).

In analogy, the scale exponentr = D — 1 becomes, in this new representation, a
primary variable that plays, for scale laws, the same role gdayed by time in motion laws
(it is called \djinn" in some publications which therefore ntroduce a ve-dimensional
“space-time-djinn' combining the four fractal uctuations and the scale time).

Carrying on the analogy, in the same way as the velocity is thaerivative of position
with respect to time, v = dx/dt, we expect the derivative of I with respect to scale
time 1= to be a \scale velocity". Consider as reference the self-siar case, that reads
InL = 1 In(A/€). Derivating with respect to 1, now considered as a variable, yields
dinL/dt: = In( A/g), i.e., the logarithm of resolution. By extension, one assues that
this scale velocity provides a new general de nition of reBdion even in more general

situations, namely,
A dinL
V=In - = . 27
€ dTF ( )

One can now introduce a scale Lagrange functid®(In L, V, 1¢), from which a scale action
is constructed z

§= 2 E(nL,V, 1) dte. (28)

1

The application of the action principle yields a scale Euletagrange equation that writes

d 9B _ 0E

oV anL’ (29)

One can now verify that, in the free case, i.e., in the absencé any \scale force" (i.e.,
0E/dInL = 0), one recovers the standard fractal laws derived hereab®m Indeed, in this
case the Euler-Lagrange equation becomes

0E/0V = const [\ * const. (30)
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which is the equivalent for scale of what inertia is for motin. Still in analogy with motion
laws, the simplest possible form for the Lagrange functios ia quadratic dependence on
the scale velocity, (i.e.,E [V?). The constancy ofV = In( A/g) means that it is
independent of the scale timag. Equation (27) can therefore be integrated to give the
usual power law behaviourL = Ly(A/¢€) 7, as expected.

But this reversed viewpoint has also several advantages whiallow a full implemen-
tation of the principle of scale relativity:

(i) The scale time T is given the status of a fth dimension and the logarithm of tle
resolution,V = In( A/g), its status of scale velocity (see ER7). This is in accordance with
its scale-relativistic de nition, in which it characterizes the state of scale of the reference
system, in the same way as the velocity = dx/dt characterizes its state of motion.

(i) This allows one to generalize the formalism to the casd @ur independent space-
time resolutions,V =1In(A /¢ )= dInL /dtg.

(i) Scale laws more general than the simplest self-simil@nes can be derived from
more general scale Lagrangiang4, 75 involving \scale accelerations" | = d?In L/dt? =
dIn(A/€)/dte, as we shall see in what follows.

Note however that there is also a shortcoming in this approac Contrarily to the
case of motion laws, in which time is always owing toward thduture (except possibly
in elementary particle physics at very small time scales)he variation of the scale time
may be non-monotonic, as exempli ed by the previous case afg-periodicity. Therefore
this Lagrangian approach is restricted to monotonous variens of the fractal dimension,
or, more generally, to scale intervals on which it varies in monotonous way.

Scale dynamics The previous discussion indicates that the scale invariariiehaviour
corresponds to freedom (i.e. scale force-free behaviourjhe framework of a scale physics.
However, in the same way as there are forces in nature that itypdeparture from iner-
tial, rectilinear uniform motion, we expect most natural flactal systems to also present
distorsions in their scale behaviour with respect to pure ate invariance. This implies
taking non-linearity in the scale space into account. Suchistorsions may be, as a rst
step, attributed to the e ect of a dynamics of scale (\scale gnamics"), i.e., of a \scale
eld", but it must be clear from the very beginning of the desciption that they are of ge-
ometric nature (in analogy with the Newtonian interpretation of gravitation as the result
of a force, which has later been understood from Einstein'sigeral relativity theory as a
manifestation of the curved geometry of space-time).

In this case the Lagrange scale-equation takes the form of Wen's equation of dy-
namics,

d’InL
F= , 31
wherep is a \scale mass", which measures how the system resists t@thcale force, and
where | = d?InL/dt2 = dIn(A\/e)/dt: is the scale acceleration.
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In this framework one can therefore attempt to de ne generjcscale-dynamical be-
haviours which could be common to very di erent systems, asooesponding to a given
form of the scale force.

Constant scale force A typical example is the case of a constant scale force. Satji
G = F/p, the potential reads¢$ = GInL, in analogy with the potential of a constant
forcef in space, which isp = —fX, since the force is—d¢p/0x = f. The scale di erential
equation writes
d’InL _
diz
It can be easily integrated. A rst integration yields dIn L/dtz = Gt + Vg, whereVy is
a constant. Then a second integration yields a parabolic sion (which is the equivalent
for scale laws of parabolic motion in a constant eld),

G. (32)

1
V=Vo+ Gt ; InL=InLgy+ vorF+§Gr§, (33)

whereV = dIn L/dte = In( A/g).

However the physical meaning of this result is not clear undehis form. This is
due to the fact that, while in the case of motion laws we seardior the evolution of the
system with time, in the case of scale laws we search for thepgadence of the system
on resolution, which is the directly measured observable.ir8e the reference scal@ is
arbitrary, the variables can be re-de ned in such a way tha¥, =0, i.e., A = Aq. Indeed,
from EqQ. (33) one getste = (V — V)/G = [In( A/€) — IN(A/N)]/G = In( Ag/€)/G. Then
one obtains 1 N L 1 N

— 0 _ 2 0
rp—éln - I |—_o —Eln "

The scale timet: becomes a linear function of resolution (the same being truas
a consequence, of the fractal dimensioDs = 1+ T1¢), and the (InL,In¢) relation is
now parabolic instead of linear. Note that, as in previous sa&s, we have considered here
only the small scale asymptotic behaviour, and that we can or again easily generalize
this result by including a transition to scale-independere at large scale. This is simply
achieved by replacingL by (L — Lo) in every equations.

There are several physical situations where, after carefekamination of the data, the
power-law models were clearly rejected since no constanb® could be de ned in the
(logL,loge) plane. In the several cases where a clear curvature appesrshis plane, e.g.,
turbulence 29|, sandpiles 11], fractured surfaces in solid mechanic4 8|, the physics could
come under such a scale-dynamical description. In these east might be of interest to
identify and study the scale force responsible for the scalestorsion (i.e., for the deviation
from standard scaling).

(34)
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2.2.6 Special scale-relativity

Let us close this section about the derivation of scale law$ mcreasing complexity by
coming back to the question of nding the general laws of s@transformations that meet
the principle of scale relativity B8]. It has been shown in Sec2.2.3that the standard
self-similar fractal laws come under a Galilean group of deatransformations. However,
the Galilean relativity group is known, for motion laws, to ke only a degenerate form of
the Lorentz group. It has been proven that a similar result hds for scale lawsg8, 69.
The problem of nding the laws of linear transformation of dds in a scale transfor-
mation V =In p (¢ —» €Y amounts to nding four quantities, a(V),bh(V), c(V), and d(V),

such that .

L- L
In - a(V) In ™ + b(V) 1¢, (35)

== c(V) In L, d(V) Te.
Lo

Set in this way, it immediately appears that the current “sci@-invariant' scale trans-
formation law of the standard form of constant fractal dimesion (Eq. 15), given by
a=1,b=V,c=0andd =1, corresponds to a Galilean group.
This is also clear from the law of composition of dilatationse — €” - €™ which has
a simple additive form,
VE= v+ Vv (36)

However the general solution to the “special relativity pf@em' (namely, nd a,b,c and d
from the principle of relativity) is the Lorentz group [58, 68. This result has led to the
suggestion of replacing the standard law of dilatatiorg — €"= [X€ by a new Lorentzian
relation, namely, fore < A and e”< A

e In(e/Ag) +In [
Ao 1+In CIh(e/Ag)/ IN2(Ay/No)

| (37)

This relation introduces a fundamental length scale\y, which is naturally identi ed,
toward the small scales, with the Planck length (currently 5160(11)x 10-3° m) [68],

M = lp = (~G/c3)2, (38)

and toward the large scales (foe > Ay and 7> A,) with the scale of the cosmological
constant, Ay = L = ~12[69, Chap. 7.1].

As one can see from Eq.3(/), if one starts from the scales = Ay and applies any
dilatation or contraction [ Jone obtains again the scale”= Ay, whatever the initial
value of Aq. In other words, Ay can be interpreted as a limiting lower (or upper) length-
scale, impassable, invariant under dilatations and contcions, which has the nature of a
horizon.
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As concerns the length measured along a fractal coordinatéieh was previously scale-
dependent as InL/Lg) = 1o IN(Ap/€) for € < A, it becomes in the new framework, in the
simpli ed case when one starts from the reference scdlg

InE - g To INn(Ao/€) . (39)

Lo 1 —In2(Ao/e)/ IN2(No/A)

The main new feature of special scale relativity respectileto the previous fractal or scale-
invariant approaches is that the scale exponert: and the fractal dimensionDg = 1+ T,
which were previously constantDe = 2,1 = 1), are now explicitly varying with scale,
following the law (given once again in the simpli ed case wimewe start from the reference

scaleLy): .
Tr(e) = 4 s . (40)

1 — N2 (Ao/€)/ IN2(Ao/ M)

Under this form, the scale covariance is explicit, since okeeps a power law form for the
length variation, L = Lo(A/€) (), but now in terms of a variable fractal dimension.

For a more complete development of special relativity, ingtling its implications as
regards new conservative quantities and applications inezhentary particle physics and
cosmology, seebB, 69, 72, 103.

The question of the nature of space-time geometry at Planckale is a subject of intense
work (see e.g. 3, 57] and references therein). This is a central question for pracally all
theoretical attempts, including noncommutative geometry[20, 21], supersymmetry and
superstrings theories43, 117, for which the compacti cation scale is close to the Planck
scale, and patrticularly for the theory of quantum gravity. hdeed, the development of loop
quantum gravity by Rovelli and Smolin [L14 led to the conclusion that the Planck scale
could be a quantized minimal scale in Nature, involving alsa quantization of surfaces
and volumes 115.

Over the last years, there has also been signi cant researefort aimed at the devel-
opment of a "Doubly-Special-Relativity' fi] (see a review in%]), according to which the
laws of physics involve a fundamental velocity scateand a fundamental minimum length
scalel, identi ed with the Planck length.

The concept of a new relativity in which the Planck length-sale would become a
minimum invariant length is exactly the founding idea of thespecial scale relativity theory
[68], which has been incorporated in other attempts of extendaelativity theories [15, 16].
But, despite the similarity of aim and analysis, the main dierence between the "Doubly-
Special-Relativity' approach and the scale relativity onas that the question of de ning
an invariant length-scale is considered in the scale relaity/fractal space-time theory
as coming under a relativity of scales. Therefore the new g to be constructed is a
multiplicative group, that becomes additive only when workag with the logarithms of
scale ratios, which are de nitely the physically relevant cale variables, as one can show
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by applying the Gell-Mann-Levy method to the construction dthe dilation operator (see
Sec.2.2.)).

2.3 Fractal space and quantum mechanics

The rst step in the construction of a theory of the quantum smce-time from fractal
and nondi erentiable geometry, which has been described ine previous sections, has
consisted of nding the laws of explicit scale dependence atgiven \point" or \instant"
(under their new fractal de nition).

The next step, which will now be considered, amounts to writthe equation of motion
in such a fractal space(-time) in terms of a geodesic equatioAs we shall see, this equation
takes, after integration, the form of a Schredinger equatin (and of the Klein-Gordon and
Dirac equations in the relativistic case). This result, r4¢ obtained in Ref. [69], has later
been con rmed by many subsequent physicaV®, 74, 28, 17] and mathematical works, in
particular by Cresson and Ben Addag2, 24, 8, 9] and Jumarie b1, 52 53, 54, including
attempts of generalizations using the tool of the fractiorlaintegro-di erential calculus
[9, 26, 54].

In what follows, we consider only the simplest case of fra¢taws, namely, those char-
acterized by a constant fractal dimension. The various geradized scale laws considered in
the previous section lead to new possible generalizationfsgpantum mechanics 72, 103.

2.3.1 Critical fractal dimension 2

Moreover, we simplify again the description by consideringnly the caseDg = 2. Indeed,
the nondi erentiability and fractality of space implies that the paths are random walks
of the Markovian type, which corresponds to such a fractal diension. This choice is
also justi ed by Feynman's result B3], according to which the typical paths of quantum
particles (those which contribute mainly to the path integal) are nondi erentiable and of
fractal dimensionDr = 2 [1]. The caseDg E12, which yields generalizations to standard
guantum mechanics has also been studied in detail (sé2,[103 and references therein).
This study shows that D = 2 plays a critical role in the theory, since it suppresses th
explicit scale dependence in the motion (Schredinger) egtion { but this dependence
remains hidden and reappears through, e.g., the Heisenbaegjations and the explicit
dependence of measurement results on the reolution of the asarement apparatus.

Let us start from the result of the previous section, accordg to which the solution
of a rst order scale dierential equation reads forDg = 2, after di erentiation and
reintroduction of the indices,

p
dX =dx +d§ =vds+{ Acds, (42)

where A is a length scale which must be introduced for dimensionalasons and which,
as we shall see, generalizes the Compton length. Theare dimensionless highly uctu-
ating functions. Due to their highly erratic character, we an replace them by stochastic
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variables such that<? >= 0, <({°?>= —1 and <({¥)?>= 1 (k =1 to 3). The mean is
taken here on a purely mathematic probability law which can & fully general, since the
nal result does not depend on its choice.

2.3.2 Metric of a fractal space-time

Now one.gan also write the fractal uctuations in terms of thecoordinate di erentials,
d¢ = ¢ A dx . The identication of this expression with that of Eq. (41) leads to
recover the Einstein-de Broglie length and time scales,

Ac =~ = Ac -~
7 dx/ds  p,’ 0 dt/ds E°

(42)

Let us now assume that the large scale (classical) behaviar given by Riemannian
metric potentialsg (X,y,z,t). The invariant proper time dS along a geodesic writes, in
terms of the complete di erential elementsdX = dx + dg ,

dS?2=g dX dX =g (dx + d& )(dx + d&). (43)

Now replacing thed¢'s by their expression, one obtains a fractal metri®6p, 85 (which is
valid only on the geodesics). Its two-dimensional and diagal expression, neglecting the
terms of zero mean (in order to simplify its writing) reads
ds? = 2 P 200 2 M 2
= goo(X, 1) 1+ at codt® —gu(x, t) 1+ ix dx-. (44)

We therefore obtain generalized fractal metric potentialsvhich are divergent and ex-
plicitly dependent on the coordinate di erential elements[67, 69. Another equivalent
way to understand this metric consists in remarking that it § no longer only quadratic in
the space-time di erental elements, but that it also contans them in a linear way. Now
this metric being valid only on the fractal geodesics, the @stion of nding its general
expression for the whole fractal space-time remains an opguestion.

As a consequence, the curvature is also explicitly scalepgmdent and divergent when
the scale intervals tend to zero. This property ensures theridamentally non-Riemannian
character of a fractal space-time, as well as the possibjlito characterize it in an intrin-
sic way. Indeed, such a characterization, which is a necegsa&ondition for de ning a
space in a genuine way, can be easily made by measuring thevature at smaller and
smaller scales. While the curvature vanishes by de nitionaward the small scales in
Gauss-Riemann geometry, a fractal space can be charactedzrom the interior by the
veri cation of the divergence toward small scales of curvate, and therefore of physical
guantities like energy and momentum.

Now the expression of this divergence is nothing but the Heisberg relations them-
selves, which therefore acquire in this framework the stasuof a fundamental geometric
test of the fractality of space-time 66, 67, 69.
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2.3.3 Geodesics of a fractal space-time

The next step in such a geometric approach consists in the iecation of wave-particles
with fractal space-time geodesics. Any measurement is inpeeted as a selection of the
geodesics bundle linked to the interaction with the measumeent apparatus (that depends
on its resolution) and/or to the information known about it (for example, the which-way-
information in a two-slit experiment [72).

The three main consequences of nondi erentiability are:

(i) The number of fractal geodesics is innite. This leads toadopt a generalized
statistical uid-like description where the velocity V (s) is replaced by a scale-dependent
velocity eld V [X (s,ds),s,ds].

(i) There is a breaking of the re exion invariance of the di erential elementds. Indeed,
in terms of fractal functions f(s, ds), two derivatives are de ned,

X(s+ ds,ds) — X(s, ds) X(s,ds) — X(s — ds, ds)
ds ds ’

which transform one in the other under the re ection (Is - —ds), and which have a
priori no reason to be equal. This leads to a fundamental twealuedness of the velocity
eld.

(i) The geodesics are themselves fractal curves of frat@dimension D = 2 [33].

This means that one de nes two divergent fractal velocity éds, V. [x(s,ds),s, ds] =
Vi [X(8),s] + w.[X(s,ds),s,ds] and V_[x(s,ds),s,ds] = v_[x(s),s] + w_[x(s,ds),s,ds],
which can be decomposed in terms of di erentiable partg. and v_, and of fractal parts
w, and w_. Note that, contrarily to other attempts such as Nelson's sichastic quantum
mechanics which introduces forward and backward velocitd63] (and which has been
later disproved @2, 124), the two velocities are here both forward, since they do mo
correspond to a reversal of the time coordinate, but of thertie di erential element now
considered as an independent variable.

More generally, we de ne two di erentiable parts of derivaives d, /ds and d_/ds,
which, when they are applied tox , yield the dierential parts of the velocity elds,
vV, = dyx /ds and v_ = d_x /ds.

X (s, ds) = , XY(s,ds) = (45)

2.3.4 Covariant total derivative

We now come to the de nition of the main tool of the scale relatity theory, a covariant

derivative which includes in its very construction the vamus e ects of the space-time
nondi erentiable geometry. Such a method is inspired from iBstein's general relativity,

in which the e ects of the curved geometry are included intohe construction of a co-
variant derivative DA' = dA' + | Aldx* allowing to write the equation of motion as
a geodesic equationDuk/ds = 0, which keeps the form of Galileo's equation of inertial
motion (strong covariance). In the scale relativity theorya similar mathematical tool is
constructed, which is based on the same concept (namely, lute the e ect of geometry
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in the di erentiation process allowing to write a geodesic gquation under the strongly
covariant form ®v&/ds = 0), but which is also di erent since it accounts for the three
above manifestations of nondi erentiability instead of that of curvature.

We mainly consider here the non-relativistic case. It corsponds to a three-dimensional
fractal space, without fractal time, in which the invariantds is therefore identi ed with the
time di erential element dt. One describes the elementary displacemerntX*, k =1, 2, 3,
on the geodesics of a nondi erentiable fractal space in tegwf the sum of two terms (omit-
ting the indices for simplicity) dX. = d.x + d&., wheredx represents the di erentiable
part and dg the fractal (nondi erentiable) part, de ned as

v__
Ca

daX = Vo dt, dfs= 2. 2Ddt*2 (46)

Here {.. are stochastic dimensionless variables such thet{.>= 0 and <{2>= 1, and
D is a parameter that generalizes, up to the fundamental corasit c¢/2, the Compton
scale (namely,D = ~/2m in the case of standard quantum mechanics). The two time
derivatives are then combined in terms of a complex total tim derivative operator 9|,

® 1 d d- i d d-
gt 2 dt dt 2 dt_ dt (47)
Applying this operator to the di erentiable part of the position vector yields a complex
velocity b
. Vi + Vo Ve — Vo
V= dtx(t) =V —iU = > i > . (48)

In order to nd the expression for the complex time derivatie operator, let us rst
calculate the derivative of a scalar functiorf. Since the fractal dimension is 2, one needs
to go to second order of expansion. For one variable it reads

df of of dX 19°%F dX?

— = —+ ——+ - ———. (49)

dt ot oX dt 20X? dt
The generalization of this writing to three dimensions is saighforward.

Let us now take the stochastic mean of this expression, i.eve take the mean on the
stochastic variables(.. which appear in the de nition of the fractal uctuation d¢.. By
de nition, since dX = dx+ d§ and <dé>= 0, we have<dX>= dx, so that the second term
is reduced (in 3 dimensions) ta. CF_INow concerning the termdX?/dt, it is in nitesimal
and therefore it would not be taken into account in the standal di erentiable case. Butin
the nondi erentiable case considered here, the mean squatetuation is non-vanishing
and of orderdt, namely, <dé?>= 2Ddt, so that the last term of Eq. @9 amounts in
three dimensions to a Laplacian operator. One obtains, resgtively for the (+) and (-)
processes,

d.f 0
Pk E+Vi. [+ D f. (50)
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Finally, by combining these two derivatives in terms of the amplex derivative of Eq. @7),
it reads [69]
® 0

= 50+t V.L=ID (51)

Under this form, this expression is not fully covariant 111], since it involves derivatives
of the second order, so that its Leibniz rule is a linear comimtion of the rst and second
order Leibniz rules. By introducing the velocity operator 90|

V=Vv-iDL (52)
it may be given a fully covariant expression,

® 0

—=_+9¥. 53

dt ot L] (®3)

namely, under this form it satis es the rst order Leibniz rule for partial derivatives.

We shall now see that®/dt plays the role of a \covariant derivative operator" (in
analogy with the covariant derivative of general relativiy), namely, one may write in its
terms the equation of physics in a nondi erentiable space @aer a strongly covariant form
identical to the di erentiable case.

2.3.5 Complex action and momentum

The steps of construction of classical mechanics can now lm#ldwed, but in terms of

complex and scale dependent quantities. One de nes a Laggenfunction that keeps its

usual form, L(x, V, t), but which is now complex, then a generalized complex actio
Z,,

S=  L(xV,0dt (54)

t1

Generalized Euler-Lagrange equations that keep their stdard form in terms of the new
complex variables can be derived from this actior69, 17], namely

®oL oL _
dtov  ox
From the homogeneity of space and Noether's theorem, one des a generalized complex
momentum given by the same form as in classical mechanicsymely,
_ oL
=5V
If the action is now considered as a function of the upper litnof integration in Eq. (54),

the variation of the action from a trajectory to another neaby trajectory yields a gener-
alization of another well-known relation of classical meemics,

P=[S] (57)

(55)

P (56)
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2.3.6 Motion equation

Consider, as an example, the case of a single particle in ariezral scalar eld of poten-
tial energy @ (but the method can be applied to any situation described by dagrange
function). The Lagrange function ,L = Emvz—(p, is generalized a&.(x,V,t) = EmVZ—(p.
The Euler-Lagrange equations then keep the form of Newtonfandamental equation of
dynamicsF = madv/dt, namely,

b, _
m V= —[gl (58)

which is now written in terms of complex variables and compkeoperators.
In the case when there is no external elddq = 0), the covariance is explicit, since
Eq. (58) takes the free form of the equation of inertial motion, i.¢.of a geodesic equation,

)

@t VvV =0. (59)

This is analog to Einstein's general relativity, where the guivalence principle leads to
write the covariant equation of motion of a free particle undr the form of an inertial

motion (geodesic) equationDu /ds = 0, in terms of the general-relativistic covariant
derivative D, of the four-vectoru and of the proper time di erential ds.

The covariance induced by the e ects of the nondi erential® geometry leads to an
analogous transformation of the equation of motions, whiclas we show below, become af-
ter integration the Schredinger equation, which can ther®re be considered as the integral
of a geodesic equation in a fractal space.

In the one-particle case the complex momentuim reads

P=mV, (60)

so that, from Eq. (57), the complex velocityV appears as a gradient, namely the gradient
of the complex action
V= [S7/M. (61)

2.3.7 Wave function

Up to now the various concepts and variables used were of a sdecal type (space,
geodesics, velocity elds), even if they were generalized the fractal and nondi eren-
tiable, explicitly scale-dependent case whose essencauigdimentally not classical.

We shall now make essential changes of variable, that trapnsi this apparently
classical-like tool to quantum mechanical tools (without my hidden parameter or new
degree of freedom). The complex wave functiapis introduced as simply another expres-
sion for the complex actionS, by making the transformation

P = €57, (62)
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Note that, despite its apparent form, this expression inveks a phase and a modulus since
S is complex. The factorSy has the dimension of an action (i.e., an angular momentum)
and must be introduced becaus$ is dimensioned while the phase should be dimensionless.
When this formalism is applied to standard quantum mechang; Sy is nothing but the
fundamental constant~. As a consequence, since

S = —iSylny, (63)

one nds that the function U is related to the complex velocity appearing in Eq.G1) as
follows
. So

V=i oy CIndp. (64)
This expression is the fondamental relation that connecte two description tools while
giving the meaning of the wave function in the new frameworkiNamely, it is de ned here
as a velocity potential for the velocity eld of the in nite f amily of geodesics of the fractal
space. Because of nondi erentiability, the set of geodesithat de nes a “particle’ in this
framework is fundamentally non-local. It can easily be geraized to a multiple particle
situation, in particular to entangled states, which are dagibed by a single wave function
g, from which the various velocity elds of the subsets of the@pdesic bundle are derived
asVy = —i(So/my) LA Y, wherek is an index for each particle. The indistinguishability
of identical particles naturally follows from the fact thatthe “particles' are identi ed with
the geodesics themselves, i.e., with an in nite ensemble péirely geometric curves. In
this description there is no longer any point-mass with “isrnal” properties which would
follow a “trajectory’, since the various properties of the article { energy, momentum,
mass, spin, charge (see next sections) { can be derived frohetgeometric properties of
the geodesic uid itself.

2.3.8 Correspondence principle

Since we haveP = —iSy CInlp = —iSy( LYY, we obtain the equality 69|

Py = —i~ [J] (65)

in the standard quantum mechanical cas&, = ~, which establishes a correspondence
between the classical momenturp, which is the real part of the complex momentum in
the classical limit, and the operator—i~ 1

This result is generalizable to other variables, in partidar to the Hamiltonian. Indeed,
a strongly covariant form of the Hamiltonian can be obtainedby using the fully covariant
form Eq. (53 of the covariant derivative operator. With this tool, the expression of the
relation between the complex action and the complex Lagraadunction reads

:@_S:

L 95 . % s (66)
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SinceP = [S hnd H = —0dS/0dt, one obtains for the generalized complex Hamilton
function the same form it has in classical mechanics, nam€R5, 103,

H=9pP-L. (67)

After expansion of the velocity operator, one obtaindd = V.P — iD LP1— L, which
includes an additional term [L11], whose origin is now understood as an expression of
nondi erentiability and strong covariance.

2.3.9 Schedinger equation and Compton relation

The next step of the construction amounts to write the fundarental equation of dynamics
Eq. (59 in terms of the function Y. It takes the form

i%gﬁﬁmﬁ=mﬂ (68)

As we shall now see, this equation can be integrated in a gealeway under the form of
a Schredinger equation. Replacin@’/dt and V by their expressions yields

i 0 . S
=1 iS, a[ﬁﬂ—.-ﬁ(umuuuumm+D([Imn . (69)
This equation may be simpli ed thanks to the identity [69],
o = 2( O OO + (O, (70)

We recognize, in the right-hand side of Eq.70), the two terms of Eq. (69), which were
respectively in factor ofSo/m and D. This leads to de nitely de ne the wave function as
l.IJ — eiSZZmD1 (71)
which means that the arbitrary parameterSy (which is identi ed with the constant ~ in
standard QM) is now linked to the fractal uctuation parameter by the relation

So=2mD. (72)

This relation (which can actually be proved instead of simgl being set as a simplifying
choice, seel0Q 95]) is actually a generalization of the Compton relation, sice the geo-
metric parameter D = <d&?> /2dt can be written in terms of a length scale aB = Ac/2,
so that, when Sy = ~, it becomesA = ~/mc. But a geometric meaning is now given
to the Compton length (and therefore to the inertial mass oftie particle) in the fractal
space-time framework.
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The fundamental equation of dynamics now reads

[@2 2imD %Eln__lp—i{ZD(l_ljllp.L)(_l_mw)+ D( CInw)} . (73)

Using the above remarkable identity and the fact that/dt and [_cdmmute, it becomes

L PYSY LA YR L (74)
m ot (]
The full equation becomes a gradient,
1:-1:% —2D daq’/atl; D v  _y (75)

and it can be easily integrated, to nally obtain a generalied Schredinger equation §9

2 0 _ 9 _
D ¢+|Dam quJ_o, (76)

up to an arbitrary phase factor which may be set to zero by a daible choice of they
phase. One recovers the standard Schredinger equation afamptum mechanics for the
particular case whenD = ~/2m.

2.3.10 Von Neumann's and Born's postulates

In the framework described here, \particles" are identi edwith the various geometric
properties of fractal space(-time) geodesics. In such artierpretation, a measurement (and
more generally any knowledge about the system) amounts to alsction of the sub-set of
the geodesics family in which are kept only the geodesics iray the geometric properties
corresponding to the measurement result. Therefore, justtar the measurement, the
system is in the state given by the measurement result, whiah precisely the von Neumann
postulate of quantum mechanics.

The Born postulate can also be inferred from the scale-reigity construction [17,
100 95. Indeed, the probability for the particle to be found at a gien position must
be proportional to the density of the geodesics uid at this pint. The velocity and the
density of the uid are expected to be solutions of a Euler andontinuity system of four
equations, for four unknowns, §, Vy, Vy, V;).

Nqw, by separating the real and imaginary parts of the Schainger equation, setting
Y = P xe¢' and using a mixed representationk,V), whereV = {V,,V,,V,}, one
obtains precisely such a standard system of uid dynamics egtions, namely,

v !
0 B , , P oP : B
a+V-Ijr——|:(p—2DA7/5— , ﬁ+d|v(PV)—O. (77)
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This allows one to univoquely identifyP = |@|?> with the probability density of the
geodesics and therefore with the probability of presence thie “particle’. Moreover,

V_
Q= —ZDZ%%P (78)

can be interpreted as the new potential which is expected tarerge from the fractal
geometry, in analogy with the identi cation of the gravitational eld as a manifestation of
the curved geometry in Einstein's general relativity. Thigesult is supported by numerical
simulations, in which the probability density is obtained drectly from the distribution of
geodesics without writing the Schredinger equatiord[7, 103.

2.3.11 Nondi erentiable wave function

In more recent works, instead of taking only the di erentialte part of the velocity eld
into account, one constructs the covariant derivative andhe wave function in terms of
the full velocity eld, including its divergent nondi eren tiable part of zero mean 81, 104.
This still leads to the standard form of the Schredinger eqgation. This means that, in
the scale relativity framework, one expects the Schredimy equation to have fractal and
nondi erentiable solutions. This result agrees with a sinbar conclusion by Berry L] and
Hall [46], but it is considered here as a direct manifestation of theamdi erentiability of
space itself. The research of such a behavior in laboratoryperiments is an interesting
new challenge for quantum physics.

2.4 Generalizations
2.4.1 Fractal space time and relativistic quantum mechanic S

All these results can be generalized to relativistic quanta mechanics, that corresponds
in the scale relativity framework to a full fractal space-tme. This yields, as a rst step,
the Klein-Gordon equation [0, 72, 17].

Then the account of a new two-valuedness of the velocity alls one to suggest a
geometric origin for the spin and to obtain the Dirac equatio [17]. Indeed, the total
derivative of a physical quantity also involves partial daratives with respect to the space
variables, d/0x . From the very de nition of derivatives, the discrete symmé&y under
the re ection dx ~ —dx is also broken. Since, at this level of description, one shHdu
also account for parity as in the standard quantum theory, tts leads to introduce a bi-
guaternionic velocity eld [17], in terms of which Dirac bispinor wave function can be
constructed.

We refer the interested reader to the detailed paper3? 17, 18|
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2.4.2 Gauge elds as manifestations of fractal geometry

The scale relativity principles has been also applied to th@undation of gauge theories,
in the Abelian [70, 72 and non-Abelian P2, 103 cases.

This application is based on a general description of the tnal fractal structures of
the \particle" (identi ed with the geodesics of a nondi erentiable space-time) in terms of
scale variables) (x,y,z,t) = [1e ¢ whose true nature is tensorial, since it involves
resolutions that may be di erent for the four space-time coalinates and may be corre-
lated. This resolution tensor (similar to a covariance ermomatrix) generalizes the single
resolution variablee. Moreover, one considers here a more profound level of dgsiton
in which the scale variables may now be function of the coordites. Namely, the internal
structures of the geodesics may vary from place to place andrahg the time evolution,
in agreement with the non-absolute character of the scale age.

This generalization amounts to construct a ‘general scalelativity' theory. The
various ingredients of Yang-Mills theories (gauge covanaderivative, gauge invariance,
charges, potentials, elds, etc...) can be recovered in sua framework, but they are now
founded from rst principles and are found to be of geometriorigin, namely, gauge elds
are understood as manifestations of the fractality of spademe [70, 72, 92, 103.

2.4.3 Quantum mechanics in scale space

One may go still one step further, and also give up the hypotkes of di erentiability of
the scale variables. Another generalization of the theoryhen amounts to use in scale
space the method that has been built for dealing with nondi eentiability in space-time
[90]. This results in scale laws that take quantum-like forms istead of classical ones, and
which may have several applications, as well in particle pbics PQ] as in biology LO]].

3 Applications

3.1 Applications to physics and cosmology
3.1.1 Application of special scale relativity: value of QCD coupling

In the special scale relativity framework, the new status ofhe Planck length-scale as
a lowest unpassable scale must be universal. In particulait, applies also to the de
Broglie and Compton relations themselves. They must therefe be generalized, since in
their standard de nition they may reach the zero length, wheth is forbidden in the new
framework.

A fundamental consequence of these new relations for higheegy physics is that the
mass-energy scale and the length-time scale are no longerense as in standard quan-
tum eld theories, but they are now related by the special sda-relativistic generalized
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Compton formula, that reads p§|
m _ o IN(Ao/A) (79)

In )
Mo 1— In?(Ao/N)/IN?(Ao/1p)

where mgAg = ~/c. This relation generalizes, form > mg and A < Aq, the Compton
relation mA = ~/c which connects any mass-energy scate to a length-scaleA.

As a consequence of this new relation, one nds that the granghi cation scale be-
comes the Planck energy scal&§, 69. We have made the conjecture6B, 69 that the
SU(3) inverse coupling reaches the critical valuené at this uni cation scale, i.e., at an
energympc?/2m in the special scale-relativistic modi ed standard model.

By running the coupling from the Planck to theZ scale, this conjecture allows one
to get a theoretical estimate for the value of the QCD couplm at Z scale. Indeed its
renormalization group equation yields a variation oti; = as with length scale given to
second order (for six quarks andNy Higgs doublets) by §9]

oz (r) = o3t (Az) + % '”)\TZ
+Mm 1—%%(&)'”‘%
_m In 1+ %az(?\z)ln }\TZ
+% In 1+ %0(3()\2)"1 )\TZ . (80)

The variation with energy scale is obtained by making the tnasformation given by
Eq. (79 in which we take as reference scale th& boson scale, i.e)y = Az andmg = mz.
This led in 1992 to the expectation §8] asz(mz) = 0.1165+ 0.0005, that compared well
with the experimental value at that time, az(mz) = 0.112+ 0.010, and was more precise
by a factor 20.

This calculation has been more recently reconsidered2] 103, by using improved
experimental values of thea; and a, couplings at Z scale (which intervene at second
order), and by a better account of the top quark contribution Indeed, its mass was
unknown at the time of our rst attempt in 1992, so that the running from Z scale to
Planck scale was performed by assuming the contribution aksjuarks on the whole scale
range.

However, the now known mass of the top quarkn; = 174.2+ 3.3 GeV [109 is larger
than the Z mass, so that only ve quarks contribute to the running of theQCD coupling
between Z scale and top quark scale, then six quarks between top and R&k scale.
Moreover, the possibility of a threshold e ect at top scale annot be excluded. This led
to an improved estimate :

0s(mz) =0.1173+ 0.0004 (81)
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which agrees within uncertainties with our initial estimat 01165(5) p8]. This expectation
is in very good agreement with the recent experimental avegaas(mz) = 0.1176+0.0009
[108, where the quoted uncertainty is the error on the average. &/give in Fig. 1 the
evolution of the measurement results of the strong couplingt Z scale, which compare
very well with the theoretrical expectation.
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Figure 1: Measured values of s(Mz) from 1992 (date of the theoretical prediction) to 2006
[108 compared with the expectation g(mz) = 0:1173+ 0:0004 made from assuming that the

inverse running coupling reaches the value 4? at Planck scale (see text). The 2008 experimental
value is unchanged (01176 0:0009).

3.1.2 Value of the cosmological constant

One of the most dicult open questions in present cosmologysi the problem of the
vacuum energy density and its manifestation as an e ectiveosmological constant. In
the framework of the theory of scale relativity a new solutio can be suggested to this
problem, which also allows one to connect it to Dirac's largaumber hypothesis §9, Chap.
7.1], [72.

The rst step toward a solution has consisted in consideringhe vacuum as fractal,
(i.e., explicitly scale dependent). As a consequence, th&aRck value of the vacuum energy
density is relevant only at the Planck scale, and becomes etevant at the cosmological
scale. One expects such a scale-dependent vacuum energyitieto be solution of a scale
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di erential equation that reads
diZdInr= ( DZF a+ b[H O([3), (82)

where [Chas been normalized to its Planck value, so that it is always: 1, allowing a
Taylor expansion of ([ This equation is solved as:

I'o —b
ERNE - . (83)

This solution is the sum of a fractal, power law behavior at sall scales, that can be
identi ed with the quantum scale-dependent contribution,and of a scale-independent term
at large scale, that can be identi ed with the geometric cosological constant observed
at cosmological scales. The new ingredient here is a fradtain-fractal transition about
some scala that comes out as an integration constant, and which allowsotconnect the
two contributions.

The second step toward a solution has been to realize that, @ considering the
various eld contributions to the vacuum density, we may ahays chose< E >= 0 (i.e.,
renormalize the energy density of the vacuum). But considerow the gravitational self-
energy of vacuum uctuations. It writes:

_G<E?>
9T 4

(84)

The Heisenberg relations prevent from makings E2 >= 0, so that this gravitational
self-energycannot vanish. With < E? >%2= ~¢/r, we obtain an asymptotic high energy
behavior due to quantum e ects

6

F T (85)

where [glis the Planck energy density andp the Planck length. From this equation one
can make the identi cation —b = 6, so that one obtains (3 [11 + (ro/r)° .

Therefore one of Dirac's large number relations is provedoin this result [69]. Indeed,
introducing the characteristic length scaleL = ~'% of the cosmological constant
(which is a curvature, i.e. the inverse of the square of a lethg, one obtains the relation:

K = L/lp = (ro/1p)% = (mp/mo)3, (86)

where the transition scalery can be identi ed with the Compton length of a particle of
massmy. Then the power 3 in Dirac's large number relation is underebd as coming
from the power 6 of the gravitational self-energy of vacuumuctuations and of the power
2 that relies the invariant scaleL to the cosmological constant, following the relation
=1 /L2 The important point here is that in this new form of the Eddington-Dirac's
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relation, the cosmological length is no longer the time-vging ¢/Hg (which led to theories
of variation of constants), but the invariant cosmologicalength L, which can therefore
be connected to an invariant elementary particle scale witut any longer a need for
fundamental constant variation.

Now, a complete solution to the problem can be reached onlyguided the transition
scalerg be identi ed. Our rst suggestion [69, Chap. 7.1] has been that this scale is given
by the classical radius of the electron.

Let us give an argument in favor of this conjecture coming fro a description of
the evolution of the primeval universe. Despite its name (wbh comes from historical
reasons), the classical radius of the electran is of a quantum nature, since it actually
de nes the e* e~ annihilation cross section and thee~e~ cross sectioro = 1r2 at energy
mec?. This length corresponds to an energig. = ~c/re = 70.02 MeV. This means that it
yields the “size' of an electron viewed by another electroitherefore, when two electrons
are separated by a distance smaller than, they can no longer be considered as di erent,
independent objects.

The consequence of this property for the primeval universs that re should be a
fundamental transition scale. When the Universe scale famtwas so small that the inter-
distance between any couple of electrons was smaller thanthere was no existing genuine
separated electron. Then, when the cooling and expansiontbé Universe separates the
electron by distances larger tham, the electrons that will later combine with the protons
and form atoms appear for the rst time as individual entities. Therefore the scale, and
its corresponding energy 70 MeV de nes a fundamental phasemsition for the universe,
which is the rst appearance of electrons as we know them atrige scales. Moreover,
this is also the scale of maximal separation of quarks (in th@on), which means that the
expansion, at the epoch this energy is reached, stops to appb individual quarks and
begins to apply to hadrons. This scale therefore becomes &rence static scale to which
larger variable scales driven with the expansion can now berapared. Under this view,
the cosmological constant would be a “fossil' of this phaseahsition, in similarity with
the 3K microwave radiation being a fossil of the combinatiomf electrons and nucleons
into atoms.

One obtains with the CODATA 2002 values of the fundamental gwstants a theoretical
estimate

K (pred) = (5.3000= 0.0012)x 10, (87)

i.,e. Cy =In K =139.82281(22), which corresponds to a cosmological constane€sp9
p. 305)
(pred) = (1 .3628+ 0.0004)x 10 °° cm™2 (88)

i.e., a scaled cosmological constant

(pred) = (0.38874+ 0.00012)h 2. (89)
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Finally the corresponding invariant cosmic length scale iheoretically predicted to be
L (pred) = (2.77608% 0.00042) Gp¢ (90)

i.e., L(pred) = (8.5661+ 0.0013)x 10?°> m.

Let us compare these values with the most recent determinatis of the cosmological
constant, sometimes now termed, in a somewhat misleadingyadark energy' (see Fig2).
The WMAP three year analysis of 2006123 has givenh = 0.73+0.03 and (obs) =
0.72 %+ 0.03. These results, combined with the recent Sloan (SDSS) dafl24, yield,
assuming ot =1 (as supported by its WMAP determination, ; =1.003%0.010)

2
3H2
Note that these recent results have also reinforced the coslogical constant interpretation
of the "dark energy' with a measurement of the coe cient of tk equation of statew =

(obs) = =0.761+0.017 h=0.730+0.019 (91)

—0.941+ 0.094 fL24, which encloses the valuav = —1 expected for a cosmological
constant.
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Figure 2: Evolution of the measured values of the dimensionless cosragical constant  h? =
¢?=3H 2,,, from 1975 to 2008, compared to the theoretical expectation = ( me= m p)® (1=lp)?
[69] that gives numerically  h?(pred) = 0:38874+ 0:00012.

With these values one nds a still improved cosmological catant
h?(obs) = 0.406+ 0.03Q (92)
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which corresponds to a cosmic scale
L(obs) = (2.72+0.10) Gpg, i.e., K(obs) = (5.19+ 0.19) x 10, (93)

in excellent agreement with the predicted valuek(pred) = 2.7761(4) Gpc, andK (pred) =
5.300(1)> 10°°.

The evolution of these experimental determinationslP3 is shown in Fig.2 where they
are compared with the theoretical expectation

h?(pred) = 0.38874+ 0.00012 (94)

The convergence of the observational values toward the thetical estimate, despite an
improvement of the precision by a factor of more than 20, is réking, although this es-

timate is partly phenomenological, since it remains deperdt on a conjecture about
the transition scale, which clearly needs to be investigaleand comprehended more pro-
foundly. The 2008 value from the Five-Year WMAP results is h?(obs) = 0.384+0.043

[49] and is once again in very good agreement with the theoreticaxpectation made 16
years ago 9, before the rst genuine measurements in 1998.

3.2 Applications to astrophysics
3.2.1 Gravitational Schiedinger equation

Let us rst brie y recall the basics of the scale-relativisic theoretical approach. It has
been reviewed in Se.3in the context of the foundation of microphysics quantum me-
chanics. We shall now see that some of its ingredients, leagiin particular to obtain
a generalized Schredinger form for the equation of motioralso applies to gravitational
structure formation.

Under three general conditions, namely{(i) in nity of geodesics (which leads to in-
troduce a non-deterministic velocity eld), (ii) fractal dimensionDg = 2 of each geodesic,
on which the elementary displacements are described in tesnof the sumdX = dx + d¢
of a classical, di erentiable partdx and of a fractal, non-di erentiable uctuation dg, (iii)
two-valuedness of the velocity eld, which is a consequenad time irreversibility at the
in nitesimal level issued from non-di erentiability, one can construct a complex covariant
derivative that reads b

0
il +V.[=iD (95)
where D is a parameter that characterizes the fractal uctuation, viich is such that
< dé? >= 2Ddt, and where the classical part of the velocity eld,V is complex as a
consequence of condition (iii) (seelf, 95 for more complete demonstrations).

Then this covariant derivative, that describes the non-dierentiable and fractal geome-

try of space-time, can be combined with the covariant deriveve of general relativity, that
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describes the curved geometry. We shall brie y consider inhat follows only the Newto-
nian limit. In this case the equation of geodesics keeps tharin of Newton's fundamental
equation of dynamics in a gravitational eld,

By & .
dt  dt m
where @ is the Newtonian potential energy. Introducing the actionS, which is now

complex, and making the change of variablg = €'S¥2™P | this equation can be integrated
under the form of a generalized Schmdinger equatio89:

=0, (96)

2 .0 ¢ . _
D l]J+IDallJ %m_o. (97)

Since the imaginary part of this equation is the equation ofantinuity (Sec. 3), and
basing ourselves on our description of the motion in terms ah in nite family of geodesics,
P = |y|? naturally gives the probability density of the particle pogion [17, 95].

Even though it takes this Schredinger-like form, equation(97) is still in essence an
equation of gravitation, so that it must come under the equi@zlience principle 73, 2],
i.e., it is independent of the mass of the test-particle. Inhte Kepler central potential case
(¢ = —GMm/r), GM provides the natural length-unit of the system under consgfation.
As a consequence, the paramet® reads:

GM
D= — 98
2W’ ( )

wherew is a constant that has the dimension of a velocity. The rati@g = w/c actually
plays the role of a macroscopic gravitational coupling cotat [2, 82].

3.2.2 Formation and evolution of structures

Let us now compare our approach with the standard theory of gvitational structure
formation and evolution. By separating the real and imaging parts of the Schredinger
equation we obtain, after a new change of variables, respiely a generalized Euler-
Newton equation and a continuity equation, namely,

m(%+v-[m=—|:{m+cg), %—Ft’+div(PV)=o, (99)

where V is the real part of the complex velocity eld V and where the gravitational
potential ¢ is given by the Poisson equation. In the case when the densiy probability
is proportional to the density of matter, P [p] this system of equations is equivalent
to the classical one used in the standard approach of gravitanal structure formation,
except for the appearance of an extra potential 3nergy ter@ that writes:

Q= —ZmDZA/B—P. (100)
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The existence of this potential energy, (which amount to th&ohm potential in stan-
dard quantum mechanics) is, in our approach, readily demoinated and understood:
namely, it is the very manifestation of the fractality of spae, in similarity with New-
ton's potential being a manifestation of curvature. We havesuggested§3, 91, 93 that it
could be the origin of the various e ects which are usually &ibuted to an unseen, "dark’
matter.

In the case when actual particles achieve the probability dsity distribution (structure
formation), we havep = mgP. Then the Poisson equation (i.e., the eld equation) be-
comes @ = 4nGmmg|y|? and it is therefore strongly interconnected with the Schrdinger
equation (which is here a new form for the equation of motion)Such a system of equations
is similar to that encountered in the description of superewuctivity (Hartree equation).
We expect its solutions to provide us with general theoretat predictions for the structures
(in position and velocity space) of self-gravitating systas at multiple scales T4, 27]. This
expectation is already supported by the observed agreemestt several of these solutions
with astrophysical observational data §9, 73, 82, 76, 80, 77, 78, 48].

3.2.3 Planetary systems

Let us brie y consider the application of the theory to the famation of planetary systems.
The standard model of formation of planetary systems can beconsidered in terms of
a fractal description of the motion of planetesimals in the @toplanetary nebula. On
length-scales much larger than their mean free path, we haaesumed§9] that their highly
chaotic motion satisfy the three conditions upon which the erivation of a Schredinger
equation is based (large number of trajectories, fractajitand time symmetry breaking).
In modern terms, our proposal is but a "migration’ theory, sice it amounts to take into
account the coupling between planetesimals (or proto-plats) and the remaining disk.
But, instead of considering a mean eld coupling, we considéhe e ect of the closest
bodies to be the main one, leading to Brownian motion and irversibility.

This description applies to the distribution of planetesinals in the proto-planetary neb-
ula at several embedded levels of hierarchyJ. Each hierarchical level k) is characterized
by a length-scale de ning the parameteD, (and therefore the velocitywy) that appears
in the generalized Schredinger equation describing thisis-system. Through matching of
the wave functions for these di erent subsystems (for exantg the inner solar system in
its whole constitutes the fundamental "orbital'n = 1 of the outer solar system), the ratios
of their structure constantswy are expected to be themselves given by integer numbers
[73]. This expectation is supported by the observed sub-strugtes of our solar system,
which are organised according to constanisy = 144.7 + 0.7 km/s (inner system), 3x wy
(Sun and intramercurial system),wy/5 (outer solar system),wy/(5 %< 7) (distant Kuiper
belt). This hierarchical model has allowed us to recover themass distribution of planets
and small planets in the inner and outer solar system3 .
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The Sun  One can apply this approach to the organization of the Sun slarce itself. One
expects the distribution of the various relevant physical gantities that characterize the
solar activity at the Sun surface (Sun spot number, magnetield, etc...) to be described
by a wave function whose stationary solutions reagi = (), €5 2MP In this relation, the
parameter D = GM/2w must now be directly related to the Sun itself, which naturdy
leads to takeM = M—andw = w5 437.1 km/s, which is the Keplerian velocity at
the Sun radiusR —5 0.00465 AU. It is also remarkable that this velocity is very clge to
3 x 1447 = 434.1, wherew = 144.7 km/s is the structural constant of the inner solar
system (in accordance with the expectation of integer ratgfor the gravitational structure
constants [73], and of most of the extrasolar planetary systems discover@p to now (see
what follows and Fig. 6).

The energy E results from the rotational velocity and, to be complete, sbuld also
include the turbulent velocity, so that E = (vZ, + v2,,)/2. This means that we expect
the solar surface activity to be subjected to a fundamentalgriod:

2nmD 4anD
= T (101)
E Vrot + Vturb
The parameterD at the Sun radius isD = GM /2w —then we obtain:
2nGM
TV (102)

W C{Mior + Vi )

The average sideral rotation period of the Sun is 25.38 dayggelding a velocity of 2.01
km/s at equator [109. The turbulent velocity has been found to be/yy, = 1.4+0.2 km/s
[56]. Therefore we nd numerically

T =(10.2%+1.0) yrs. (103)

The observed value of the period of the Solar activity cycley,s = 11.0 yrs, nicely supports
this theoretical prediction. This is an interesting result owing to the fact that there is,
up to now, no existing theoretical prediction of the value ofhe solar cycle period, except
in terms of very rough order of magnitude128§.

Moreover, since we have now at our disposal a simple and peecformula for a stellar
cycle which precisely accounts for the solar period, the amivtage is that it can be tested
with other stars. The observation of the magnetic activity gcle of distant solar-like stars
remains a di cult task, but it has now been performed on seval stars. A rst attempt
gives very encouraging results (see Fig), since we obtain indeed a satisfactory agreement
between the observed and predicted periods, in a statistibasigni cant way, despite the
small number of objects.

The intramercurial system organized on the constantw —5 3 x 144 = 432 km/s.
The existence of an intramercurial subsystem is supported various stable and transient
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Figure 3: Comparison between the observed values of the period of sotike star cycles (inactive
stars with better determined behavior in Table 1 of Ref. [L16]) and the predicted periods (see
text). The open point is for the Sun. The correlation is signi cant at a probability level P = 1074
(Student variable t = 5).

structures observed in dust, asteroid and comet distributns (see 27]). We have in
particular suggested the existence of a new ring of astersjcdthe "Vulcanoid belt', at a
preferential distance of about 0.17 AU from the Sun.

The inner solar system (earth-like planets), organized with a constantv; = 144 km/s
(see Fig.6).

The outer solar system organized with a constantw, = 144/5 = 29 km/s (see Fig.4),
as deduced from the fact that the mass peak of the inner solayssem lies at the Earth
distance ( = 5). The Jovian giant planets lie fromn =2 to n =5. Pluton lies on n =6,
but is now considered to be a dwarf planet part of the Kuiper be
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Figure 4. Distribution of the semi-major axis of Kuiper belt objects (KBO) and scattered
Kuiper belt objects (SKBO), compared with the theoretical predictions (arrows) of probability
density peaks for the outer solar system 27] (see text). The existence of probability density
peaks for the Kuiper belt at = 40, 55, 70, 90 AU, etc..., has been theoretically predictechi 1993
before the discovery of these objects7[l], and it is now supported by the observational data, in
particular by the new small planet Eris at 68 AU, whose mass idarger than Pluto, and which
falls close to the expected probability peakn = 8 at 70 AU (see text).

Kuiper belt  The recently discovered Kuiper and scattered Kuiper belt gbcts (Fig.
4) show peaks of probability atn = 6 to 9 [27], as predicted before their discovery7[].
In particular, the predicted peak around 57 AU ( = 7) is the main observed peak in
the SKBO distribution of semi-major axes. The following pea (n = 8), predicted to
be around 70 AU, has received a spectacular veri cation witthe discovery of the dwarf
planet Eris (2003 UB313) at 68 AU, whose mass larger than Pl has recently led to a
revision of planetary nomenclature.

Distant Kuiper belt Beyond these distances, we have been able to predict a new
level of hierarchy in the Solar System whose main SKBO peak &7 AU would be the
fundamental level o = 1) [37]. The following probability peaks are expected, accord-
ing to the n? law, to lie for semi-major axes of 228, 513, 912, 1425, 2052 ,Adfc....
Once again this prediction has been validated by the obseti@nal data in a remark-
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Figure 5: Distribution of the semi-major axis of very distant scattered Kuiper belt objects
(SKBO) , compared with the theoretical predictions of probability density peaks (see text). We
have taken the main SKBO peak at=57 AU (which is the predicted n = 7 peak of the outer
solar system) as fundamental level f = 1) for this new level of hierarchy of the solar system.
The gure plots the histogram of the variable (a=57)"2, where a is the semimajor axis of the
object orbit in AU. The theoretical prediction, done before the discovery of the distant objects,
is that the distribution of this variable should show peaks for integer values, as now veri ed by
the observational data.

able way (see Fig.5), since 4 bodies, including the very distant small planet Sea,
have now been discovered in the 513 AU peak (= 3), 7 bodies in the 228 AU peak
(n=2), and now one very distant object at about 1000 AU (data Mior Planet Center,
http://www.cfa.harvard.edu/iau/mpc.html).

Extrasolar planets We have suggested more than 16 years adgef|[ 71], before the
discovery of exoplanets, that the theoretical predictionfrom this approach of planetary
formation should apply to all planetary systems, not only ouown solar system. Mean-
while more than 300 exoplanets have now been discovered, &hd observational data
support this prediction in a highly statistically signi cant way (see |3, 82, 27] and Fig. 6).
The presently known exoplanets mainly correspond to the irdmercurial and inner
solar systems. The theoretical prediction, made in 19989, Chap. 7.2], according to
which the distribution of semi-major axesa is expected to show peaks of probability for
integer values of the variable 83(@/M ), where M is the star mass, remains validated
with a high statistical signi cance (see Fig.6). In particular, in addition to the peaks
of probability corresponding to the inner solar system plagts (n = 3 Mercury, n = 4
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Figure 6: Observed distribution of the semi-major axes of 300 exoplagts (June 2008 data
[118) and inner solar system planets, compared with the theoretal prediction (vertical lines).
The gure gives the histogram of the distribution of the vari able 483(@=M)'™?, where a is
the semi-major axis of the planet orbit and M is the star mass. One predicts the occurence
of peaks of probability density for semimajor axesa, = GM (n=wp)?, where n is integer and
Wp = 144:7 = 0.7 km/s is a gravitational coupling constant (see text). The planets of the inner
solar system (Mercury, Venus, the Earth and Mars) fall respetively in n = 3, 4, 5 and 6.
The probability to obtain such an agreement by chance, measted by comparing the number
of exoplanets falling around the predicted peaks (integer &luesn, red vertical lines) to those
which fall between the predicted peaks f + 1=2) is now found to beP =5 x 1077,

Venus, n = 5 Earth, n = 6 Mars), two additional predicted peaks of probability, the
“fundamental' one at 0.043 AU/M—and the second one at 0.17 AU/M;-+have been made
manifest in extrasolar planetary systems. In particular, e validation of the principal
prediction of the SR approach, namely, the main peak at the hdamental leveln = 1,
is striking since it now contains more than 70 exoplanets. Aqwer spectrum analysis
of the distribution of exoplanets of Fig.6 yields a de nite peak with a powerp = 16
for the predicted periodicity of (@/M)*2, which corresponds to the very low probability
P = 1.1x10 ' that such a periodicity be obtained by chance. This value ofie probability
is supported by another method (see legend of Fig). It is important to note that this
observed distribution now combines exoplanets found from érent methods which have
their own limitations, and it is therefore strongly biased;however this bias is expected to
change only their large scale distribution (for example théarger number of exoplanets
at intramercurial distances and its decrease at large distae probably come from such
an observational bias), so that it does not a ect the SR predtion and its test, which
concerns a small scale modulation in terms of88(@/M ) (i.e., the di erences between
the peaks at integer values and the holes between the peaks).
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3.3 Applications to sciences of life

The scale relativity theory has also been recently appliedtsciences other than physical
sciences, including sciences of life, sciences of so@etmstorical [34] and geographical
sciencesfl, 35, 36] and human scienceslp5 88, 94, 103. We refer the interested reader
to the books B6, 99|, to parts of review papers or books8f, 90, 96 and full review papers
on this speci ¢ subject p, 10]] for more details.

3.3.1 Applications of log-periodic laws

Species evolution Let us rst consider the application of log-periodic laws tothe
description of critical time evolution. Recall that a log-geriodic generalization to scale
invariance has been obtained as a solution to wave-like drential scale equations, which
can themselves be constructed from the requirement of sca@evariance (see Se@.2.5.
Interpreted as a distribution of probability, such solutios therefore lead to a geometric
law of progression of probability peaks for the occurence ebents.

Now several studies have shown that many biological, natdrasociological and eco-
nomic phenomena obey a log-periodic law of time evolutiongduas can be found in some
critical phenomena : earthquakesl1P(, stock market crashes121], evolutionary leaps
[19, 86, 87], long time scale evolution of western and other civilizatns B6, 87, 45, world
economy indices dynamics5[0], embryogenesis1d], etc... Thus emerges the idea that
this behaviour typical of temporal crisis could be extremglwidespread, as much in the
organic world as in the inorganic onel23.

In the case of species evolution, one observes the occureent major evolutionary
leaps leading to bifurcations among species, which provesetexistence of punctuated
evolution [41] in addition to the gradual one. The global pattern is assinted to a “tree
of life', whose bifurcations are identi ed to evolutionaryleaps, and branch lengths to
the time intervals between these major eventsl9]. As early recognized by Leonardo da
Vinci, the branching of vegetal trees and rivers may be dedigsed as a rst self-similar
approximation by simply writing that the ratio of the lengths of two adjacent levels is
constant in the mean. We have made a similar hypothesis fordhtime intervals between
evolutionary leaps, namely, T, — Th—1)/(Th+1 — Tn) = g. Such a geometric progression
yields a log-periodic acceleration fog > 1, a deceleration folg < 1, and a periodicity for
g = 1. Except wheng = 1, the events converge toward a critical timeT, which can then
be taken as reference, yielding the following law for the eweT, in terms of the rankn:

Tn=Te+(To—T)g™", (104)

where Ty is any event in the lineagen the rank of occurrence of a given event angl is
the scale ratio between successive time intervals. Such aafology is periodic in terms
of logarithmic variables, i.e., lodT, — T¢| = log [To — T¢| — nlogg.

This law is dependent on two parameters onlyy and T., which of course have no
reason a priori to be constant for the entire tree of life. Neat that g is not expected to
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Figure 7: The dates of major evolutionary events of seven lineages (aamon evolution from life

origin to viviparity, Theropod and Sauropod dinosaurs, Rodents, Equidae, Primates including
Hominidae, and Echinoderms) are plotted as black points in €rms of log(T. —T), and compared
with the numerical values from their corresponding log-pefodic models (computed with their

best- t parameters). The adjusted critical time T. and scale ratiog are indicated for each lineage
(gure adapted from Refs. [19, 86, 87)).

be an absolute parameter, since it depends on the density ofeats chosen, i.e., on the
adopted threshhold in the choice of their importance (namgl if the number of events
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is doubled, g is replaced byvg). Only a maximal value ofg, corresponding to the very
major events, could possibly have a meaning. On the contrane value of T is expected
to be a characteristic of a given lineage, and therefore nob tdepend on such a choice.
This expectation is supported by an analysis of the fossileerd data under various choices
of the threshold on the events, which have yielded the samelwas of T, within error bars
[87].

A statistically signi cant log-periodic acceleration hasbeen found at various scales
for global life evolution, for primates, for sauropod and teropod dinosaurs, for rodents
and North American equids. A deceleration law was convergelound in a statistically
signi cant way for echinoderms and for the rst steps of rodets evolution (see Fig.7 and
more detail in Refs. 19, 86, 87]). One nds either an acceleration toward a critical date
T, or a deceleration from a critical date, depending on the codered lineage.

It must be remarked that the observed dates follow a log-perdic law only in the
mean, and show a dispersion around this mean (s&6,[p. 320]. In other words, this
is a statistical acceleration or deceleration, so that the ast plausible interpretation is
that the discrete T, values are nothing but the dates of peaks in a continuous prability
distribution of the events. Moreover, it must also be empha&zed that this result does not
put the average constancy of the mutation rate in question. fis is demonstrated by a
study of the cytochrome c tree of branching (in preparation)which is based on genetic
distances instead of geological chronology, and which netheless yields the same result,
namely, a log-periodic acceleration of most lineages, angbariodicity (which corresponds
to a critical time tending to in nity) in some cases. The aveage mutation rate remains
around 1/20 Myr since about 1 Gyr, so that one cannot escape g@hconclusion that the
number of mutations needed to obtain a major evolutionary B decreases with time
among many lineages, and increases for some of them.

Embryogenesis and human development Considering the relationships between
phylogeny and ontogeny, it appeared interesting to verify ether the log-periodic law
describing the chronology of several lineages of specieslaévon may also be applied
to the various stages in human embryological development. h& result, (see Figure in
Chaline's contribution), is that a statistically signi cant log-periodic deceleration with a
scale ratiog = 1.71+0.01 is indeed observed, starting from a critical date that isansitent
with the conception date [L4].

Evolution of societies Many observers have commented on the way historical events
accelerate. Grou44] has shown that the economic evolution since the neolithiao be
described in terms of various dominating poles which are smitted to an accelerating
crisis-nocrisis pattern, which has subsequently been qudatively analysed using log-
periodic laws.

For the Western civilization since the Neolithic (i.e., on aime scale of about 8000
years), one nds that a log-periodic acceleration with scalfactorg = 1.32+0.018 occurs
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Figure 8: Comparison of the median dates of the main economic crises @festern civilization
with a log-periodic accelerating law of critical date T, = 2080 and scale ratiog = 1:32 (gure
a). The last white point corresponds to the predicted next ciisis (1997-2000) at the date of the
study (1996), as has been later supported in particular by tle 1998 and 2000 market crashes,
while the next crises are now predicted for (2015-2020), the (2030-2035). Figure b shows the
estimation of the critical date through the optimisation of the Student's t variable. This result is
statistically signi cant, since the probability to obtain such a high peak by chance i® < 1074
(gure adapted from Fig. 47a of Ref. [86]).

toward T, = 2080+ 30 (see Fig8), in a statistically highly signi cant way. This result has
been later con rmed by Johansen and Sornetteés()] by an independent study on various
market, domestic, research and development, etc... indgen a time scale of about 200
years, completed by demography on a time scale of about 20G€ays. They nd critical
dates for these various indices in the range 2050-2070, vihstipport the longer time scale
result.

One of the intriguing features of all these results is the fgeent occurence of values
of the scale ratiog close tog = 1.73 and its square root 132 (recall that one passes from
a value ofg to its square root by simply doubling the number of events). his suggests
once again a discretization of the values of this scale ratithat may be the result of a
probability law (in scale space) showing quantized probally peaks . We have considered
the possibility that g =1.73= 3 could be linked to a most probable branching ratio of 3
[19, 86], while Queiros-Conce [L13 has proposed a fractal skin' model for understanding
this value.
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3.3.2 History and geography

The application of the various tools and methods of the scatelativity theory to history
and geography has been proposed by Martin and Forrie34] 61, 35, 36]. Forriez has
shown that the chronology of some historical events (varigusteps of evolution of a given
site) recovered from archeological and historical studiesan be tted by a log-periodic
deceleration law with againg = 1.7 and a retroprediction of the foundation date of the site
from the critical date [34, 35. Moreover, the various di erential equation tools develped
in the scale relativity approach both in scale and positionpgce, including the nonlinear
cases of variable fractal dimensions, have been found to barfcularly well adapted to
the solution of geographical problemsofl].

3.3.3 Predictivity

Although these studies remain, at that stage, of an empiritanature (it is only a purely
chronological analysis which does not take into account theature of the events), they
nevertheless provide us with a beginning of predictivity. ndeed, the tting law is a two
parameter function (T, and g) that is applied to time intervals, so that only three events
are needed to de ne these parameters. Therefore the subsequdates are predicted after
the third one, in a statistical way. Namely, as already remd&ed, the predicted dates
should be interpreted as the dates of the peaks of probabjlifor an event to happen.
Examples of such a predictivity (or retropredictivity) are
(i) the retroprediction that the common Homo-Pan-Gorilla axcestor (expected, e.g., from
genetic distances and phylogenetic studies), has a more pable date of appearance at
= —10 millions years 19]; its fossil has not yet been discovered (this is one of thewfe
remaining “missing links');
(i) the prediction of a critical date for the long term evolution of human societies around
the years 2050-208@p, 50, 87, 45);
(i) the nding that the critical dates of rodents may reach +60 Myrs in the future,
showing their large capacity of evolution, in agreement whttheir known high biodiversity;
(iv) the nding that the critical dates of dinosaurs are abou —150 Myrs in the past,
indicating that they had reached the end of their capacity oevolution (at least for the
speci ¢ morphological characters studied) well before tlireextinction at —65 Myrs;
(v) the nding that the critical dates of North american Equids is, within uncertain-
ties, consistent with the date of their extinction, which mg mean that, contrarily to the
dinosaur case, the end of their capacity of evolution has ased during a phase of en-
vironmental change that they have not been able to deal withybthe mutation-selection
process;
(vi) the nding that the critical date of echinoderms (which decelerate instead of accelerat-
ing) is, within uncertainties, the same as that of their appation during the PreCambrian-
Cambrian radiation, this supporting the view of the subsegent events as a kind of \scale
wave" expanding from this rst shock.
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Figure 9: Observed rate of Southern California earhquakes of magnitde larger than 5 (his-
togram). The data are taken from the U.S. Geological Survey ErthQuake Data Center (years
1932-2006) and EarthQuake Data Base (Historical earthquags, years 1500-1932). This rate is
well tted by a power law subjected to a log-periodic uctuat ion decelerating since a critical
date T, = 1796 (red uctuating line). The model predicts the next pro bability peak around the
years 2050 97].

3.3.4 Applications in Earth sciences

As last examples of such a predictivity, let us give some exgies of applications of
critical laws (power laws in|T — T.| and their log-perodic generalizations) to problems
encountered in Earth sciences, namely, earthquakes (Cafifiia and Sichuan) and decline
of Arctic sea ice.

California earthquakes The study of earthquakes has been one of the rst domain of
application of critical and log-periodic laws 120 3]. The rate of California earthquakes
is found to show a very marked log-periodic deceleratio®7, 98. We show indeed in
Fig. 9 the observed rate of Southern California earhquakes of magme larger than 5,
compared with a log-periodic deceleration law. This modellaws us to predict future
peaks of probability around the years 2050 then 2115.
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Figure 10: Time evolution during 14 days of the replicas of the May 12, 208 Sichuan earth-

guake (data obtained and studied May 27, 2008 from the seismidata bank EduSeis Explorer,

http://aster.unice.fr/EduSeisExplorer/form-sis.asp) . The (up) gure gives the magnitudes of

the replicas and the (down) gure the rate of replicas. Both show a continuous decrease to
which are added discrete sharp peaks. The peaks which are conon to both diagrams show a
clear deceleration according to a log-periodic law startig from the main earthquake (red ver-

tical lines), which allows one to predict the next strongestreplicas with a good precision. For
example, the peak of replicas of 25 May 2008 could be prediadewith a precision of 1.5 day from

the previous peaks. Reversely, the date of the main earthqu&e (May 12.27 2008, magnitude
7.9) can be retropredicted from that of the replicas with a precision of 6 h.

Sichuan 2008 earthquake @ The May 2008 Sichuan earthquake and its replicas also
yields a good example of log-periodic deceleration, but omauch smaller time scale (see
Fig 10).
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Figure 11: Observed evolution of the minimum arctic sea ice extent, acerding to the data of
the U.S. National Snow and Ice Data Center (NSIDC, http://ns idc.org/), from 1979 to 2008.
The minimum ocurs around 15 September of each year. This evotion is compared to: (i) the
standard t corresponding to an assumed constant rate of exent decrease (blue line); (ii) a t
by a critical law accelerating toward a critical date T, = 2012. The second t is far better and
has allowed us to predict the 2007 and 2008 low points beforeneir observation [99]. It implies
that the arctic sea is expected to be totally free from ice by &ptember 2011.

Arctic sea ice extent It is now well-known that the decrease of arctic sea-ice extehas
shown a strong acceleration in 2007 and 2008 with respect twetcurrent models assuming
a constant rate = 8% by decade), which predicted in 2006 a total disappearanoéthe
ice at minimum (15 september) for the end of the century. Fronthe view point of these
models, the 2007 and now 2008 values (see Fld) were totally unexpected.

However, we have proposed, before the knowledge of the 200Rimum, to t the
data with a critical law of the kind y = y, —a|T — T . Such an accelerating law
has the advantage to include in its structure the fact that or expect the ice to fully
disappear after some date, while the constant rate law forrta pushed the date of total
disappearance to in nity. The t of the data up to 2006 with the critical law was already
far better than with the constant rate law, and it actually allowed us to predict a full
disappearance epoch far closer than previously expecteddas low 2007 point 9. The
2008 point has con rmed the validity of the model in an impresive way (Fig. 11). We
obtain by the x> method a best t for the minimum ice surface (in square kilomters),
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y =8 — 123 x |T — 20137986, The critical time is as early asT, = 2012, which means
that a full ice melting is predicted for September 2011, and ieven possible for September
2010, for which the model gives only 1.2 million kfof remaining ice surface.

The application of the same method to the mean surface data dng August and
October months also shows a clear acceleration towafd = 2013, which means that only
one year (2012) after the rst total melting, the arctic sea an be expected to be free from
ice during several months (August to October).

3.4 Applications of scale relativity to biology

One may consider several applications to biology of the vaitis tools and methods of the
scale relativity theory, namely, generalized scale laws,atroscopic quantum-type theory
and Schredinger equation in position space then in scaleape and emergence of gauge-
type elds and their associated charges from fractal geomgt[69, 86, 90, 6, 95]. One knows
that biology is founded on biochemistry, which is itself basd on thermodynamics, to which
we contemplate the future possibility to apply the macroquatization tools described in
the theoretical part of this article. Another example of futire possible applications is to
the description of the growth of polymer chains, which coulthave consequences for our
understanding of the nature of DNA and RNA molecules.
Let us give some explicit examples of such applications.

3.5 Con nement

The solutions of non-linear scale equations such as that mlving a harmonic oscillator-
like scale force 75 may be meaningful for biological systems. Indeed, its maieature
is its capacity to describe a system in which a clear separati has emerged between an
inner and an outer region, which is one of the properties of ¢hrst prokaryotic cell. We
have seen that the e ect of a scale harmonic oscillator foragesults in a con nement of
the large scale material in such a way that the small scales gneemain una ected.
Another interpretation of this scale behavior amounts to idntify the zone where the
fractal dimension diverges (which corresponds to an incread thickness™ of the material)
as the description of a membrane. It is indeed the very natuid biological systems to have
not only a well-de ned size and a well-de ned separation beteen interior and exterior,
but also systematically an interface between them, such asembranes or walls. This
is already true of the simplest prokaryote living cells. Thesfore this result suggests the
possibility that there could exist a connection between thexistence of a scale eld (e.g.,
a global pulsation of the system, etc..) both with the con nenent of the cellular material
and with the appearance of a limiting membrane or wall90]. This is reminiscent of
eukaryotic cellular division which involves both a dissolion of the nucleus membrane and
a decon nement of the nucleus material, transforming, befe the division, an eukaryote
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into a prokaryote-like cell. This could be a key toward a betr understanding of the rst
major evolutionary leap after the appearance of cells, namgeghe emergence of eukaryotes.

3.6 Morphogenesis

The generalized Schredinger equation (in which the Planckonstant ~ can be replaced
by a macroscopic constant) can be viewed as a fundamental atjan of morphogenesis.
It has not been yet considered as such, because its unique @mof application was, up
to now, the microscopic (molecular, atomic, nuclear and eteentary particle) domain, in
which the available information was mainly about energy anthomentum.

However, scale relativity extends the potential domain of@plication of Schredinger-
like equations to every systems in which the three conditi@(in nite or very large number
of trajectories, fractal dimension of individual trajectaies, local irreversibility) are ful-
lled. Macroscopic Schredinger equations can be constrted, which are not based on
Planck's constant~, but on constants that are speci c of each system (and may emge
from their self-organization).

Now the three above conditions seems to be particularly weltlapted to the description
of living systems. Let us give a simple example of such an ajgglion.

In living systems, morphologies are acquired through grofwtprocesses. One can
attempt to describe such a growth in terms of an in nite famiy of virtual, fractal and
locally irreversible, trajectories. Their equation can tkrefore be written under the form
of a fractal geodesic equation, then it can be integrated asSchrmedinger equation.

If one now looks for solutions describing a growth from a cest one nds that this
problem is formally identical to the problem of the formatimm of planetary nebulae 27,
and, from the quantum point of view, to the problem of partické scattering, e.g., on an
atom. The solutions looked for correspond to the case of thatgoing spherical probability
wave.

Depending on the potential, on the boundary conditions androthe symmetry con-
ditions, a large family of solutions can be obtained. Considing here only the simplest
ones, i.e., central potential and spherical symmetry, therpbability density distribution of
the various possible values of the angles are given in thisseaby the spherical harmonics,

P(8,9) = [Yim (8, §)I*. (105)

These functions show peaks of probability for some anglesspending on the quantized
values of the square of angular momenturh? (measured by the quantum numbei) and
of its projection L, on axisz (measured by the quantum numbem).

Finally a more probable morphology is obtained by “sendinghatter along angles of
maximal probability. The biological constraints leads on¢o skip to cylindrical symmetry.
This yields in the simplest case a periodic quantization ohe angled (measured by an
additional quantum number k), that gives rise to a separation of discretized “petals'.
Moreover there is a discrete symmetry breaking along the axis linked to orientation
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Figure 12: Morphogenesis of a " ower-like structure, solution of a gaeralized Schmedinger
equation that describes a growth process from a centek(=5; m = 0). The “petals’, “sepals' and
“stamen' are traced along angles of maximal probability desity. A constant force of “tension'
has been added, involving an additional curvature of “peta’, and a quantization of the angle
that gives an integer number of “petals’ (here,k = 5).

(separation of "up' and "down' due to gravity, growth from atem). The solutions obtained
in this way show oral “tulip'-like shapes (see Figl2 and [84, 90, 95).

Coming back to the foundation of the theory, it is remarkablghat these shapes are
solutions of a geodesic, strongly covariant equatio&\//dt = 0, which has the form of
the Galilean motion equation in vacuum in the absence of exteal force. Even more
profoundly, this equation does not describe the motion of agpticle, but purely geometric
virtual possible paths, this given rise to a description indrms of a probability density
which plays the role of a potential for the real particle (if ay, since, in the application to
elementary particles, we identify the “particles’ with thegeodesics themselves, i.e., they
become pure relative geometric entities devoid of any propexistence).

3.7 Origin of life

The problems of origin are in general more complex than the glems of evolution.
Strictly, there is no “origin' and both problems could appeato be similar, since the
scienti ¢ and causal view amounts to consider that any givesystem nds its origin in an
evolution process. However, systems are in general said wlge if they keep their nature,
while the question is posed in terms of origin when a given $gm appears from another
system of a completely di erent nature, and moreover, ofteon times scales which are
very short with respect to the evolution time. An example in atrophysics is the origin
of stars and planetary systems from the interstellar mediuprand in biology the probable
origin of life from a prebiotic medium.

A fondamentally new feature of the scale relativity approdctconcerning such problems
is that the Schredinger form taken by the geodesic equatiosan be interpreted as a
general tendency for systems to which it applies to make sttures, i.e., to lead to self-
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organization. In the framework of a classical determinigti approach, the question of
the formation of a system is always posed in terms of initialonditions. In the new
framework, the general existence of stationary solutiondlaws structures to be formed
whatever the initial conditions, in correspondence with te eld, the symmetries and the
boundary conditions (namely the environmental conditionsn biology), and in function

of the values of the various conservative quantities that eracterize the system.

Such an approach could allow one to ask the question of thegin of life in a renewed
way. This problem is the analog of the 'vacuum' (lowest eneyj solutions, i.e., of the
passage from a non-structured medium to the simplest, fundeental level structures. In
astrophysics and cosmology, the problem amounts to undeasid the apparition, from the
action of gravitation alone, of structures (planets, starsgalaxies, clusters of galaxies, large
scale structures of the Universe) from a highly homogeneoasd non-structured medium
whose relative uctuations were smaller than 10 at the time of atom formation. In the
standard approach to this problem a large quantity of postaited and unobserved dark
matter is needed to form structures, and even with this helphie result is dissatisfying. In
the scale relativity framework, we have suggested that themdamentally chaotic behavior
of particle trajectories leads to an underlying fractal ganetry of space, which involves
a Schredinger form for the equation of motion, leading botho a natural tendency to
form structures and to the emergence of an additional poteial energy, identi ed with
the "missing mass(-energy)'.

The problem of the origin of life, although clearly far more dcult and complex,
shows common features with this question. In both cases oneeuals to understand the
apparition of new structures, functions, properties, etc. from a medium which does not
yet show such structures and functions. In other words, oneead a theory of emergence.
We hope that scale relativity is a good candidate for such a #ory, since it owns the two
required properties: (i) for problems of origin, it gives tk conditions under which a weakly
structuring or destructuring (e.g., di usive) classical ystem may become quantum-like
and therefore structured; (ii) for problems of evolution,timakes use of the self-organizing
property of the quantum-like theory.

We therefore tentatively suggest a new way to tackle the quisn of the origin of life
(and in parallel, of the present functionning of the intrackular medium) [90, 6, 10]]. The
prebiotic medium on the primordial Earth is expected to havdoecome chaotic in such a
way that, on time scales long with respect to the chaos time @nizon of predictibility), the
conditions that underlie the transformation of the motion guation into a Schredinger-
type equation, namely, complete information loss on angleposition and time leading
to a fractal dimension 2 behavior on a range of scales readhia ratio of at least 10-
1%, be ful lled. Since the chemical structures of the prebioti medium have their lowest
scales at the atomic size, this means that, under such a scenaone expects the rst
organized units to have appeared at a scale of about 1®n, which is indeed a typical
scale for the rst observed prokaryotic cells. The spontameis transformation of a classical,
possibly di usive mechanics, into a quantum-like mechans; with the di usion coe cient
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becoming the quantum self-organization parameted would have immediate dramatic
consequences: quantization of energy and energy excharges therefore of information,
apparition of shapes and quantization of these shapes (thells can be considered as the
‘quanta’ of life), spontaneous duplication and branchingrpperties (see herebelow), etc...
Moreover, due to the existence of a vacuum energy in quantumeehanics (i.e., of a non
vanishing minimum energy for a given system), we expect theimordial structures to
appear at a given non-zero energy, without any intermediatstep.

Such a possibility is supported by the symplectic formal sticture of thermodynamics
[11Q, in which the state equations are analogous to Hamilton-dabi equations. One can
therefore contemplate the possibility of a future "quantation’' of thermodynamics, and
then of the chemistry of solutions, leading to a new form of ntaoscopic quantum (bio)-
chemistry, which would hold both for the prebiotic medium atthe origin of life and for
today's intracellular medium.

In such a framework, the fundamental equation would be the agtion of molecu-
lar fractal geodesics, which could be transformed into a Selinger equation for wave
functions Y. This equation describes an universal tendency to make sttures in terms
of a probability density P for chemical products (constructed from tge distribution 6
geodesics), given by the squared modulus of the wave functig = P x¢e' . Each
of the molecules being subjected to this probability (whicltherefore plays the role of a
potentiality), it is proportional to the concentration ¢ for a large number of molecules,
P [cbut it also constrains the motion of individual molecules wén they are in small
number (this is similar to a particle-by-particle Young sl experiment).

Finally, the Schredinger equation may in its turn be transbrmed into a continuity and
Euler hydrodynamic-like system (for the velocity = (v; + v_)/2 and the probability P)
with a quantum potential depending on the concentration whe P [,

V_

Q= —2D2—\7%C. (106)

This hydrodynamics-like system also implicitly contains s.a sub-part a standard di usion
Fokker-Planck equation with di usion coe cient D for the velocity v, . It is therefore
possible to generalize the standard classical approach addhemistry which often makes
use of uid equations, with or without di usion terms (see, eg., [64, 119).

Under the point of view of this third representation, the spataneous transformation
of a classical system into a quantum-like system through thection of fractality and small
time scale irreversibility manifests itself by the appeanace of a quantum-type potential
energy in addition to the standard classical energy balanceVNe therefore predict that
biological systems must show an additional energy (quitersilar to the missing energy of
cosmology usually attributed to a never found “dark matte)'given by the above relation
(106 in terms of concentrations, when their total measured engy balance is compared
to the classically expected one.
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But we have also shown that the opposite of a quantum potentias a di usion po-
tential. Therefore, in case of simple reversal of the sign t¢iis potential energy, the
self-organization properties of this quantum-like behasr would be immediately turned,
not only into a weakly organized classical system, but eventd an increasing entropy
di using and desorganized system. We tentatively sugges®j| that such a view may pro-
vide a renewed way of approach to the understanding of tumgr&hich are characterized,
among many other features, by both energy a nity and morphobgical desorganization.

3.8 Duplication

Figure 13: Model of duplication. The stationary solutions of the Schredinger equation in
a 3D harmonic oscillator potential can take only discretizedl morphologies in correspondence
with the quantized value of the energy. Provided the energy mcreases from the one-structure
case Ep = 3D!), no stable solution can exist before it reaches the seconduantized level at
E1 =5D! . The solutions of the time-dependent equation show that thesystem jumps from the
one structure to the two-structure morphology.

Secondly, the passage from the fundamental level to the rs#xcited level now pro-
vides one with a (rough) model of duplication (see Figsl3 and 14). Once again, the
guantization implies that, in case of energy increase, thgstem will not increase its size,
but will instead be lead to jump from a single structure to a mary structure, with no
stable intermediate step between the two stationary soluthsn = 0 and n = 1. Moreover,
if one comes back to the level of description of individual &jectories, one nds that from
each point of the initial one body-structure there exist trgectories that go to the two nal
structures. In this framework, duplication is expected to b linked to a discretized and
precisely xed jump in energy.

It is clear that, at this stage, such a model is extremely farém describing the com-
plexity of a true cellular division, which it did not intend to do. Its interest is to be a
generic and general model for a spontaneous duplication pess of quantized structures,
linked to energy jumps. Indeed, the jump from one to two proMality peaks when going
from the fundamental level to the rst excited level is foundn many di erent situations of
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which the harmonic oscillator case is only an example. Moneg, this duplication property
is expected to be conserved under more elaborated versioighe description provided
the asymptotic small scale behavior remains of constant frtal dimensionDg = 2, such
as, e.g., in cell wall-like models based on a locally incré&as e ective fractal dimension.

3.9 Bifurcation, branching process

Such a model can also be applied to a rst rough description @& branching process
(Fig. 14), e.qg., in the case of a tree growth when the previous structl remains instead
of disappearing as in cell duplication.

Note nally that, although such a model is still clearly too rough to claim that it
describes biological systems, it may already be improved lmpmbining with it various
other functional and morphological elements which have beeobtained. Namely, one
may apply the duplication or branching process to a system wle underlying scale laws
(which condition the derivation of the generalized Schreidger equation) include (i) the
model of membrane through a fractal dimension that becomeanable with the distance
to a center; (ii) the model of multiple hierarchical levels borganization depending on
“‘complexergy' (see herebelow).

Figure 14: Model of branching and bifurcation. Successive solutionsfathe time-dependent 2D
Schredinger equation in an harmonic oscillator potential are plotted as isodensities. The energy
varies from the fundamental level (h = 0) to the rst excited level ( n = 1), and as a consequence
the system jumps from a one-structure to a two-structure moiphology.

3.10 Nature of rst evolutionary leaps

We have also suggested applications to biology of the new quam-like mechanics in
scale spaced0].

In the fractal model of the tree of life described hereabovadq], we have voluntarily
limited ourselves to an analysis of only the chronology of ents (see Fig.7), indepen-
dently of the nature of the major evolutionary leaps. The sugestion of a quantum-type
mechanics in scale space and of the new concept of complexd@p, 101, which is a
new conservative quantity appearing from the symmetry of # new scale variables (more
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precisely, of the fractal dimension become variable and dered as a fth dimension)
allows one to reconsider the question.

One may indeed suggest that life evolution proceeds in terne$ increasing quantized
complexergy. This would account for the existence of punciied evolution |1], and for
the log-periodic behavior of the leap dates, which can be erpreted in terms of probability
density of the events,P = |y|?> Csib?[w In(T — T.)]. Moreover, one may contemplate the
possibility of an understanding of the nature of the eventsgven though in a rough way
as a rst step.

Indeed, one can expect the rst formation of a structure at tle fundamental level
(lowest complexergy), which is generally characterized mnly one length-scale (this is the
analog in scale space of the left part of Fig.3 which concerns position space). Moreover,
the most probable value for this scale of formation is predied to be the "middle’ of the
scale-space, since the problem is similar to that of a quamtuparticle in a box, with the
logarithms of the minimum scaleA, and maximum scale\y playing the [ples of the walls
of the box, so that the fundamental level solution has a peakt a scale A, < Ay .

The universal boundary conditions are the Planck-lengths in the microscopic domain
and the cosmic scalé. = ~'%2 given by the cosmological constant in the macroscopic
domain (see Sec3.1.2. From the predicted and now observed value of the cosmologl
constant, one ndsL/lp =5.3 % 107, so that the mid scale is at 83 x 10°° I = 40 um.
A quite similar result is obtained from the scale boundariesf living systems &0.5
Angstems - 30 m). This scale of 4Qum is indeed a typical scale of living cells. Moreover,
the rst “prokaryot' cells appeared about three Gyrs ago hadnly one hierarchy level (no
nucleus).

In this framework, a further increase of complexergy can aaconly in a quantized
way. The second level describes a system with two levels ofanization, in agreement
with the second step of evolution leading to eukaryots about.7 Gyrs ago (second event
in Fig. 7). One expects (in this very simpli ed model), that the scaleof nuclei be smaller
than the scale of prokaryots, itself smaller than the scald eucaryots: this is indeed what
is observed.

The following expected major evolutionary leap is a three ganization level system,
in agreement with the apparition of multicellular forms (anmals, plants and fungi) about
1 Gyr ago (third event in Fig. 7). It is also predicted that the multicellular stage can
be built only from eukaryots, in agreement with what is obseed. Namely, the cells of
multicellulars do have nuclei; more generally, evolved caigisms keep in their internal
structure the organization levels of the preceeding stages

The following major leaps correspond to more complicatedrsttures then more com-
plex functions (supporting structures such as exoskeleten tetrapody, homeothermy,
viviparity), but they are still characterized by fundamental changes in the number of
organization levels. Moreover, the rst steps in the above odel are based on spheri-
cal symmetry, but this symmetry is naturaly broken at scaledarger than 40 um, since
this is also the scale beyond which the gravitational forcedosomes larger than the van
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der Waals force. One therefore expects the evolutionary [eathat follow the appari-
tion of multicellular systems to lead to more complicated stictures, such as those of
the Precambrian-Cambrian radiation, than can no longer beeascribed by a single scale
variable.

3.11 Origin of the genetic code

We therefore intend, in future works, to extend the model to mre general symmetries,
boundary conditions and constraints. We also emphasize @again that such an approach
does not dismiss the role and the importance of the geneticd® in biology. On the
contrary, we hope that it may help understanding its origin ad its evolution.

Indeed, we have suggested that the various biological momidbgies and functions
are solutions of macroscopic Schredinger-type equatignehose solutions are quantized
according to integer numbers that represent the various cearvative quantities of the
system. Among these quantities, one expects to recover thadic physical ones, such as
energy, momentum, electric charge, etc... But one may alsordemplate the possibility
of the existence of prime integrals (conservative quantés) which would be specic of
biology (or particularly relevant to biology), among whichwe have suggested the new
concept of complexergy, but also new scale "charges' nditigeir origin in the internal
scale symmetries of the biological systems.

The quantization of these various quantities means that anguch system would be
described by a set of integer numbers, so that one may tente#ly suggest that only
these numbers, instead of a full continuous and detailed orimation, would have to be
included in the genetic code. In this case the process of geneode reading, protein
synthesis, etc... would be a kind of "analogic solutionerf &chmedinger equation, leading
to the nal morphologies and functions. Such a view also o era new line of research
toward understanding the apparition of the code, namely, t transformation of what was
a purely chemical process into a support of information and d@s implementation, thanks
to the quantization of the exchanges of energy and other carsative quantities.

We intend to develop this approach in future works, in partialar by including the scale
relativity tools and methods in a system biology frameworklbwing multiscale integration
[6, 101], in agreement with Noble's “biological relativity' p5 according to which there is
no privileged scale in living systems.

4 Conclusion

The theory of scale relativity relies on the postulate thathe fundamental laws that govern
the various physical, biological and other phenomenons ntheir origin in rst principles.

In continuity with previous theories of relativity, it considers that the most fundamental

of these principles is the principle of relativity itself. The extraordinary success due to
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the application of this principle, since now four centurieso position, orientation, motion
(and therefore to gravitation) is well known.

But, during the last decades, the various sciences have bdaned to an ever increasing
number of new unsolved problems, of which many are linked taigstions of scales. It
therefore seemed natural, in order to deal with these probites at a fundamental and rst
principle level, to extend theories of relativity by includng the scale in the very de nition
of the coordinate system, then to account for these scale frsformations in a relativistic
way.

We have attempted to give in this article a summarized discg®n of the various de-
velopments of the theory and of its applications. The aim ofhis theory is to describe
space-time as a continuous manifold without making the hyploesis of di erentiability,
and to physically constrain its possible geometry by the paciple of relativity, both of
motion and of scale. This is e ectively made by using the physal principles that directly
derive from it, namely, the covariance, equivalence and gidesic principles. These prin-
ciples lead in their turn to the construction of covariant deivatives, and nally to the
writing, in terms of these covariant derivatives, of the mabn equations under the form
of free-like geodesic equations. Such an attempt is theredaa natural extension of gen-
eral relativity, since the two-times di erentiable continuous manifolds of Einstein's theory,
that are constrained by the principle of relativity of motion, are particular sub-cases of
the new geometry in construction.

Now, giving up the di erentiability hypothesis involves an extremely large number
of new possible structures to be investigated and describedn view of the immensity
of the task, we have chosen to proceed by steps, using pregernown physics as a
guide. Such an approach is rendered possible by the resultaaling to which the small
scale structure which manifest the nondi erentiability ae smoothed out beyond some
relative transitions toward the large scales. One thereferrecovers the standard classical
di erentiable theory as a large scale approximation of thigieneralized approach. But one
also obtains a new geometric theory which allows one to undéind quantum mechanics
as a manifestation of an underlying nondi erentiable and fxctal geometry, and nally to
suggest generalizations of it and new domains of applicatidor these generalizations.

Now the di culty with theories of relativity is that they are meta-theories rather than
theories of some particular systems. Hence, after the consttion of special relativity
of motion at the beginning of the twentieth century, the whoé of physics needed to be
rendered relativistic' (from the viewpoint of motion), a task that is not yet fully achieved.
The same is true as regards the program of constructing a fulscale-relativistic science.
Whatever be the already obtained successes, the task renwmimuge, in particular when
one realizes that it is no longer only physics that is conceed, but now many other sci-
ences, in particular biology. Its ability to go beyond the fontiers between sciences may be
one of the main interests of the scale relativity theory, opegng the hope of a refoundation
on mathematical principles and on predictive di erential guations of a "philosophy of
nature' in which physics would no longer be separated from legr sciences.

57



Acknowledgements | gratefully thank the organizers of this conference, C. Val and
J. Smart, for their kind invitation to contribute and for int eresting discussions, and two
referees for helpful remarks having allowed me to improveighpaper.

References

[1] Abbott L.F. & Wise M.B., 1981, Am. J. Phys. 49, 37.

[2] Agnese A.G., Festa R., 199 Rhys. Lett. A 227, 165.

[3] Alegre C., Le Mouel J. & Provost A., 1982,Nature 297, 47
[4] Amelino-Camelia G., 2001, Phys. LettB 510, 255.

[5] Amelino-Camelia G., 2002, Int. J. Mod. PhysD 11, 1643.

[6] Auray Ch. & Nottale L., 2008, Progr. Biophys. Mol. Bio., 97, 79.
http://luth.obspm.fr/ (Iukhier/nottale/arPBMBO8AN. pdf

[7] Ben Adda F. & Cresson J., 2000C. R. Acad. Sci. Paris 330, 261.

[8] Ben Adda F. & Cresson J., 2004Chaos, Solitons & Fractalsl9, 1323.

[9] Ben Adda F. & Cresson J., 2005A\pplied Mathematics and Computatiori6l, 323.
[10] Berry M.V., 1996,J. Phys. A: Math. Gen. 29, 6617.

[11] Caero, R., Loreto, V., Pietronero, L., Vespignani, A, Zapperi, S., 1995Europhys.
Lett. 29, 111.

[12] Campagne J.E. & Nottale L., 2003, unpublished preprint
[13] Carpinteri, A., Chiaia, B., 1996,Chaos, Solitons & Fractals7, 1343.

[14] Cash R., Chaline J., Nottale L., Grou P., 2002C.R. Biologies 325, 585.
http://luth.obspm.fr/ [(Iukhier/nottale/arcash.pdf

[15] Castro C., 1997Found. Phys. Lett.10, 273.
[16] Castro C. & Granik A., 2000,Chaos, Solitons & Fractalsll, 2167.

[17] CGekrier M.N. & Nottale L., 2004, J. Phys. A: Math. Gen. 37, 931.
http://arXiv.org/abs/quant-ph/0609161

58



[18] CGekrier M.N. & Nottale L., 2006, J. Phys. A: Math. Gen. 39, 12565.
http://arXiv.org/abs/quant-ph/0609107

[19] Chaline J., Nottale L. & Grou P., 1999,C.R. Acad. Sci. Paris, 328, 717.
http://luth.obspm.fr/ (Iukhier/nottale/arCNGera.pdf

[20] Connes A., 1994Noncommutative Geometry(Academic Press, New York).

[21] Connes A., Douglas M.R. & Schwarz A.J. High Energy Phys.02, 003 (hep-
th/9711162).

[22] Cresson J., 2001Memoire d'habilitation a diriger des recherches Universie de
Franche-Come, Besarcon.

[23] Cresson J., 2002Chaos, Solitons & Fractalsl4, 553.
[24] Cresson, J., 2003]. Math. Phys. 44, 4907.

[25] Cresson, J., 2008nternational Journal of Geometric Methods in Modern Physis,
3, no. 7.

[26] Cresson, J., 2007. Math. Phys. 48, 033504.

[27] da Rocha D. & Nottale L., 2003Chaos, Solitons & Fractals16, 565.
http://arXiv.org/abs/astro-ph/0310036

[28] Dubois D., 2000, inProceedings of CASYS'19993rd International Conference on
Computing Anticipatory Systems, Lege, Belgium,Am. Institute of Physics Confer-
ence Proceeding$17, 417.

[29] Dubrulle B., Graner F. & Sornette D. (Eds.), 1997, irScale invariance and beyond
Proceedings of Les Houches school, B. Dubrulle, F. Graner & Bornette eds., (EDP
Sciences, Les Ullis/Springer-Verlag, Berlin, New York), . R275.

[30] El Naschie M.S., 1992Chaos, Solitons & Fractals2, 211.

[31] EI Naschie M.S., Ressler 0. & Prigogine I. (Eds.), 199®uantum Mechanics, Di u-
sion and Chaotic Fractals Pergamon, New York.

[32] EI Naschie M.S.Chaos, Solitons & Fractalsll, 2391.

[33] Feynman R.P. & Hibbs A.R., 1965, Quantum Mechanics and Path Integrals
(MacGraw-Hill, New York).

[34] Forriez M., 2005,Etude de la Motte de BovesGeography and History Master |
report, Artois University.

59



[35] Forriez M. & Martin P., 2006, Geopoint Colloquium: Demain la Geographigin press.

[36] Forriez M., 2005,Construction d'un espace geographique fractalGeography Master
[l report, Avignon University.

[37] Galopeau P., Nottale L., Ceccolini D., Da Rocha D., Schuacher G. & Tran-Minh
N., 2004, inScienti ¢ Highlights 2004, Proceedings of the Jourrees da SF2A, Paris
14-18 June 2004, F. Combes, D. Barret, T. Contini, F. Meynaer & L. Pagani (eds.),
EDP Sciences, p. 75.

[38] Georgi H. & Glashow S.L., 1974hys Rev. Lett.32, 438.

[39] Georgi H., Quinn H.R. & Weinberg S., 1974hys Rev. Lett.33, 451.
[40] Glashow S.L., 1961Nucl. Phys.22, 579.

[41] Gould S.J. & Eldredge N., 1977Raleobiology 3(2), 115.

[42] Grabert H., Hanggi P. & Talkner P., 1979,Phys. Rev.A19, 2440.

[43] Green M. B., Schwarz J. H. & Witten E., 1987 Superstring Theory(2 vol.), Cam-
bridge University Press.

[44] Grou P., 1987 L'aventure economique L'Harmattan, Paris.

[45] Grou P., Nottale L. & Chaline J., 2004, inZona Arqueologica, Miscelanea en home-
naje a Emiliano Aguirre, IV Arqueologia, 230, Museo Arquelogico Regional, Madrid.
http://luth.obspm.fr/ [(Iukhier/nottale/arGNCaix.pdf

[46] Hall M.J.W., 2004,J. Phys. A: Math. Gen. 37, 9549.

[47] Hermann R., 1997J. Phys. A: Math. Gen. 30, 3967.

[48] Hermann R., Schumacher G. & Guyard R., 199&stron. Astrophys. 335, 281.
[49] Hinshaw G.et al., Five-Years WMAP observations, arXiv:08030732 [astro-ph
[50] Johansen A. & Sornette D., 200IRhysica A 294 , 465.

[51] Jumarie G., 2001)nt. J. Mod. Phys. A 16, 5061.

[52] Jumarie G., 2006 Computer and Mathematics1, 1367.

[53] Jumarie G., 2006Chaos, Solitons & Fractals28, 1285.

[54] Jumarie G., 2007Phys. Lett. A, bf 363, 5.

[55] Kreger H., 2000,Phys. Rep.323, 81.

60



[56] Lang K.R., 1980 Astrophysical Formulage Springer-Verlag.

[57] Laperashvili L.V. & Ryzhikh D.A., 2001, arXiv: hep-th/0110127 (Institute for The-
oretical and Experimental Physics, Moscow).

[58] Levy-Leblond J.M., 1976 Am. J. Phys. 44, 271.

[59] Losa G., Merlini D., Nonnenmacher T. & Weibel E. (Editos) Fractals in Biology
and Medicine, Vol. I, Proceedings of Fractal 2000 Third International Symposiu,
Birkhauser Verlag.

[60] Mandelbrot B., 1982,The Fractal Geometry of Nature Freeman, San Francisco.
[61] Martin P. & Forriez M., 2006, Geopoint Colloquium: Demain la Geographigin press.
[62] McKeon D.G.C. & Ord G. N., 1992 Phys. Rev. Lett.69, 3.

[63] Nelson E., 1966Phys. Rev.150, 1079.

[64] Noble D., 2002BioEssays 24, 1155.

[65] Noble D., 2006,The music of Life: Biology Beyond the Genomeéxford University
Press.

[66] Nottale L. & Schneider J., 1984). Math. Phys. 25, 1296.
[67] Nottale L., 1989,Int. J. Mod. Phys. A 4, 5047.

[68] Nottale L., 1992,Int. J. Mod. Phys. A 7, 4899.
http://luth.obspm.fr/ [Iukhier/nottale/ar1IMP2 . pdf

[69] Nottale L., 1993,Fractal Space-Time and Microphysics: Towards a Theory of &e
Relativity, World Scienti ¢, Singapore.

[70] Nottale L., 1994, inRelativity in General, (Spanish Relativity Meeting 1993), edited
J. Diaz Alonso & M. Lorente Paramo (Eds.), Editions Fronteres, Paris, p. 121.
http://luth.obspm.fr/ [Iukhier/nottale/arSalas.pdf

[71] Nottale L., 1994, inChaos and Di usion in Hamiltonian Systems Proceedings of
the fourth workshop in Astronomy and Astrophysics of Chamawr (France), 7-12
February 1994, D. Benest & C. Froesche (Eds.), Editions Fnteres, p. 173.
http://luth.obspm.fr/ [(Iukhier/nottale/arChamonix.pdf

[72] Nottale L., 1996,Chaos, Solitons & Fractals7, 877.
http://luth.obspm.fr/ [Iukhier/nottale/arRevFST.pdf

61



[73] Nottale L., 1996,Astron. Astrophys. Lett. 315, L9.
http://luth.obspm.fr/ (Iukhier/nottale/arA&A315.pdf

[74] Nottale L., 1997 ,Astron. Astrophys. 327, 867.
http://luth.obspm.fr/ [(Iukhier/nottale/arA&A327.pdf

[75] Nottale L., 1997, inScale invariance and beyondroceedings of Les Houches school,
B. Dubrulle, F. Graner & D. Sornette eds., (EDP Sciences, Lédllis/Springer-Verlag,
Berlin, New York), p. 249.
http://luth.obspm.fr/ [(Iukhier/nottale/arhouche.pdf

[76] Nottale L., Schumacher G. & Gay J., 1997Astron. Astrophys. 322, 1018.
http://luth.obspm.fr/ [(Iukhier/nottale/arA&A322.pdf

[77] Nottale L., 1998,Chaos, Solitons & Fractals9, 1035.
http://luth.obspm.fr/ (Iukhier/nottale/arobliq.pdf

[78] Nottale L., 1998,Chaos, Solitons & Fractals9, 1043.
http://luth.obspm.fr/ [Iukhier/nottale/arPSR.pdf

[79] Nottale L., 1998,La relativie dans tous sesetats Hachette, Paris, 319 pp.

[80] Nottale L. & Schumacher G., 1998, irFractals and beyond: complexities in the sci-
ences M. M. Novak (Ed.), World Scienti c, p. 149.
http://luth.obspm.fr/ (Iukhier/nottale/arFrac98.pdf

[81] Nottale L., 1999,Chaos, Solitons & Fractals10, 459.
http://luth.obspm.fr/ (Iukhier/nottale/arSRprogr.pdf

[82] Nottale L., Schumacher G. & Lekvre E.T., 2000Astron. Astrophys. 361, 379.
http://luth.obspm.fr/ (Iukhier/nottale/arA&A361.pdf

[83] Nottale L., 2001, inFrontiers of Fundamental Physics Proceedings of Birla Science
Center Fourth International Symposium, 11-13 December 200B. G. Sidharth & M.
V. Altaisky (Eds.), Kluwer Academic, p. 65.
http://luth.obspm.fr/ [(Iukhier/nottale/arBirla00.pdf

[84] Nottale L., 2001,Revue de SyntteseT. 122, 4e S., No 1, January-March 2001, p.
93.
http://luth.obspm.fr/ [(Iukhier/nottale/arSynthese2.pdf

[85] Nottale L., 2001,Chaos, Solitons & Fractals12, 1577.
http://luth.obspm.fr/ (Iukhier/nottale/arCSF2001.pdf

[86] Nottale L., Chaline J. & Grou P., 2000,Les arbres de levolution: Univers, Vie,
Socees, Hachette, Paris, 379 pp.

62



[87] Nottale L., Chaline J. & Grou P., 2002, inFractals in Biology and Medicine, Vol. Ill,
Proceedings of Fractal 2000 Third International SymposiupG. Losa, D. Merlini, T.
Nonnenmacher & E. Weibel (Eds.), Birkhauser Verlag, p. 247
http://luth.obspm.fr/ [(Iukhier/nottale/arbiomed.pdf

[88] Nottale L., 2002, inPenser les limites. Ecrits en I'honneur d'Ande Green Delachi-
aux et Nieste, p. 157.
http://luth.obspm.fr/ [Iukhier/nottale/arGreen.pdf

[89] Nottale L., 2003,Chaos, Solitons & Fractals16, 539.
http://luth.obspm.fr/ [(Iukhier/nottale/arScRCosmo.pdf

[90] Nottale L., 2004, in \Computing Anticipatory Systems.CASYS'03 - Sixth Interna-
tional Conference" (Lege, Belgique, 11-16 August 2003paniel M. Dubois Editor,
American Institute of Physics Conference Proceeding&l8, 68.
http://luth.obspm.fr/ (Iukhier/nottale/arcasys03.pdf

[91] Nottale L., 2004, inScienti ¢ Highlights 2004, Proceedings of the Jourrees di&a
SF2A, Paris 14-18 June 2004, F. Combes, D. Barret, T. Contini, F. Bynadier & L.
Pagani (Eds.), EDP Sciences, p. 699.
http://luth.obspm.fr/ [(Iukhier/nottale/arSF2A04.pdf

[92] Nottale L., Gekrier M.N. & Lehner T., 2006, J. Math. Phys. 47, 032303.
http://arXiv.org/abs/hep-th/0605280

[93] Nottale L., 2006, in Proceedings of the Sixth Internatnal SymposiumFrontiers of
Fundamental Physics Udine, lItaly, 26-29 September 2004, Sidharth, B.G., Honle
F. & de Angelis, A. (Eds.), Springer, p. 107.
http://luth.obspm.fr/ (Iukhier/nottale/arUdine.pdf

[94] Nottale L. & Timar P., 2006, Psychanalyse & Psychose, 195.
http://luth.obspm.fr/ [(Iukhier/nottale/arpsy2.pdf

[95] Nottale L. and Gekrier M.N., 2007, J. Phys. A 40,
14471http://arXiv.org/abs/0711.2418

[96] Nottale L., 2007, Special Issue (July 2007) on \Physiag Emergence and Organiza-
tion", Electronic Journal of Theoretical Physics4 No. 16(1l), 187-274.
http://luth.obspm.fr/ [(Iukhier/nottale/arEJTP.pdf

[97] Nottale L., Heliodore F. & Dubois J., 2007 Log-periodic evolution of earthquake rate
in preparation.

63



[98] Nottale L., 2007, inLes grands ce s technologiques et scienti ques du XXk acle,
P. Bourgeois et P. Grou Eds., Ellipse, Chap. 9, p. 121.

[99] Nottale L., 2007, inLes Grands De s Technologiques et Scienti ques au XXk scle,
under the direction of Philippe Bourgeois and Pierre Grou, lipses, Chap. 9, p. 121.
http://luth.obspm.fr/ (Iukhier/nottale/arNottaleNT.pdf

[100] Nottale L., 2008, in \Proceedings of 7th InternationlaColloquium on Cli ord Al-
gebra”, Toulouse, France, 19-29 Mai 2003\dvances in Applied Cli ord Algebra 18,
917.
http://luth.obspm.fr/ (Iukhier/nottale/arCCA7 .pdf

[101] Nottale L. & Auray C., 2008, Progr. Biophys. Mol. Bio., 97, 115.
http://luth.obspm.fr/ [(Iukhier/nottale/arPBVMBO8NA. pdf

[102] Nottale L. and Timar P., 2008, inSimultaneity: Temporal Structures and Observer
Perspectives Susie Vrobel, Otto E. Rssler, Terry Marks-Tarlow, Eds., Wdd Scien-
ti c, Singapore), Chap. 14, p. 229.
http://www. luth.obspm.fr/ (Iukhier/nottale/arNotTim08.pdf

[103] Nottale L., 2009,The theory of Scale Relativitybook 540 pp., submitted for publi-
cation.

[104] Novak M. (Editor), 1998,Fractals and Beyond: Complexities in the Sciences, Pro-
ceedings of the Fractal 98 conferenc&Vorld Scienti c.

[105] Ord G.N., 1983J. Phys. A: Math. Gen. 16, 1869.

[106] Ord G.N., 1996 Ann. Phys. 250, 51.

[107] Ord G.N. & Galtieri J.A., 2002, Phys. Rev. Lett.1989, 250403.

[108] (Particle Data Group) Yao W.-M. et al., 2006J. Phys. G 33, 1

[109] Pecker J.C. & Schatzman E., 195%strophysique gererale Masson, Paris.
[110] Peterson M.A., 1979Am. J. Phys. 47, 488.

[111] Pissondes J.C., 1999, Phys. A: Math. Gen. 32, 2871.

[112] Polchinski J, 1998String Theories Cambridge University Press, Cambridge UK.
[113] Queiros-Conce D., 2000C. R. Acad. Sci. Paris 330, 445.

[114] Rovelli C. & Smolin L., 1988Phys.Rev. Lett.61, 1155.

[115] Rovelli C. & Smolin L., 1995Phys.Rev.D 52, 5743.

64



[116] Saar S.H. & Brandenburg A., 199%strophys. J. 524, 295.

[117] Salam A., 1968Elementary Particle Theory Eds. N. Svartholm, Almquist, & Wik-
sells, Stockholm.

[118] Schneider J., 2008, The Extrasolar Planets Encyclopaedia
http://exoplanet.eu/index.php

[119] Smith N.P, Nickerson D.P., Crampin E.J. & Hunter P.J.,2004,Acta Numerica, p.
371, Cambridge University Press.

[120] Sornette D. & Sammis C.G., 1995]. Phys. | France 5, 607.

[121] Sornette D., Johansen A. & Bouchaud J.P., 1996, Phys. | France 6, 167.
[122] Sornette D., 1998Phys. Rep.297, 239.

[123] D.N. Spergel et al., 2006, arXiv: astro-ph/0603449

[124] Tegmark M. et al., 2006Phys. Rev.D 74, 123507 (arXiv: astro-ph/0308632).

[125] Timar P., 2002, http://www.spp.asso.fr/main/PsychanalyseCulture/ Sciences-
DeLaComplexite/ltems/3.htm.

[126] Wang M.S. & Liang W.K., 1993 Phys. Rev.D 48, 1875.
[127] Weinberg S., 1967/Rhys. Rev. Lett.19, 1264.

[128] Zeldovich Ya. B., Ruzmaikin A.A. & Sokolo D.D., 1983,Magnetic Fields in As-
trophysics Gordon and Breach.

65



	Introduction
	Theory
	Foundations of scale relativity theory
	Laws of scale transformation
	Fractal coordinate and differential dilation operator
	Self-similar fractals as solutions of a first order scale differential equation
	Galilean relativity of scales
	Breaking of scale invariance
	Generalized scale laws
	Special scale-relativity

	Fractal space and quantum mechanics
	Critical fractal dimension 2
	Metric of a fractal space-time
	Geodesics of a fractal space-time
	Covariant total derivative
	Complex action and momentum
	Motion equation
	Wave function
	Correspondence principle
	Schrödinger equation and Compton relation
	Von Neumann's and Born's postulates
	Nondifferentiable wave function

	Generalizations
	Fractal space time and relativistic quantum mechanics
	Gauge fields as manifestations of fractal geometry
	Quantum mechanics in scale space


	Applications
	Applications to physics and cosmology
	Application of special scale relativity: value of QCD coupling
	Value of the cosmological constant

	Applications to astrophysics
	Gravitational Schrödinger equation
	Formation and evolution of structures
	Planetary systems

	Applications to sciences of life
	Applications of log-periodic laws
	History and geography
	Predictivity
	Applications in Earth sciences

	Applications of scale relativity to biology
	Confinement
	Morphogenesis
	Origin of life
	Duplication
	Bifurcation, branching process
	Nature of first evolutionary leaps
	Origin of the genetic code


