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1. Introduction
• Astrophysical black holes

many candidates in the universe
~10M☉ stellar BHs (X-ray binaries, etc.)
106 ~ 108M☉ supermassive BHs 

(galactic center, AGN, Quasars, etc.)

• Uniqueness (assuming 4-dim GR)

Black hole is characterized only by mass (M) and
angular momentum (J)  --- Kerr solution  

Can we actually ‘see’ black holes?

Yes, by observing gravitational waves from BHs.



Gravitational waves from EMRI
(Extreme Mass Ratio Inspiral)

BH gravitational
waves

BH: M ≳106M☉
NS, BH, etc.: M ~ M☉

expected to be detected by LISA
• probe spacetime around BH

• probe properties (mass & spin) of BH

BH perturbation approach is most suited for EMRI



2. Perturbation of Schwarzschild BH
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Regge-Wheeler-Zerilli formalism
Fourier-harmonic expansion: 
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Even parity (7 d.o.f.) 
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Odd parity (3 d.o.f.)  
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decomposition of metric perturbation



Regge-Wheeler gauge
4 gauge d.o.f.

Even parity (7-3=4)
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Perturbation equations in RW gauge
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But Zerilli found a master variable Zerilli (‘70)X(+)
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Chandrasekhar transformation

Chandrasekhar (’83)
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RW eq. and Zerilli eq. are found to be equivalent to each other.

This fact is related to Starobinsky-Teukolsky id. 
found among Newman-Penrose variables.



Ingoing & upgoing solutions
Since RW and Zerilli eqs. are equivalent, we focus on RW eq.

• 2 independent solutions
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Asymptotic amplitudes of X(+) and X(-)
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Wronskian (flux conservation)
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Causal (retarded) Green function
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Amplitude at infinity and at horizon
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Quasi-normal modes 
homogeneous solutions of X such that
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consider Xin,



∵ If Im(ω)>0, Xin would damp exponentially at both r*→∓∞
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WKB solution of QNMs
Schutz & Will (‘85)

QNMs ~ resonance with V

we expect σ2 ~ Vmax

expand ω2-V around V=Vmax≡V0
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• WKB solution with ‘outgoing’ b.c. at x→∓∞
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numerical (~exact) result

l=2 fundamental
mode (n=0)

Mωl=2,n=0
=0.37367 - 0.08896 i

Mωl=2,n=0
=0.38490 - 0.09623 i
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Andersson & Linnaeus (‘92) 

WKB:

Numerical:



Detweiler (‘80)

Quasi-normal modes of Kerr BH

Q-value (=σ /Γ) is
larger for BHs

with higher spin



Excitation of QNMs

Anninos, Hobil, Seidel, Smarr & Suen (‘93)

QNM fit to numerical data for 2BH head-on collision

l =2 waveform fitted by the first
two (n=0,1) least damped modes



Why waveform can be fitted by QNMs
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waveform at infinity:
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