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1. Introduction

 Astrophysical black holes
many candidates in the universe

~10M, stellar BHs (X-ray binaries, etc.)

10° ~ 108M, supermassive BHs
(galactic center, AGN, Quasars, etc.)

e Unigueness (assuming 4-dim GR)

Black hole is characterized only by mass (M) and
angular momentum (J) --- Kerr solution

Can we actually ‘see’ black holes?

Yes, by observing gravitational waves from BHSs.



Gravitational waves from EMRI

(Extreme Mass Ratio Inspiral)

BH: M 210°M /
@
gravitational
waves

expected to be detected by LISA
e probe spacetime around BH

NS, BH, etc.: M ~ M,

* probe properties (mass & spin) of BH

BH perturbation approach is most suited for EMRI



2. Perturbation of Schwarzschild BH

. metric . G=c=1 units
ds® = —(1—2—det2 +(1—2—Mj dr’ +r*(dé* +sin”0dg?)
r r
=g, dx"dx" --- static, spherically symmetric

 perturbation
9, 9, +ghw
G,[9]=0->G, [9+&h]=87T, -G, [h]=8~T,

[ -Oh,, +(V,f,+V,f,)-R,*/h,, =164T,, }

_ 1 - =
hquhuv_ngh o fﬂEV hw



Regge-Wheeler-Zerilli formalism
Fourier-harmonic expansion: h, ~h . (r)e™ CA)W Y (6,9)]
2-sphere metric: dQ* =d&” +sin’ 8d¢® = y ,,dx“dx®
o scalar spherical harmonics
Y [i)+ [(l +1)}YIm (0,0)=0

e vector harmonics
DY £.:D%Y, ;  €as - UNit antisymmetric tensor

Im ?

e tensor harmonics Cap = " Cgy \f
1 @
7/ABYIm ) DADB_EgAB A Y|m ,

| £,cD Dy +£,,D°D, |Y

Im



decomposition of metric perturbation

Even parity (7 d.o.f.)
h) Q)

(+)
00 ! Or ? hrr OCYIm
(+) (+)
hOA ! hrA o DAYIm

] 1 @
h(AéL) =7asY

h,(A+E§TL) ocC [DADB _§7AB A] Yim

Im ?

Odd parity (3 d.o.f.)
he' =g’ =h;,” =0
on s iy o £,aD°Y,

hf;B) o [€5c D° Dg +&ac D¢ D.1IY,,



Regge-Wheeler gauge
4 gauge d.o.f.

X —s X+ EH = huv N huv —(Vﬂﬁv —I—vaﬂ)
Even parity (7-3=4)
65(0+)’ §(r+) CY s 5('—&\0—) DY,
== hyl=h=hg™ =0
4 non-zero components: h{?, hY h" hiH(cy,.)
Odd parity (3-1=2)
5(6) X gAB DBYIm
——> hg\_B) =0
2 non-zero components:  h{), h%)



Perturbation equations in RW gauge
Odd parity:
hiadx"dx" =—[hdtdx* + hdrdx"]e,, DY, e

0G5z =0:
loh,
1-2M/r

d
+—[@-2M/r)h,]=0
e [ )h, |

5G_, =0:

io [ ,d(h) . h,
2 2 Do) ioh [+(1-D+2)2 =0
1—2M/r{ dr(rzj @ 1} (=2 )r2

0G,, =0: redundant because of Bianchi id.

remaining 6G,, =0 are trivial.



Introducing the variable, X =(1-2M /r)ﬁ
r

d2
{ > +a)2—V()(r)}X() =0

dr

r*=r+2MIn(r/2M -1) ---tortoise coordinate

{—oo {ZI\/I
r~— & r-

o0 o0

|(|+1) 6M

I’ r’

e N e

peak at r ~3M

VOr)y=1-2M/r )( j --- RW potential

>r*



Even parity:
h"dx™dx" =[(1-2M /r)H dt* + 2H dtdr
+H,(1-2M/r) " +r*K g,,dx"dx®]Y, e

Non-trivial egs. are
0G,, =0, 6G,, =0, 6G,, =0, 6G,; =0, 6G,, =0

Much more complicated than odd parity eqgs.

But Zerilli found a master variable X®)

d2
{ +° —v<+>(r)}x<+> =0

dr *?

A(A+2r’ +6A°Mr? +36AM°r +72M°
r*(Ar +6M)°

A=1(1+D)-2=(1-1)(+2) --- Zerilli potential

VE(r)y=1-2M/r)



Chandrasekhar transformation

RW eq. and Zerlilli eqg. are found to be equivalent to each other.

v<i>=/1(/1+2)f+(6|\/|)2f2i6|\/|O‘Ij—f
r*
(o 1-2M/r
@ r(Ar +6M)
(A(A+2)F12iMw) X
2
B T WL Gt AD FEPT VIR (VIS
r(Ar+6M) dr*

This fact is related to Starobinsky-Teukolsky id.
found among Newman-Penrose variables.



Ingoing & upgoing solutions
Since RW and Zerilli egs. are equivalent, we focus on RW eq.
2 Independent solutions
(gior L ¥ —o0

-)
><in > —iwr* lor* . *
A, (w)e + A, (w)e L r* —> o

B, (w)e"" +B,, (0)e"" ; r*——w

XSF_,) -3
e S G e
1 Aout(a)) Bin(a)) 1
Ain(w) out(a))

X (r)eriet Xyp(r)etet



Asym

ptotic amplitudes of X)) and X®)

At r*==xoco, Xt and X0 are related as

(/1(/1 +2) $12i|\/lw) X&) = [/1(/1 +2)+12M i*} X (F)
r
This gives
e L r* > —0
Xi(n+) N 6 . -
— A ()" + A, (®)e“" ; r*>ow
L0
—ior* CTO lor*
B, (w)e ™ +—=B,,(w)e” ; r—s-owo
X&)y Co
up —
%" LI oo
N C0

C,=A(1+2)-12i Mw



Wronskian (flux conservation)

d d

(hereafter, X=X0)

W[Xim)—(in]E Xin Xin =X Xin \
dr* dr *
=21l = 2ia)(| A, () |2 —| Ay (@) |2)
] ; > valid for
W[Xup,xup]EXup dr*xup_xup dr * Xup real w
=2i0=2i0(|B,, () ~1B, (@)F)

= |A(@)F - A (@)= By (@) - B, (@) =1

d d
W[Xin , ><up] = Xin qup o ><up ﬁxl

=210A, (v) =2i10B,_, (»)
|::> Ain (Cf)) = Bout (Cf))

n

valid for complex o



Causal (retarded) Green function

When there is a source term (eg, orbiting particle),

{ d; s —V(r)}x = S(r) V(r)=VA(r)
ar X(r) = X(r)

natural causal boundary condition is
Z, (0)e™" ; r*—> —w (ingoing at horizon)
Z (w)e“" ; r*—w (outgoing at infinity)

e radial Green function satisfying the boundary condition

I *?

{ d" +o° -V (r)}G(a); r*r*)=3o(r*—r*')
O(r * —r*) X, (r*) X, (r*) + 0(r *" —r*)X; (r<) X, (r<)
WX, , Xup]
= 22iwA (0) =2iwB,, (o)

G(w; r*,r*") =



Amplitude at infinity and at horizon

X(o;r*) = j_idr *G(w; r*, r*)S(r*’)
1
2iwA,

| X, ()] dr Xup(r*’)S(r*’)}

{xup(r*) ["dre X, (r)s(r)

Z e -
X(r*; o) - (@) . B
Z_(w)e™" ; r*-ow

1 © . -
Zol)= 2iwAin(w)j_wdr X (re)S(r*) NP
! * * * % in — “out
Q ZH(w):ZiwAin(w)j—wdr X, (r*)S(r*)

For waves at infinity, we only need to know X,
For waves at horizon, we only need to know X,




Quasi-normal modes

homogeneous solutions of X such that

N e " i r* > —wo ingoing at horizon
MM Jglert - px_y 40 outgoing at infinity
consider X,
X N e—ia)r* ’ r* o
" A (@) T+ A () 1w

QNMs: X;, satistying A (w)=0 (X, satistying B, (@)=0)

= [ @. complex with Im(a))<O}




Proof:
e IS complex.
" If w=real, it contradicts with flux conservation
| AL (@) | A (@)=~ A (@) =1
e Im(w)<0
" If Im(w)>0, X., would damp exponentially at both rx—+oco

( eﬁ&)l’* ~ ei(lm )r* at rkx—Foo )

© _ d?
Then from f wdr*x{_dr*z —w2+v}x =0
d

[Oodr*{ 9 % X+v>?x}:a)2jo°dr*\x\2>o
= dr* dr* =

This Is inconsistent with the fact that o iIs complex.



From reality of V(r), there is a symmetry X(-o,r*) = X(w,r*)
= 2
L[X(a),r*)]{dd

r*°
:> Ain (_a—)) — Ain (6())

+w° -V (r)} X(w,r*)=0

If wis a QNM, then so is -®

= w=t0-iF (I>0)

 QNMs damp exponentially in time
(~ stability of Schwarzschild BH)

—lot
Xy ~{

—lo(t+r*) .

; r*— —o0

+io(t-r*) .

; r*— +o0

e
e

=  Xgwme e as tkrr 5o




WKB solution of QNMs

QNMs ~ resonance with V

= we expect o~V .,
V

1 < > Aout
N Ain:O

*
rO

expand @?-V around V=V, .=V,

Vo|(r * —r,*)? + -

w° -V =a)2—VO+%

X

set r>-r,>= -
@21V, )"




2

d +Q(X)}X=0; Q(X)=QO+XT, Q=

= {dx2

w? -V,
2|V'|

This is Weber’s equation with v+1/2=1Q,

2 2 .
d—+v+£—z— X =0 Z=g 4 X
dz* 2 4

e solution is a parabolic cylinder fcn.
X=aD (z)+bD_, _(iz)

2 2

. X . X
~ va'a A v T
C(-x)"e * +d(-x)""e * . X —> —00
~ <
T, X ——|(v+1) o L
ae4xe4+be X'77e 4 XS
3r. ] 2 3r.
STy Ziv 27T ~ “Zi(v+) Zi(v-3) /21
C=ae?* +be? d=be* —ae*

r(v+1) ['(—v)




« WKB solution with ‘outgoing’ b.c. at x—=Fo0

( 2

_i XQl/Z(X!)dX/ —|X—

e I ~e 4} X—> -
X~

2
+i XQllz(x’)dx' i—
ejo ~e 4, X—>w

\

To match to this WKB solution, we must require

~ 37 (v41) %i (v=3) /27T

b=0 and d=be?* —ae

I'(—v) -

— b=0, v=n(n=0,1,2,~)

1 o’-V, .
nN+==

4 1 -
I — "=V, —2|V, |(n+—j|
2 J21v)) 2

)




numerical (~exact) result

|I=2 fundamental
mode (n=0)
Numerical:
M (()|:2,n:0 - gl ‘1 f:
=0.37367 - 0.08896 i L
i 10}
WKB: 12} "
MwI:Z,n:O | -0.6 0.4 -0.2 Re(c)OM 0.2 04 0.6
=0.38490 - 0.09623 | Andersson & Linnaeus (‘92)
M 10°M
v, =220 ~10kHz —2 =10?Hz ——2 - detectable by LISA
27 M M



10 x Im(ocM)

Re (o M)

Quasi-normal modes of Kerr BH

1.0 | | 1 | | T 1 | |

Q-value (=o/T) is
larger for BHs
with higher spin

Re(o) m=2
0.2
i Detweiler (“80)
0.0 | L .1 | L | | L |
2.0 0.2 0.4 0.6 Q.8 1.0

a/m



Excitation of QNMs

QNM fit to numerical data for 2BH head-on collision

- i

gﬁ[ | Jr1"|| - S
N p=21 'I/\ Ilr I. |-—— Er'wa::nf-l::ﬁ :Elmclum al r—dli_lh.-ll
O e |
BER
| | | |,
0.1} | ||
| | \ [
[ o ! | Ve I.'f \
S e ey [ | B N Y W
. [ER L . '-III || i l.".:_'!'l; I..___ 1'-.‘“\- -;?__-'_"__..-‘H.'__—_--_-..—-.
| =2 waveform fitted by the first | |\ |\ / Lo
| | H '. I|'
two (n=0,1) least damped modes | ) g
! .I | '.II I! o
? II' |/I Il'k /
02} \
; I {{;. N — l[:]fl_l - T 2[:][] J

Time (M)

FIG. 1. /=2 wave forms for the case u=2.2. The solid line
shows the wave form extracted at R =40M and the long-dashed
line shows the wave form at R =60M. The short-dashed line

shows the gquasinormal mode fit.

Anninos, Hobil, Seidel, Smarr & Suen ( ‘93)



why waveform can be fitted by QNMs

waveform at infinity:

—lo(t—r¥*)

o0 e
X (t-r*)~| do dr*'X,,(o,r*")S(e,r*'
=1~ [ do= A (o) [ dr X, (o,r*)s(e,r*)
QNMs ~ poles in the w-plane
t-r* >O Z e—ia) (t-r¥*) J‘
— dr*X. (@,,r*)S(m,,r*’)
~w 0 A (a))‘

N

X
X
X

X

In reality, there is a cut
along Re(w)=0

g

leads to power-law
taill at late times

X
S

X X

X

—'\*\\\\\\\\\\\\\\\\\\\
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