3. Perturbation of Kerr BH

Kerr geometry:
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« Unfortunately, it is technically formidable to deal with the metric
perturbation of Kerr BH because of coupling between r and &

* Nevertheless, there exists a formalism (Newman-Penrose
formalism) to deal with perturbations of Kerr geometry.



Complex null-tetrad and Weyl tensor

Newman & Penrose ('62)
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where | 1“=nn“=m m“=0 -l n“=m m*=1
flat space example:
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Weyl tensor components (10 d.o.f. = 5 complex d.o.f.)




Lorentz transformation of tetrad frame

(6 d.o.f. = 3 complex d.o.f.)

(1) 151, m>m+al, ns>n+am+am+aal
(2) N>n, mo>m+bn, l>l+bm+bm+bbn

(3) > Al Nn>n/A, m—e“m

transformation of Weyl components
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In particular, under (2)

N—-nNn Mm-m+bn, l->l+bm+bm+bbn

we have
¥, >V, =P(b)=¥,b" +4¥,b°+6¥ b’ +4¥ b+¥ 1
4¥, —4¥, =P'(b) = 4¥,b° +12¥ b* +12¥,b+4¥ 1

Petrov type D:
PELP4(b—b1)2(b—b2)2 Kerr is type D

One can make Y,=0 by (2) with b=Db,

In this case,
4¥] =P'(b) =2, |(b-b;)(b—b,)" +(b-b;)* (b-b,)}

Hence we have Y¥,=0 simultaneously.



The result is 1
W\ (0 w,) |29 | (1w, (b -b,)
(qjlj:(oj (LP3J_ iQ _(;q]4(b1_b2)2j
24
If we further apply transformation (1)
Y =y
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\P:—P”(b)+ TPr(0)=3 T(b ~b,)(1+a(b, b))
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b, —b, —> Only ¥,#0

(I and n are called repeated principal null directions)

When we consider the perturbation,
¥Y,and ¥, are both gauge-invariant and Lorentz-invariant.

(Y, and Y, are not Lorentz-invariant.)



For Kerr geometry,
 Kinnersley’s null-tetrad
1“=A%(r’+a’,A,0,a)

n* =(22)_1(r2+a2 —A, 0, a)
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Teukolsky eguation
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Teukolsky equation T =, T [T yv:|
_ T I
- [ > "”] =4z 2,1 2nd order diff operator

This may be solved by separation of variables
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A=(w,l,m)
’ @: spin-weighted
spheroidal harmonics
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source term
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Teukolsky-Starobinsky identity
Relation between ;R & ,R (¥, & ¥,)

( — _ K ; - K
A (DN [A%LR]=C R @:ar_|X, D :8F+IX
<
(D)'[,R]=C,R K=(r’+a*)w—am

k A=r?-2Mr+a’
(D) A’ (D" [A%,R]=|C| ,R

I

A (DY A (D) ,R]=[C| LR

C" =(Q, +4amwm-4a’w’)[ (Q, - 2)’ +36awm —36a’w’ |
+(2Q, -1)(96a’°w’ —48awm) +1440w°(M? —a*)
Im[C]=12Mw Q, =4 +s(s+1)=Q

a—0limit: C(a=0)=A4(1+2)+12iMw=C,



Chandrasekhar transformation (for a=0)

» For the Schwarzschild case, we have two independent
formalisms: RWZ formalism & Teukolsky formalism

How are they related?

Radial s=-2 Teukolsky eq.
[A,A_+A(A_-B(N)]Y =0; Y =r’,R(r)
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Setting vy :ABA {r_[\ (rx)} ~one finds X satisfies RW eq.:
r + A +

[A,A_—V(r)]X=0
Thus

r’ A’
LR=rY =AA, {—AJrX)} =—J.J,[rX]
A r
A? d . r’
R=—J.J |rX J, =—=xlo—
— {2 r’ A ]} fodr A
] D'(a=0)
Inverse transformation: | D@=0)

S 2
cX = | Ta | 2R oy g | =22
Al AT U r

C,=A(1+2)-12i Mw
No such transformation is known for Kerr case




Gravitational radiation from EMRI

<> M>> g

<> Vv/c can be

5 5G|

compact star (# ~Mg) can be approximated by a point particle:
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dr dr \@
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Green function method
Boundary conditions for homogeneous modes
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Mano-Takasugi-Suzuki formalism
(Mano et al.(1996)&(1997))

R Z(QB 0% (x) J-gd*x", Q'” T(X)+

QY =R (r ) Z,(0,p)e 51{{1 =R"(r).Z, (0,0)e""
@ RY(r) atsmallrand RY(r) atlarge r are not

difficult to obtain by series expansion.

& To evaluate the Wronskian W, ~, Ri® 6, AR}

we need to evaluate (R (r) atlarger.
(or (R"(r) atsmallr)

Need to construct a solution valid in the whole range of r



MTS method

e Expansion near horizon (for simplicity, seta = 0)
series in terms of hypergeometric functions

RN~ (@)~ 3 alipnt (@) (mlj

P, (X)=F(n+v-1-ig,—Nn—v-2-lg,1-2ig;X)

v: eigenvalue (to be determined) [ e=2M a)}

( Newton limit: e >0, v—>1 or -(1+1) )

Teukolsky equation leads to 3-term recursion relation
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Analytic continuation of F (o, 3, v ; X) to large X
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e EXpansion around r = oo
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{L, confluent hypergeometric fcn.
(Coulomb wave fcn.)

MTS find exactly the same 3-term recursion relation as
the one near horizon

— matching at z<oo & (-x)>>1 determines ¢! ™= ¢l (]

(matching region: 2M << r <o)



Leading order waveform

dEGW _ dEorbit

Energy balance argument is sufficient:

dt dt

For example, wave form

Waveform

for quasi-circular orbits Is
determined by rate of change
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Energy loss rate for circular orbit on the equatorial plane
In Kerr background to 4PN order
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