
3. Perturbation of Kerr BH

horizon at Δ = 0  (r = r±)

• Unfortunately, it is technically formidable to deal with the metric
perturbation of Kerr BH because of coupling between r and θ

• Nevertheless, there exists a formalism (Newman-Penrose
formalism) to deal with perturbations of Kerr geometry.



Complex null-tetrad and Weyl tensor
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Lorentz transformation of tetrad frame
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(6 d.o.f. = 3 complex d.o.f.)
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Petrov type D:
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In this case,
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The result is

If we further apply transformation (1)
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Ψ0 and Ψ４ are both gauge-invariant and Lorentz-invariant.
(Ψ1 and Ψ3 are not Lorentz-invariant.)

When we consider the perturbation,

(l and n are called repeated principal null directions)



( )1 2 2 0, , ,l r a aμ −= Δ + Δ

( ) ( )1 2 22 0, , ,n r a aμ −
= Σ + −Δ

( )
1 0 1

2
sin , , ,

sincos

i
m ia

r ia
μ θ

θθ
⎛ ⎞= ⎜ ⎟+ ⎝ ⎠

For Kerr geometry,

affinely parametrized outgoing null geodesics

2 3( cos )

M

r i a θ
Ψ =

−

• Weyl

• Kinnersley’s null-tetrad

dx
l

dv

μ
μ =

0 1 3 4 0Ψ = Ψ = Ψ = Ψ =



Teukolsky equation
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This may be solved by separation of variables

spin-weighted
spheroidal harmonics

2nd order diff operator
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∙∙∙ eigenvalue eq.

∙∙∙ radial Teukolsky eq.
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Teukolsky-Starobinsky identity
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Chandrasekhar transformation (for a=0)

• For the Schwarzschild case, we have two independent
formalisms: RWZ formalism & Teukolsky formalism

How are they related?

Chandrasekhar (‘83)
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Gravitational radiation from EMRI
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compact star (μ ~M☉) can be approximated by a point particle:



Green function method
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Mano-Takasugi-Suzuki formalism
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we need to evaluate at large r.
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MTS method
• Expansion near horizon (for simplicity, set a = 0）

Teukolsky equation leads to 3-term recursion relation

ν： eigenvalue (to be determined)
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series in terms of hypergeometric functions
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Analytic continuation of F ( α, β, γ ; x) to large x

One finds with

• Expansion around r = ∞

confluent hypergeometric fcn.
(Coulomb wave fcn.)

MTS find exactly the same 3-term recursion relation as 
the one near horizon

matching at z<∞ & (-x)>>1 determines

1( )z x rε ω= − =

(matching region: 2M << r <∞)
C
νζ C

ν νζ ζ 0∝

2 0 2( , ; )iz n
C n

n

z b e z F izν ν νζ
∞

−

=−∞

≈ ∗ ∗∑



Leading order waveform

( ) ( )2        0        orbitdE
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Energy balance argument is sufficient: GW orbitdE dE
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For example, wave form
for quasi-circular orbits is
determined by rate of change 
of GW frequency f:
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Energy loss rate for circular orbit on the equatorial plane 
in Kerr background to 4PN order

/q a M= ( )1 3/
v M′ = Ω

Orbital freq. as measured
by observer at infinity
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