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L-loop amplitudes

A L-loop four gravitons amplitude in D dimensions has the UV behaviour
4 _
[A(L )] — A(D-2)L42
N = 8 higher-loop amplitudes factorize more momenta

[A(L4)] — A\(D-2)L-6-25, [Dzm R4]

At one-loop one has 31 = 0 and (3, = 2 at two-loops Bern et al.,
D’Hoker/Phong, Berkovits

In this talk we will give arguments for the validity of
By =Lfor L>2

based on the works done with M.B. Green and J. Russo
hep-th /0610299, hep-th/0611273, hep-th/0612nnn, hep-th/07mmnnn
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0 Systematics of four gravitons multiloop amplitudes
© Multiloops amplitudes in eleven dimensions
© Gravitational F-terms

@ Reduction to Four dimensions
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UV behaviour of multiloop amplitudes

Higher-loop amplitudes factorize some higher power of momenta
[A(L4)] — A\(D-2)L-6-25, [DML R4]

Starting from D = 11 a generic L-loop contribution to the operator
D?PL R* after compactification on a circle of radius Ry is

)/\9L 6—206,—w

S(5L+V+3) Zﬁg(l— 1 (R11D2) DZBL R4

11

5(k+3 Z E (L=1) \OL—6—2k— 2qR (1 9 p2k R4
q=BL—
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Relating string and M-theory parameters

The relation between the Type Il string and M-theory parameters

R = (8)°0p
G .
ds?, ., = g—’;Rlllds,z,A+R121(dx11—Cmdx )?

We will assume that these relations always hold and are not corrected by
higher order corrections

Pierre Vanhove (SPhT - Saclay)

Is N = 8 supergravity finite?

December 12, 2006 5/25



UV behaviour of multiloop amplitudes

5[(:2—3)/4 _ e?k—Z /\(S/dloX\/TgA ch e2(h—l)¢A D2kR4

2
§=9L— 626, —w; h:1+kf%ﬁt
Since w parametrizes the UV (sub-)divergences of the L-loop diagram
. 268,
w=3+4+3k—3h—-23,>0 <= h<k+1- 3

Since at one-loop 1 = 0 and the only diverging term is R*
Since at higher-loop we have 5, = 2 for L > 2 then

h <k
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UV behaviour of multiloop amplitudes

Non renormalisation conditions of D>*R* (or R*) operators

@ There are no contributions with string loop genus h > k.

@ The contributions with h = k are determined exactly by finite
contributions from the derivative expansion of the one-loop (L =1)
diagram in eleven dimensions.

@ Contributions with h < k are permitted and may arise from any
number of supergravity loops greater than one (L > 1).

What are the explicit computations in favor of this ?
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Relating M-theory to Superstring
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One loop in 11D

@ N = 8 susy implies that the amplitude factorizes by R* Bern et al.

3

4
=C<t + R, A

@ We have 31 = 0 and degree of divergence d; = 3
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One loop in 11D

e Compactification on T2 gives type lIA or type IIB string

SlA _ /dgx\/gR“ " [22(23) n 4¢(2)

S

r2
M(n—1/2)C(2n —1) an_ .
+ /d9x gray ( /n)!( )ra( Y(a/D?)"R
n>2

H(ten)’

_l’_

n—1)¢(2n—2 _ n
/dQX\/Era ( )’fl( )62(n 1)¢(a/D2) R4

4+ mnon-anal. + non-pert.
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Relating M-theory to Superstring

@ T-duality invariance at one-loop 4 graviton IIA amplitude = IIB
amplitude
1 rs rp
ra < —; —— =
Tt (822 ()

S = /dgx\/§R4 [r2<g(23) + 4452) + r(ﬂpl\)3

S

@ Fixes the value of the cut-off
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One loop in 11D

The higher-derivative one string loop terms are not T-duality invariant!!

SliA _ /ng\/EZ r(n— 1/2)IC(2” -1 r2n=1(o/ D2 R

n:
n>2

T-duality will be recovered once the higher-loop amplitudes contributions
are included
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Two loops in 11D

@ N = 8 susy implies that the amplitude factorizes D* R* Bern et al.

@ This has 8o = 2 and the superficial UV behaviour is §, = 8
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Two-loop in 11d

@ The planar and non-planar 3 double box
amplitude sum into a modular invariant

amplitude
APHNP _
/\2
© P A D“R“/ dVV3/ —fsttu)
Mo(2
=03 (op+ o)X+ p)\) 1/2

@ Gives a uniform way of putting the cut-off
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Two-loop in 11d

T2
FOl F F
0
g1 9 g
f foif

@ The planar and non-planar 3 double box

T1

amplitude sum into a modular invariant
amplitude

APHNP _
/\2
D“R“/ dVV3/ —f V,7;s,t,u)
Mo(2

=3(op+ o+ ,0)\) 1/2

@ Gives a uniform way of putting the cut-off
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Two loops in 11D

The 2-loop amplitude on T2 of volume V and complex structure Q

/\2
APENP(Y Q) = /dVV3/ —r(22 WV, V,7)f(V,T;s,t,u)
r0(2)72
A Ao(r, 7
F(V,ris,t,u) = D*R*+ 1(\;T)DﬁR“ 25/72’7)D8R4+

The coupling A, (7,7) = >_; aén)(r, T) satisfies

Agaén) = )\,-aén) + Pn(72) 0(11)

Source term gets contributions from the cusps of I'g(2)
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Two loops in 11D

Implies that the 10d coupling satisfies

where

lpN)3
/D4R4 = —|-(";5)E5/2_|_
1
15
AqEs;, = 755/2

DoEja32) = 12E3p23/2) — 665
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Type |IB effective action

@ Type IIB theory is obtained by taking M-theory on a 2-torus of
vanishing volume V with fixed complex structure Q = 7

S = / d°x V=GOV Y " h"N(v,Q) D>"R*

1

3+n
2

ADw,Q) = -+ FIN(Q) + - -

@ Only this contribution decompactifies to the 10d type limit

S = / d10x \/—g10) ¢3¢ 0)(r) D20
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Two loops in 11D

@ The D*R* coupling is given by the Es/, series and gets tree-level, no
one-loop contributions and a two-loop superstring contributions The
perturbative results were checked by Green/vanhove;D’Hoker/Phong.

@ The D°R* is given by the generalized series E(z/2,3/2) and gets
tree-level, one-, two- and three-loop superstring contributions.

The one-loop result was confirmed by Green/vanhove.

The 3-loop coefficient matches the one predicts one the type IIA side
by the L = 1 amplitude.

The F-term computation of Berkovits shows that this contribution is
not renormalised after 3-loop.

These ten dimensional couplings should not get corrections from
higher-loop amplitudes in 11D
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Three loops in 11D

4
S 82(k1+p)

@ The ladder diagram has 33 = 4 and Mondrian diagram have (§3 = 2

Bern et al.
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Three loops in 11D (one-loop subdivergences)
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Gravitational F-terms

Using the non-minimal pure spinor formalism Berkovits showed that the
D?"R* up to h =5 are F-terms

At one-loop
A ~ / d'6,d'0k 61165 AW3 ~ R*

At higher-loop up to genus h =5
A§,4) -~ /’duh|2/d160Ld169R 012—2h9’1?2—2h W4‘(dx)g—2‘2 olk-X

~ /’d,ufh|2 |(dX)h72’2 D2hR4 eik-X
where
Wag = Fap+---+0]0% Raqps + -
As = 0]0r8arps+
In ten-dimensions By = Lfor2 <L <5and Gy >6for L>6
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UV behaviour of higher-loop amplitudes

When
Br=1L

the amplitude have a reduced UV behaviour since for
A(L4) ~ DR I(s, t,u; 0/ /R?)
the residual loop integrals I(s, t, u; &' R) behaves as
op=(D—-4)L-6

typical of ©* or 3 coupled to electromagnetism
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Ultraviolet behaviour in N = 8 supergravity

@ The reduction to D = 4 with 5, = L leads to

A(L4) ~ DR I(s, t,u; o/ | R?)

@ where [ has to UV power counting behaviour

0p=—6<0for L >2

@ So there is no UV divergences

@ But the amplitude can have IR divergences
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Ultraviolet behaviour in N = 8 supergravity

@ The low-energy limit of string theory is obtained by taking

2
&s o/* = fixed

o —0; K2, =
(4) A

@ in this limit NS-branes become massless

Oé,

Enss = ——
o)

@ They could be needed to cure the IR singularities of the amplitude
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