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Perturbation theory also serves to model the late (ringdown) stage of 
a Gravitational Waveform for any mass ratio:

Ringdown: final 
BH shedding off 
‘hair’ (QuasiNorm
al Modes)

Ringdown

Credit: LIGO & Virgo 



Extreme Mass Ratio Inspirals

• Numerical Relativity cannot model EMRIs but Perturbation th./
self-force can

M

m
⇠ 104 � 108• Extreme Mass-Ratio Inspirals (EMRIs)

 LISA is expected to see 10-1000 EMRIs/yr (Gair et al’04)

are expected to be one of the main sources of GWs for LISA



e

Abraham-Lorenz Dirac Self-force

 EMRIs can be modeled with the gravitational equivalent of the 
Abraham-Lorenz-Dirac (1938) force on an accelerated electric charge 
in flat space-time:

maµ = fµ
ext +

2e2

3m
Pµ

⇥
df⇥

ext

d�⇤ ⇥� ⌅
emag SF in flat s-t

perpendicular projector to velocity

It’s all local: all quantities are evaluated at the current time



EMRI: inspiral of small mass (                ) 
around supermassive BH (                               )⇠ 105 � 109M�

⇠ 10M�

Self-force for EMRIs

Credit: NASA

Small mass deviates from geodesic of the 
space-time of the supermassive BH due 
to the action of its own (regularized) 
field: gravitational self-force

(Note: the small mass is modelled as a point particle and the field 
evaluated at that point diverges -> regularization is needed)



(1) in the A-L-D case, the SF is due to emag field, in the EMRI case it’s 
due to grav field

(2) in the A-L-D case, the SF is on particle moving on flat s-t, in the 
EMRI case it’s on curved s-t

Differences between the SF in the Abraham-Lorenz-Dirac case

and the SF in the EMRI case                     :

e



(1) in the A-L-D case, the SF is due to emag field, in the EMRI case it’s 
due to grav field

(2) in the A-L-D case, the SF is on particle moving on flat s-t, in the 
EMRI case it’s on curved s-t

Differences between the SF in the Abraham-Lorenz-Dirac case

and the SF in the EMRI case                     :

In this talk, we will focus on difference (2)

e



(1) in the A-L-D case, the SF is due to emag field, in the EMRI case it’s 
due to grav field

(2) in the A-L-D case, the SF is on particle moving on flat s-t, in the 
EMRI case it’s on curved s-t

Differences between the SF in the Abraham-Lorenz-Dirac case

and the SF in the EMRI case                     :

In this talk, we will focus on difference (2)

e

How to calculate the scalar/emag/grav SF on a point scalar 
charge/electrical charge/mass moving on a curved s-t?



due to M

perturbation due to m

= gµ⌫ + hµ⌫ +O

⇣
m

M

⌘2
Total metric

Smaller BH (m) moving on the background metric             of massive 
BH (M) causes perturbation metric 

g�⇥

h�⇥

Linearize Einstein eqs.:

Credit: NASA

Linearized Einstein Eqs.



Background BH spacetime

Background metric            should in principle be that of a rotating 
(Kerr) BH

g�⇥

Some times, for simplicity, the metric of a non-rotating 
(Schwarzschild) BH is used instead



Wave equation for the perturbation

 The linear gravitational perturbation satisfies a wave eq.:

stress-energy tensor of the small BH

“�hµ⇥” = Tµ⇥ � � gµ⇥⇥µ⇥⇥

 Other linear field perturbations of a BH satisfy a similar wave eq.

⇤�(x) = T (x)

Eg, scalar case: 

background metric due 
to large BH



 The GF is the value of the field at x resulting from an ‘impulse’ at x’

�Gret(x, x
�) = �4(x, x

�)

 A crucial object is the retarded Green function

with causal b.c.:

Gret(x, x
0) = 0
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Retarded Green Function

direct null 
geodesic

X

X′

X′

Gret(x, x
0) = 0
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if x’ is not in the 
causal past of x



MiSaTaQuWa eq.: SF can be calculated by integrating the GF over the 
past worldline             of the particlez(⌧)

In the case a scalar charge q, the non-local part of the SF is:

f↵(⌧) = q2r↵

Z ⌧�

�1
Gret(z(⌧), z(⌧

0))d⌧ 0
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Remember that the Abraham-Lorenz-Dirac force did not contain a 
non-local part!
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Where does the contribution to this non-local integral come from?

Remember that the Abraham-Lorenz-Dirac force did not contain a 
non-local part!
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�

Locally-valid (ie, for points x and x’ near) Hadamard form for the 
Green function:

: square of geodesic distance 
between x  & x’

� = 0

Null 
geodesic

X′

U
V

� < 0

� > 0

x = z(⌧)
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support on 
light cone

support inside 
light cone

support in past 
of point x

Gret (x, x
0) = ✓ (�t)| {z }

⇢
U � (�)| {z }�V ✓ (��)| {z }

�
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Contribution 1: Backscattering of waves

U & V: regular



� = 0

Null 
geodesic

X′

U
V

� < 0

� > 0

x = z(⌧)
<latexit sha1_base64="K8G1R9uI4gAc9i2UaUMeZDQGw9s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoBch6MVjBPOQJITZyWwyZHZ2mekV45Kv8OJBEa9+jjf/xkmyB00saCiquunu8mMpDLrut7O0vLK6tp7byG9ube/sFvb26yZKNOM1FslIN31quBSK11Cg5M1Ycxr6kjf84fXEbzxwbUSk7nAU805I+0oEglG00v3j5VOpjTQ56RaKbtmdgiwSLyNFyFDtFr7avYglIVfIJDWm5bkxdlKqUTDJx/l2YnhM2ZD2ectSRUNuOun04DE5tkqPBJG2pZBM1d8TKQ2NGYW+7QwpDsy8NxH/81oJBhedVKg4Qa7YbFGQSIIRmXxPekJzhnJkCWVa2FsJG1BNGdqM8jYEb/7lRVI/LXtu2bs9K1ausjhycAhHUAIPzqECN1CFGjAI4Rle4c3Rzovz7nzMWpecbOYA/sD5/AEqtY/6</latexit><latexit sha1_base64="K8G1R9uI4gAc9i2UaUMeZDQGw9s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoBch6MVjBPOQJITZyWwyZHZ2mekV45Kv8OJBEa9+jjf/xkmyB00saCiquunu8mMpDLrut7O0vLK6tp7byG9ube/sFvb26yZKNOM1FslIN31quBSK11Cg5M1Ycxr6kjf84fXEbzxwbUSk7nAU805I+0oEglG00v3j5VOpjTQ56RaKbtmdgiwSLyNFyFDtFr7avYglIVfIJDWm5bkxdlKqUTDJx/l2YnhM2ZD2ectSRUNuOun04DE5tkqPBJG2pZBM1d8TKQ2NGYW+7QwpDsy8NxH/81oJBhedVKg4Qa7YbFGQSIIRmXxPekJzhnJkCWVa2FsJG1BNGdqM8jYEb/7lRVI/LXtu2bs9K1ausjhycAhHUAIPzqECN1CFGjAI4Rle4c3Rzovz7nzMWpecbOYA/sD5/AEqtY/6</latexit><latexit sha1_base64="K8G1R9uI4gAc9i2UaUMeZDQGw9s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoBch6MVjBPOQJITZyWwyZHZ2mekV45Kv8OJBEa9+jjf/xkmyB00saCiquunu8mMpDLrut7O0vLK6tp7byG9ube/sFvb26yZKNOM1FslIN31quBSK11Cg5M1Ycxr6kjf84fXEbzxwbUSk7nAU805I+0oEglG00v3j5VOpjTQ56RaKbtmdgiwSLyNFyFDtFr7avYglIVfIJDWm5bkxdlKqUTDJx/l2YnhM2ZD2ectSRUNuOun04DE5tkqPBJG2pZBM1d8TKQ2NGYW+7QwpDsy8NxH/81oJBhedVKg4Qa7YbFGQSIIRmXxPekJzhnJkCWVa2FsJG1BNGdqM8jYEb/7lRVI/LXtu2bs9K1ausjhycAhHUAIPzqECN1CFGjAI4Rle4c3Rzovz7nzMWpecbOYA/sD5/AEqtY/6</latexit><latexit sha1_base64="K8G1R9uI4gAc9i2UaUMeZDQGw9s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoBch6MVjBPOQJITZyWwyZHZ2mekV45Kv8OJBEa9+jjf/xkmyB00saCiquunu8mMpDLrut7O0vLK6tp7byG9ube/sFvb26yZKNOM1FslIN31quBSK11Cg5M1Ycxr6kjf84fXEbzxwbUSk7nAU805I+0oEglG00v3j5VOpjTQ56RaKbtmdgiwSLyNFyFDtFr7avYglIVfIJDWm5bkxdlKqUTDJx/l2YnhM2ZD2ectSRUNuOun04DE5tkqPBJG2pZBM1d8TKQ2NGYW+7QwpDsy8NxH/81oJBhedVKg4Qa7YbFGQSIIRmXxPekJzhnJkCWVa2FsJG1BNGdqM8jYEb/7lRVI/LXtu2bs9K1ausjhycAhHUAIPzqECN1CFGjAI4Rle4c3Rzovz7nzMWpecbOYA/sD5/AEqtY/6</latexit>

and so scalar/emag/grav waves 
propagate at all speeds            ! c

<latexit sha1_base64="zfSfHgH4WPwLpvAqE58JV4EiqYY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJmdmadmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsObqd98Qm24kvd2lGKY0L7kMWfUOqnREfhIWLdU9iv+DGSZBDkpQ45at/TV6SmWJSgtE9SYduCnNhxTbTkTOCl2MoMpZUPax7ajkiZowvHs2gk5dUqPxEq7kpbM1N8TY5oYM0oi15lQOzCL3lT8z2tnNr4Kx1ymmUXJ5oviTBCryPR10uMamRUjRyjT3N1K2IBqyqwLqOhCCBZfXiaN80rgV4K7i3L1Oo+jAMdwAmcQwCVU4RZqUAcGD/AMr/DmKe/Fe/c+5q0rXj5zBH/gff4AKM6O1w==</latexit><latexit sha1_base64="zfSfHgH4WPwLpvAqE58JV4EiqYY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJmdmadmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsObqd98Qm24kvd2lGKY0L7kMWfUOqnREfhIWLdU9iv+DGSZBDkpQ45at/TV6SmWJSgtE9SYduCnNhxTbTkTOCl2MoMpZUPax7ajkiZowvHs2gk5dUqPxEq7kpbM1N8TY5oYM0oi15lQOzCL3lT8z2tnNr4Kx1ymmUXJ5oviTBCryPR10uMamRUjRyjT3N1K2IBqyqwLqOhCCBZfXiaN80rgV4K7i3L1Oo+jAMdwAmcQwCVU4RZqUAcGD/AMr/DmKe/Fe/c+5q0rXj5zBH/gff4AKM6O1w==</latexit><latexit sha1_base64="zfSfHgH4WPwLpvAqE58JV4EiqYY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJmdmadmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsObqd98Qm24kvd2lGKY0L7kMWfUOqnREfhIWLdU9iv+DGSZBDkpQ45at/TV6SmWJSgtE9SYduCnNhxTbTkTOCl2MoMpZUPax7ajkiZowvHs2gk5dUqPxEq7kpbM1N8TY5oYM0oi15lQOzCL3lT8z2tnNr4Kx1ymmUXJ5oviTBCryPR10uMamRUjRyjT3N1K2IBqyqwLqOhCCBZfXiaN80rgV4K7i3L1Oo+jAMdwAmcQwCVU4RZqUAcGD/AMr/DmKe/Fe/c+5q0rXj5zBH/gff4AKM6O1w==</latexit><latexit sha1_base64="zfSfHgH4WPwLpvAqE58JV4EiqYY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJmdmadmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsObqd98Qm24kvd2lGKY0L7kMWfUOqnREfhIWLdU9iv+DGSZBDkpQ45at/TV6SmWJSgtE9SYduCnNhxTbTkTOCl2MoMpZUPax7ajkiZowvHs2gk5dUqPxEq7kpbM1N8TY5oYM0oi15lQOzCL3lT8z2tnNr4Kx1ymmUXJ5oviTBCryPR10uMamRUjRyjT3N1K2IBqyqwLqOhCCBZfXiaN80rgV4K7i3L1Oo+jAMdwAmcQwCVU4RZqUAcGD/AMr/DmKe/Fe/c+5q0rXj5zBH/gff4AKM6O1w==</latexit>

In flat s-t, V=0

In curved s-t, generally,          V 6= 0
<latexit sha1_base64="mgcEhNdmeYURCoEe/1y5cbg9zvw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2k3bpZpPuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJaPZpqgH9Gh5CFn1Fip0yI9iRPi9ssVt+ouQNaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOBs1Iv1ZhQNqZD7FoqaYTazxb3zsiFVQYkjJUtachC/T2R0UjraRTYzoiakV715uJ/Xjc14Y2fcZmkBiVbLgpTQUxM5s+TAVfIjJhaQpni9lbCRlRRZmxEJRuCt/ryOmldVT236j1cV+q3eRxFOINzuAQPalCHe2hAExgIeIZXeHMmzovz7nwsWwtOPnMKf+B8/gDeYo8w</latexit><latexit sha1_base64="mgcEhNdmeYURCoEe/1y5cbg9zvw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2k3bpZpPuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJaPZpqgH9Gh5CFn1Fip0yI9iRPi9ssVt+ouQNaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOBs1Iv1ZhQNqZD7FoqaYTazxb3zsiFVQYkjJUtachC/T2R0UjraRTYzoiakV715uJ/Xjc14Y2fcZmkBiVbLgpTQUxM5s+TAVfIjJhaQpni9lbCRlRRZmxEJRuCt/ryOmldVT236j1cV+q3eRxFOINzuAQPalCHe2hAExgIeIZXeHMmzovz7nwsWwtOPnMKf+B8/gDeYo8w</latexit><latexit sha1_base64="mgcEhNdmeYURCoEe/1y5cbg9zvw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2k3bpZpPuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJaPZpqgH9Gh5CFn1Fip0yI9iRPi9ssVt+ouQNaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOBs1Iv1ZhQNqZD7FoqaYTazxb3zsiFVQYkjJUtachC/T2R0UjraRTYzoiakV715uJ/Xjc14Y2fcZmkBiVbLgpTQUxM5s+TAVfIjJhaQpni9lbCRlRRZmxEJRuCt/ryOmldVT236j1cV+q3eRxFOINzuAQPalCHe2hAExgIeIZXeHMmzovz7nwsWwtOPnMKf+B8/gDeYo8w</latexit><latexit sha1_base64="mgcEhNdmeYURCoEe/1y5cbg9zvw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2k3bpZpPuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJaPZpqgH9Gh5CFn1Fip0yI9iRPi9ssVt+ouQNaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOBs1Iv1ZhQNqZD7FoqaYTazxb3zsiFVQYkjJUtachC/T2R0UjraRTYzoiakV715uJ/Xjc14Y2fcZmkBiVbLgpTQUxM5s+TAVfIjJhaQpni9lbCRlRRZmxEJRuCt/ryOmldVT236j1cV+q3eRxFOINzuAQPalCHe2hAExgIeIZXeHMmzovz7nwsWwtOPnMKf+B8/gDeYo8w</latexit>

This is a contribution to the SF from timelike 
paths (“backscattering“ of waves; Huygens 
principle not held)
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<latexit sha1_base64="rnnHO9+rzwlKiR+N+LLjxbHvXXo="></latexit><latexit sha1_base64="rnnHO9+rzwlKiR+N+LLjxbHvXXo="></latexit><latexit sha1_base64="rnnHO9+rzwlKiR+N+LLjxbHvXXo="></latexit><latexit sha1_base64="rnnHO9+rzwlKiR+N+LLjxbHvXXo="></latexit>
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x = z(⌧)
<latexit sha1_base64="K8G1R9uI4gAc9i2UaUMeZDQGw9s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoBch6MVjBPOQJITZyWwyZHZ2mekV45Kv8OJBEa9+jjf/xkmyB00saCiquunu8mMpDLrut7O0vLK6tp7byG9ube/sFvb26yZKNOM1FslIN31quBSK11Cg5M1Ycxr6kjf84fXEbzxwbUSk7nAU805I+0oEglG00v3j5VOpjTQ56RaKbtmdgiwSLyNFyFDtFr7avYglIVfIJDWm5bkxdlKqUTDJx/l2YnhM2ZD2ectSRUNuOun04DE5tkqPBJG2pZBM1d8TKQ2NGYW+7QwpDsy8NxH/81oJBhedVKg4Qa7YbFGQSIIRmXxPekJzhnJkCWVa2FsJG1BNGdqM8jYEb/7lRVI/LXtu2bs9K1ausjhycAhHUAIPzqECN1CFGjAI4Rle4c3Rzovz7nzMWpecbOYA/sD5/AEqtY/6</latexit><latexit sha1_base64="K8G1R9uI4gAc9i2UaUMeZDQGw9s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoBch6MVjBPOQJITZyWwyZHZ2mekV45Kv8OJBEa9+jjf/xkmyB00saCiquunu8mMpDLrut7O0vLK6tp7byG9ube/sFvb26yZKNOM1FslIN31quBSK11Cg5M1Ycxr6kjf84fXEbzxwbUSk7nAU805I+0oEglG00v3j5VOpjTQ56RaKbtmdgiwSLyNFyFDtFr7avYglIVfIJDWm5bkxdlKqUTDJx/l2YnhM2ZD2ectSRUNuOun04DE5tkqPBJG2pZBM1d8TKQ2NGYW+7QwpDsy8NxH/81oJBhedVKg4Qa7YbFGQSIIRmXxPekJzhnJkCWVa2FsJG1BNGdqM8jYEb/7lRVI/LXtu2bs9K1ausjhycAhHUAIPzqECN1CFGjAI4Rle4c3Rzovz7nzMWpecbOYA/sD5/AEqtY/6</latexit><latexit sha1_base64="K8G1R9uI4gAc9i2UaUMeZDQGw9s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoBch6MVjBPOQJITZyWwyZHZ2mekV45Kv8OJBEa9+jjf/xkmyB00saCiquunu8mMpDLrut7O0vLK6tp7byG9ube/sFvb26yZKNOM1FslIN31quBSK11Cg5M1Ycxr6kjf84fXEbzxwbUSk7nAU805I+0oEglG00v3j5VOpjTQ56RaKbtmdgiwSLyNFyFDtFr7avYglIVfIJDWm5bkxdlKqUTDJx/l2YnhM2ZD2ectSRUNuOun04DE5tkqPBJG2pZBM1d8TKQ2NGYW+7QwpDsy8NxH/81oJBhedVKg4Qa7YbFGQSIIRmXxPekJzhnJkCWVa2FsJG1BNGdqM8jYEb/7lRVI/LXtu2bs9K1ausjhycAhHUAIPzqECN1CFGjAI4Rle4c3Rzovz7nzMWpecbOYA/sD5/AEqtY/6</latexit><latexit sha1_base64="K8G1R9uI4gAc9i2UaUMeZDQGw9s=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKoBch6MVjBPOQJITZyWwyZHZ2mekV45Kv8OJBEa9+jjf/xkmyB00saCiquunu8mMpDLrut7O0vLK6tp7byG9ube/sFvb26yZKNOM1FslIN31quBSK11Cg5M1Ycxr6kjf84fXEbzxwbUSk7nAU805I+0oEglG00v3j5VOpjTQ56RaKbtmdgiwSLyNFyFDtFr7avYglIVfIJDWm5bkxdlKqUTDJx/l2YnhM2ZD2ectSRUNuOun04DE5tkqPBJG2pZBM1d8TKQ2NGYW+7QwpDsy8NxH/81oJBhedVKg4Qa7YbFGQSIIRmXxPekJzhnJkCWVa2FsJG1BNGdqM8jYEb/7lRVI/LXtu2bs9K1ausjhycAhHUAIPzqECN1CFGjAI4Rle4c3Rzovz7nzMWpecbOYA/sD5/AEqtY/6</latexit>

and so scalar/emag/grav waves 
propagate at all speeds            ! c

<latexit sha1_base64="zfSfHgH4WPwLpvAqE58JV4EiqYY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJmdmadmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsObqd98Qm24kvd2lGKY0L7kMWfUOqnREfhIWLdU9iv+DGSZBDkpQ45at/TV6SmWJSgtE9SYduCnNhxTbTkTOCl2MoMpZUPax7ajkiZowvHs2gk5dUqPxEq7kpbM1N8TY5oYM0oi15lQOzCL3lT8z2tnNr4Kx1ymmUXJ5oviTBCryPR10uMamRUjRyjT3N1K2IBqyqwLqOhCCBZfXiaN80rgV4K7i3L1Oo+jAMdwAmcQwCVU4RZqUAcGD/AMr/DmKe/Fe/c+5q0rXj5zBH/gff4AKM6O1w==</latexit><latexit sha1_base64="zfSfHgH4WPwLpvAqE58JV4EiqYY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJmdmadmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsObqd98Qm24kvd2lGKY0L7kMWfUOqnREfhIWLdU9iv+DGSZBDkpQ45at/TV6SmWJSgtE9SYduCnNhxTbTkTOCl2MoMpZUPax7ajkiZowvHs2gk5dUqPxEq7kpbM1N8TY5oYM0oi15lQOzCL3lT8z2tnNr4Kx1ymmUXJ5oviTBCryPR10uMamRUjRyjT3N1K2IBqyqwLqOhCCBZfXiaN80rgV4K7i3L1Oo+jAMdwAmcQwCVU4RZqUAcGD/AMr/DmKe/Fe/c+5q0rXj5zBH/gff4AKM6O1w==</latexit><latexit sha1_base64="zfSfHgH4WPwLpvAqE58JV4EiqYY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJmdmadmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsObqd98Qm24kvd2lGKY0L7kMWfUOqnREfhIWLdU9iv+DGSZBDkpQ45at/TV6SmWJSgtE9SYduCnNhxTbTkTOCl2MoMpZUPax7ajkiZowvHs2gk5dUqPxEq7kpbM1N8TY5oYM0oi15lQOzCL3lT8z2tnNr4Kx1ymmUXJ5oviTBCryPR10uMamRUjRyjT3N1K2IBqyqwLqOhCCBZfXiaN80rgV4K7i3L1Oo+jAMdwAmcQwCVU4RZqUAcGD/AMr/DmKe/Fe/c+5q0rXj5zBH/gff4AKM6O1w==</latexit><latexit sha1_base64="zfSfHgH4WPwLpvAqE58JV4EiqYY=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhNlJbzJmdmadmRVCyD948aCIV//Hm3/jJNmDJhY0FFXddHdFqeDG+v63t7K6tr6xWdgqbu/s7u2XDg4bRmWaYZ0poXQrogYFl1i33ApspRppEglsRsObqd98Qm24kvd2lGKY0L7kMWfUOqnREfhIWLdU9iv+DGSZBDkpQ45at/TV6SmWJSgtE9SYduCnNhxTbTkTOCl2MoMpZUPax7ajkiZowvHs2gk5dUqPxEq7kpbM1N8TY5oYM0oi15lQOzCL3lT8z2tnNr4Kx1ymmUXJ5oviTBCryPR10uMamRUjRyjT3N1K2IBqyqwLqOhCCBZfXiaN80rgV4K7i3L1Oo+jAMdwAmcQwCVU4RZqUAcGD/AMr/DmKe/Fe/c+5q0rXj5zBH/gff4AKM6O1w==</latexit>

In flat s-t, V=0

In curved s-t, generally,          V 6= 0
<latexit sha1_base64="mgcEhNdmeYURCoEe/1y5cbg9zvw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2k3bpZpPuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJaPZpqgH9Gh5CFn1Fip0yI9iRPi9ssVt+ouQNaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOBs1Iv1ZhQNqZD7FoqaYTazxb3zsiFVQYkjJUtachC/T2R0UjraRTYzoiakV715uJ/Xjc14Y2fcZmkBiVbLgpTQUxM5s+TAVfIjJhaQpni9lbCRlRRZmxEJRuCt/ryOmldVT236j1cV+q3eRxFOINzuAQPalCHe2hAExgIeIZXeHMmzovz7nwsWwtOPnMKf+B8/gDeYo8w</latexit><latexit sha1_base64="mgcEhNdmeYURCoEe/1y5cbg9zvw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2k3bpZpPuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJaPZpqgH9Gh5CFn1Fip0yI9iRPi9ssVt+ouQNaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOBs1Iv1ZhQNqZD7FoqaYTazxb3zsiFVQYkjJUtachC/T2R0UjraRTYzoiakV715uJ/Xjc14Y2fcZmkBiVbLgpTQUxM5s+TAVfIjJhaQpni9lbCRlRRZmxEJRuCt/ryOmldVT236j1cV+q3eRxFOINzuAQPalCHe2hAExgIeIZXeHMmzovz7nwsWwtOPnMKf+B8/gDeYo8w</latexit><latexit sha1_base64="mgcEhNdmeYURCoEe/1y5cbg9zvw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2k3bpZpPuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJaPZpqgH9Gh5CFn1Fip0yI9iRPi9ssVt+ouQNaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOBs1Iv1ZhQNqZD7FoqaYTazxb3zsiFVQYkjJUtachC/T2R0UjraRTYzoiakV715uJ/Xjc14Y2fcZmkBiVbLgpTQUxM5s+TAVfIjJhaQpni9lbCRlRRZmxEJRuCt/ryOmldVT236j1cV+q3eRxFOINzuAQPalCHe2hAExgIeIZXeHMmzovz7nwsWwtOPnMKf+B8/gDeYo8w</latexit><latexit sha1_base64="mgcEhNdmeYURCoEe/1y5cbg9zvw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48V7Ae0oWy2k3bpZpPuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJaPZpqgH9Gh5CFn1Fip0yI9iRPi9ssVt+ouQNaJl5MK5Gj0y1+9QczSCKVhgmrd9dzE+BlVhjOBs1Iv1ZhQNqZD7FoqaYTazxb3zsiFVQYkjJUtachC/T2R0UjraRTYzoiakV715uJ/Xjc14Y2fcZmkBiVbLgpTQUxM5s+TAVfIjJhaQpni9lbCRlRRZmxEJRuCt/ryOmldVT236j1cV+q3eRxFOINzuAQPalCHe2hAExgIeIZXeHMmzovz7nwsWwtOPnMKf+B8/gDeYo8w</latexit>

This is a contribution to the SF from timelike 
paths (“backscattering“ of waves; Huygens 
principle not held)

But Hadamard form is only valid for x and x’ near - what other 
contributions are there for points far apart?

support on 
light cone

support inside 
light cone

support in 
past of point x

Gret (x, x
0) = ✓ (�t)| {z }

⇢
U � (�)| {z }�V ✓ (��)| {z }

�
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Point mass m on a circular geodesic at r=6M in Schwarzschild

Contribution 2: orbiting null geodesics

There’s an infinite num. of 
null geods. from x that go 
around the BH an arbitrary 
num. of times (remember 
BH shadow!)

m

unstable photon orbit

x

x1

x2

x3

x4

r = 3M
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null geod. going around the BH once

null geod. going 
around the BH twice
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• backscattering of waves (Hadamard                  )

The contribution to the non-local integral in the SF comes from:

V 6= 0
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• orbiting null geodesics 

1
�

��(⇥)

� 1
� �(⇥)

x

x1

x2

x3

x4

V
� < 0

(timelike paths)



G(x0, x’) for r0 = 12M, 𝜗= !/2 in Kerr spacetime

Wardell, Casals et al



G(x0, x’) for r0 = 12M, 𝜗= !/2 in Kerr spacetime

Wardell, Casals et al



geod.

static geodesic

SF results via GF

Scalar SF on a charge in a 
circular orbit (r=6M) around a 
Schwarzschild BH (Wardell, 
Galley, Zenginoglu, Casals et 
al’14)
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Eccentric orbits along the separatrix
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Scalar SF on a charge r=10M (P) on 
eccentric geodesics in Schwarzschild

(Wardell, Galley, 
Zenginoglu, Casals et al’14)



• It’s also useful to compute coordinate-invariant quantities since:

(1) they’re observables in GW astronomy

(2) they allow for comparison with Numerical Relativity and Post-
Newtonian

Gauge-Invariants

• An interesting one is the frequency of the innermost stable circular 
orbit (ISCO):
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 correctiontest particle

(Warburton, 
Casals et al; 
Cf. Meent’16)

Correction to orbital frequency at ISCO of Kerr due to small mass:

(M +m)⌦ISCO = M⌦(0)
ISCO

⇢
1 + C⌦

m

M
+O

⇣
m

M

⌘2
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• Calculation of the SF via GF yields physical insight from wave 
propagation and may be practical for orbit evolution

• But GF method is not the standard one for calculating the SF. 
Other methods have given impressive results:

- Correction to various gauge-invariants (rate of periastron advance, 
spin precession, redshift, etc) (Le Tiec, Dolan, etc)

etc

- Gravitational SF in Kerr (Meent’18) and first results in 2nd order SF 
(see Le Tiec’s talk)

- Orbit evolution: self-consistent (solve for SF eq. and EOM 
simultaneously) in scalar case (Diener et al’11) and ‘geodesic’ SF (SF 
calculated for instantaneously tangent geodesic) in gravitational case 
(Warburton et al’12)



1. EMRIs and self-force

3. Conclusions

2. Wave propagation and self-force



Conclusions

Geometrical insight into SF - it arises from wave propagation in a 
curved s-t via:

Merci bien!

Objective for LISA sources: evolution of orbits in Kerr including SF 
(…to 2nd order!)

- wave scattering (timelike paths)

- orbiting null geodesics

GF method is not the current mainstream method for calculating 
SF but may be suitable for evolution including SF


