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Models of rotating boson stars and geodesics around them:
New type of orbits
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We have developed a highly accurate numerical code capable of solving the coupled Einstein-KleinGordon system, in order to construct rotating boson stars in general relativity. Free fields and selfinteracting fields, with quartic and sextic potentials, are considered. In particular, we present the first
numerical solutions of rotating boson stars with rotational quantum number k ¼ 3 and k ¼ 4, as well as the
first determination of the maximum mass of free-field boson stars with k ¼ 2. We have also investigated
timelike geodesics in the spacetime generated by a rotating boson star for k ¼ 1, 2 and 3. A numerical
integration of the geodesic equation has enabled us to identify a peculiar type of orbit: the zero-angularmomentum ones. These orbits pass very close to the center and are qualitatively different from orbits
around a Kerr black hole. Should such orbits be observed, they would put stringent constraints on
astrophysical compact objects like the Galactic center.
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I. INTRODUCTION

S¼

Boson stars are localized configurations of a selfgravitating complex scalar field, introduced in the end of
the 1960s by Bonazzola and Pacini [1], Kaup [2] and Ruffini
and Bonazzola [3]. Motivated by the facts that (i) boson stars
are, at the fundamental level, the simplest self-gravitating
configurations of “matter” and (ii) they can act as black hole
mimickers [4], numerous studies of boson stars have been
performed (see [5–8] for a review). A recent impetus to the
topic has been provided by the discovery of the Higgs boson
at CERN [9], which proves the existence of fundamental
scalar fields in Nature. In addition, the main paradigm of
current primordial cosmology, the inflation, is generally
based on a scalar field (the inflaton) [10]. Still in the field of
cosmology, we note that many dark energy models also rely
on a scalar field, such as the quintessence model [11].
Boson star studies have explored a large parameter space
[5–8], by varying the scalar field’s self-interaction potential, the spacetime symmetry (static, axisymmetric rotating
or dynamical configurations), the number of spacetime
dimensions (2 to 5), the spacetime asymptotic (flat or AdS)
or the theory of gravity (general relativity, Einstein-GaussBonnet gravity, scalar-tensor gravity, etc.).
We consider boson star models with a minimal coupling
of the scalar field to gravity. They are described by the
following action1:

Lg ¼

1
R;
16π

ð2Þ

R being the Ricci scalar associated with the spacetime
metric gαβ , and LΦ is the Lagrangian of the complex scalar
field Φ,
1
LΦ ¼ − ½∇μ Φ∇μ Φ̄ þ VðjΦj2 Þ:
2

ð3Þ

The potential V is assumed to depend on jΦj2 only [U(1)
symmetry]. The simplest choice for V is that corresponding
to a free field:
VðjΦj2 Þ ¼

m2 2
jΦj ;
ℏ2

ð4Þ

the constant m being the boson mass. Boson stars built on
(4) are called mini boson stars [7], because their maximum
mass is very small, except for extremely tiny values of m
[5]. To get massive boson stars, Colpi et al. [12] have added
a repulsive self-interacting term of the type ΛjΦj4 to the
potential V:
VðjΦj2 Þ ¼

†

1550-7998=2014=90(2)=024068(20)

ð1Þ

where Lg is the Hilbert-Einstein Lagrangian of the gravitational field,
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1
We use geometrized units, in which both the Newton
gravitational constant G and the speed of light c are set to unity:
G ¼ c ¼ 1. We also use the convention ð−; þ; þ; þÞ for the
spacetime metric signature.

pﬃﬃﬃﬃﬃﬃ
ðLg þ LΦ Þ −gd4 x;

m2 2
jΦj ð1 þ 2πΛjΦj2 Þ;
ℏ2

ð5Þ

where Λ is a positive constant. Important mass can then be
reached in the limit Λ ≫ 1. Another generalization of the
potential has been proposed by Friedberg et al. [13]:
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m
jΦj2 2
2
2
VðjΦj Þ ¼ 2 jΦj 1 − 2
;
ℏ
σ
2
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ð6Þ

where σ is a constant, which corresponds to the value of the
field in the degenerate vacuum state. The potential (6)
authorizes localized configurations of solitonic type, i.e.
that can exist even in the absence of gravity, which is not
possible for a free field. A related alternative is based on a
potential of the form [14]:
VðjΦj2 Þ ¼

m2 2
jΦj þ λðjΦj6 − ajΦj4 Þ;
ℏ2

ð7Þ

where λ and a are two constants. The corresponding solutions
in flat spacetime are called Q balls (see e.g. [15,16]).
Beside the choice of the potential V, models of stationary
and axisymmetric rotating boson stars are based on the
following ansatz for the complex scalar field Φ:
Φ ¼ ϕðr; θÞ exp ½iðωt − kφÞ;

ð8Þ

where ðt; r; θ; φÞ are coordinates adapted to the spacetime
symmetries (i.e. ∂=∂t is the stationarity generator and
∂=∂φ the axisymmetry one), ϕ ¼ jΦj is a positive real
function of r and θ only, ω is a real constant and k is an
integer, called the rotational quantum number [8,17]. Note
that k has to be an integer in order for the scalar field to be
single valued at φ ¼ 0 and φ ¼ 2π. The ansatz (8) has been
introduced by Kaup [2] for k ¼ 0 (nonrotating case) and by
Schunck and Mielke [18] for jkj ≥ 1. It leads to stationary
solutions for the spacetime metric.
The first (numerical) solutions for rotating boson stars in
general relativity were obtained by Schunck and Mielke in
1996 [18,19], considering a free scalar field [i.e. V given by
Eq. (4)] and k ¼ 1 to 10, as well as k ¼ 500, in Eq. (8);
their study was limited to the weakly relativistic regime.
The strongly relativistic regime has been tackled in the
works of Ryan [20] (jΦj4 self-interaction and approximation valid for k ≫ 1) and Yoshida and Eriguchi [21] (free
field with k ¼ 1 and k ¼ 2). In particular, the latter authors
have performed the first determination of the maximum
mass of free-field rotating boson stars for k ¼ 1. In 2004,
Lai computed a full sequence for k ¼ 2, thereby obtaining a
maximum mass value, but his code suffered from regularity
issues at the rotation axis. In particular the maximum mass
for k ¼ 1 was significantly different from that obtained by
Yoshida and Eriguchi and Lai’s results have not been
published except in the Ph.D. thesis [22]. In the present
work, we confirm the value found by Yoshida and Eriguchi
[Eq. (51) below]. In 2005, Kleihaus et al. [17] have
computed rotating boson stars with the self-interacting
potential (7) for k ¼ 1, generalizing the rotating Q balls
models of Volkov and Wöhner [14] to the self-gravitating
case. They extended the study to k ¼ 2 and to negative
parity scalar fields (i.e. Φ antisymmetric with respect to the

equatorial plane θ ¼ π=2) in [23] and analyzed the stability
of the configurations in [24]. For the sake of completeness,
let us mention that Hartmann et al. have studied special
cases of rotating boson stars in five-dimensional spacetimes
[25] (the boson field is then actually a doublet of complex
scalar fields) by assuming that the two angular momenta
(associated with the two independent planes of rotations in
five dimensions) are equal. Their results have been
extended recently to five-dimensional Einstein-GaussBonnet gravity [26]. Solutions in higher dimensions, with
only one Killing vector, are obtained in [27,28]. Recently
Herdeiro and Radu [29] constructed rotating solutions
containing, in addition to the scalar field, an event horizon.
Their solutions are thus hairy black holes, which can be
viewed as intermediate states between rotating boson stars
and Kerr black holes.
In the present article, we have considered both free-field
boson stars [potential (4)] and self-interacting-field ones,
based on the potentials (5) and (6), with the rotational
quantum number ranging from k ¼ 0 to k ¼ 4. We have
developed a new numerical code, based on a spectral
method, to compute the solutions of the coupled
Einstein-Klein-Gordon equations. We have also investigated the timelike geodesics in the obtained numerical
spacetimes. To our knowledge, the determination of geodesics around a rotating boson star has never been
performed before; only the case of geodesics around
nonrotating spherically symmetric boson stars has been
dealt with recently by Diemer et al. [30], for a selfinteracting potential which reduces to (7) in the weak field
limit. The particular case of circular timelike geodesics
around static boson stars with various types of selfinteraction (free, jΦj4 , and solitonic) has been investigated
also recently by Macedo et al. [31].
This article is organized as follows. In Sec. II, we present
the field equations to be solved (Einstein-Klein-Gordon
system) as well as the relevant global quantities.
Section III focuses on models of nonrotating spherically
symmetric boson stars, while Sec. IV presents the models
with rotation, which are axisymmetric. In both cases a
detailed description of the numerical method, based on
spectral methods, is given. Various error indicators are also
exhibited and discussed. Section V is devoted to the study of
orbits of massive particles around boson stars. Circular orbits
and zero-angular-momentum ones are discussed, the latter
ones being computed via a numerical integration of the
geodesic equation. Conclusions and perspectives are given
in Sec. VI.
II. FIELD EQUATIONS AND GLOBAL
QUANTITIES
A. Equations to be solved
Variation of the action (1) with respect to the spacetime
metric gαβ leads to Einstein equation
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1
Rαβ − Rgαβ ¼ 8πT αβ ;
2

ð10Þ

Variation of the action (1) with respect to the scalar field
Φ results in the Klein-Gordon equation:
∇μ ∇μ Φ ¼

dV
Φ:
djΦj2

jα ¼ ℏ−1 ϕ2 ∇α ðkφ − ωtÞ;

ð9Þ

where Rαβ is the Ricci tensor associated with gαβ , R ≔
gμν Rμν and T αβ is the energy-momentum tensor of the
scalar field:
1
T αβ ¼ ∇ðα Φ∇βÞ Φ̄ − ½∇μ Φ∇μ Φ̄ þ VðjΦj2 Þgαβ :
2
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ð11Þ

Given some choice of the potential V, the field equations
(9)–(11) are solved for ðgαβ ; ΦÞ, under the assumptions of
stationarity and axisymmetry for the spacetime metric gαβ
and the ansatz (8) for Φ (which is compatible with the
assumed spacetime symmetries).
In the following, we use the language of the 3 þ 1
formalism (see e.g. [32–34]), denoting by Σt the hypersurfaces of constant t, by nα the timelike future-directed
unit normal to Σt , by γ ij the metric induced by gαβ on Σt , by
N the lapse function and by βα the shift vector, the last two
quantities being defined by the orthogonal decomposition
of the stationarity generator: ð∂=∂tÞα ¼ Nnα þ βα , with
nμ βμ ¼ 0. The spacetime metric line element can then be
written as
gμν dxμ dxν ¼ −N 2 dt2 þ γ ij ðdxi þ βi dtÞðdxj þ βj dtÞ:

so that (14) becomes
Z
1
1
pﬃﬃﬃ
N ¼
ðω þ kβφ Þϕ2 γ d3 x:
ℏ Σt N

ð15Þ

ð16Þ

The spacetime symmetries lead to two other conserved
quantities, expressed by the Komar integral of the related
Killing vector. The first one, associated to the Killing vector
ξ ¼ ∂=∂t is the gravitational mass M of the boson star.
While the original Komar expression invokes a surface
integral of the gradient of the Killing vector, it can be
rewritten as the following volume integral (see e.g.
Eq. (8.63) of Ref. [32]):

Z 
1
pﬃﬃﬃ 3
μ
ν
μ
M¼2
T μν n ξ − Tnμ ξ
γ d x:
ð17Þ
2
Σt
In the present case, T μν nμ ξν ¼ N −1 ðT tt − T tφ βφ Þ. Using the
expressions derived in the Appendix for T tt, T tφ and T
[Eqs. (A4), (A6) and (A10) respectively], we arrive at

Z 
2ω
pﬃﬃﬃ
φ
2
M¼
ðω þ kβ Þϕ − NV γ d3 x:
ð18Þ
N
Σt
The second spacetime symmetry, the axisymmetry, leads
to the angular momentum J. The Komar expression can be
recast as (see e.g. Eq. (8.75) of Ref. [32])
Z
pﬃﬃﬃ
J¼−
T μν nμ χ ν γ d3 x;
ð19Þ
Σt

ð12Þ

B. Global quantities

where χ stands for the Killing vector ∂=∂φ Now
T μν nμ χ ν ¼ N −1 ðT tφ − βφ T φφ Þ. Using expressions (A6)
and (A9) for T tφ and T φφ , we get
Z
1
pﬃﬃﬃ
J¼k
ðω þ kβφ Þϕ2 γ d3 x:
ð20Þ
Σt N

Via Noether’s theorem, the U(1) symmetry of the
Lagrangian (3) yields the following conserved current
[2,3,8]:

Comparing with (16), we recover the quantization law for
the angular momentum of a rotating boson star [18]:

Note that for stationary and axisymmetric spacetimes that
are circular (cf. Sec. IVA), such as those of rotating boson
stars with Φ of the type (8), βi ¼ ð0; 0; βφ Þ.

jα ¼

i
ðΦ̄∇α Φ − Φ∇α Φ̄Þ:
2ℏ

J ¼ kℏN :

ð13Þ

It is divergence free: ∇μ jμ ¼ 0 and its flux through a
hypersurface Σt gives the scalar charge or total particle
number of the boson star:
Z
pﬃﬃﬃ
N ≔−
nμ jμ γ d3 x;
ð14Þ
Σt

where γ ≔ det γ ij (compare e.g. with Eq. (4.4) of Ref. [35]).
By plugging the ansatz (8) into (13), we get

ð21Þ

C. Units and order of magnitude
As stated above, in this article we use geometrized
units: c ¼ 1 and G ¼ 1. From Eqs. (1)–(3) and the fact
that R has dimension length−2 , it is clear that Φ, and
hence ϕ, is dimensionless in these units. In nongeometrized units, the dimension of Φ is actually mass1=2 ×
length1=2 × time−1 (i.e. square root of a force), so that
~ ≔ ðpﬃﬃﬃﬃ
Φ
m=ℏÞΦ has the dimension of a wave function,
i.e. length−3=2 .
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TABLE I. Order of magnitude of the masses of various boson
stars. The three columns correspond to various masses of the
scalar field: the mass of the Higgs boson, the mass of the proton
and the mass of the electron (we do not say the proton and the
electron are bosons). For the Higgs mass one uses m ¼ 125 GeV
[9]. The first line shows the values for the free field and the
second one for the potential (5), assuming λ ≈ 1. The last line
gives the corresponding values of Λ.
mHiggs

Scalar field mass

mproton

melectron

Mass free-field (in kg)
2 × 109 3 × 1011 5 × 1014
Mass potential with λ ≈ 1 (in kg) 2 × 1026 4 × 1030 1 × 1037
Value of Λ
7 × 1032 1 × 1037 5 × 1043

In view of (4) or (6), a natural length scale that appears in
the problem is the boson reduced Compton wavelength2:
ƛb ≔

ℏ
:
mc

c2 ƛb m2P
¼
;
G
m

ð23Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where mP ≔ ℏc=G ≃ 2.18 × 10−8 kg is the Planck
mass. Note that in geometrized units, Mb ¼ ƛb .
In the free scalar field case, the maximal mass allowed
for a boson star is of order M b. As can be seen in Table I, it
leads to small masses, even if the scalar field has the same
mass as the electron.
For the potential (5) the situation is different. Indeed one
can show [12] that the maximal mass scales as Mmax ≃
m2

gμν dxμ dxν ¼ −N 2 dt2 þ Ψ4 ½dr2 þ r2 ðdθ2 þ sin2 θdφ2 Þ:
ð25Þ

ð22Þ

The boson gravitational mass scale associated with ƛb is
Mb ≔

Note that according to Eq. (21), k ¼ 0 implies a vanishing
angular momentum; the spherically symmetric solutions are
thus nonrotating. The corresponding spacetime is static
[while Φ is not, as it is clear from (24)]. In particular, βi ¼
0 in Eq. (12). Note that, contrary to fluid stars, staticity does
not imply that the boson stars have to be spherically
symmetric, as demonstrated by the nonspherically symmetric static solutions obtained by Yoshida and Eriguchi [36].
This is due to the anisotropy of the scalar field energymomentum tensor (10). Therefore the spherical symmetry of
our models results from the assumption ϕ ¼ ϕðrÞ in (24).
Thanks to spherical symmetry, we may choose spatial
coordinates such that γ ij ¼ Ψ4 f ij where f ij is a flat metric
(isotropic coordinates). The metric line element is thus

m3

Λ1=2 mP ¼ ð4πλ Þ1=2 mP2 . λ is the true coupling constant (see
[12]). If one assumes that λ is close to 1, it leads to a
dramatic increase of the allowed masses as can be seen in
Table I. In particular, if the scalar field has the same mass as
the electron, one can reach values comparable to the ones of
supermassive black holes. Let us point out that the
corresponding values of Λ are then very large, in particular
much larger than the value studied in this paper (see
Sec. IV F where Λ ¼ 200). Similar considerations hold
for the potential (6) and we refer the reader to [6] for more
details.

The unknown functions are N, Ψ and ϕ, which all
depend only on r and obey the system obtained from the
Einstein equation (9) and the Klein-Gordon equation (11):
 2

ωϕ
∂ϕ∂ϕ
5
þ
þV
ð26Þ
Δ3 Ψ ¼ −πΨ
N
Ψ4
 2

∂N∂Ψ
ω 2
4
Δ3 N þ 2
¼ 4πNΨ 2 2 ϕ − V
ð27Þ
Ψ
N


dV
ω2
∂ϕ∂N
∂ϕ∂Ψ
4
Δ3 ϕ − Ψ
−2
;
ð28Þ
− 2 ϕ¼−
2
N
Ψ
djΦj
N
2

d
2 d
where Δ3 ≔ dr
2 þ r dr (three-dimensional flat Laplacian in
dg
spherical symmetry) and ∂f∂g ≔ df
dr dr.
The system is closed by demanding that, at spatial
infinity, one recovers Minkowski spacetime. This implies
that N → 1, Ψ → 1 and ϕ → 0 when r → ∞.
The simplest potential VðjΦj2 Þ is that of a free field, as
given by Eq. (4). It is the only one considered in this section
but more complicated examples are given in Sec. IV. At the
lowest order in ϕ, all the potentials considered reduce to the
free-field one so that the following discussions always hold.
The dominant part of the asymptotic behavior of Eq. (28)
with VðjΦj2 Þ replaced by (4) is obtained by setting N ¼ 1
and Ψ ¼ 1:

III. SPHERICALLY SYMMETRIC MODELS


 2
m
2
Δ3 ϕ −
− ω ϕ ¼ 0:
ℏ2

A. Equations
Spherically symmetric solutions are constructed by
setting k ¼ 0 in the ansatz (8) and by demanding that
the field modulus ϕ depends only on r:
Φ ¼ ϕðrÞ expðiωtÞ:
2

In this section, we restore the G’s and c’s.

ð24Þ

ð29Þ

For ω > m=ℏ, solutions to this equation are oscillating
spherical Bessel functions, which do not decay fast enough
to lead to configurations with finite total energy. On the
other hand
regular solutions
for ω < m=ℏ decay like
ﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
exp ð− ðm=ℏÞ2 − ω2 rÞ=r and are admissible solutions
to the physical problem. In the following, we will focus
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on this case, i.e. assume ω < m=ℏ. When ω → m=ℏ, one
can anticipate that the field vanishes (ϕ → 0).

10

-2

10

ϕðr ¼ 0Þ ¼ ϕc :

ð30Þ

In order to maintain the same number of equations as
unknowns, ω is not treated as a fixed parameter of the
solution but rather as an additional unknown. The code
finds the appropriate value of ω so that the condition (30) is
fulfilled. This obviously prevents the code from converging
to the trivial solution.
The precision of the code can be assessed by checking the
convergence of the value found for ω when the number of
radial coefficients is increased. This is shown on the first panel
of Fig. 1. The convergence is exponential as expected for a
well-posed problem solved by spectral methods. Another
indicator of the code accuracy is the identity between the
Komar mass and the Arnowitt-Deser-Misner (ADM) mass of
the solution. The Komar mass, expressed above by the volume
integral (18), can be computed from the gradient of the lapse
function N on a 2-sphere at spatial infinity, while the ADM
mass is given by the gradient of the conformal factor Ψ [see
e.g. Eq. (4.15) of Ref. [35] for M Komar and Eq. (8.48) of
Ref. [32] for MADM ]:
I
1
lim
∂ Nr2 sin θdθdφ
ð31Þ
MKomar ¼
4π r→∞ S r
I
1
lim
∂ Ψr2 sin θdθdφ;
ð32Þ
MADM ¼ −
2π r→∞ S r

10

10

_

ω = 0.8 m/h

-6

10
10

-8

-10

_

ω = 0.9 m/h
-12

8

10

12

14

18

16

20

22

24

26

Nr

10
Relat. diff. Komar mass / ADM mass

The system (26)–(28) is solved by means of a NewtonRaphson iteration implemented in a C++ code built on the
Kadath library [37,38]. This library enables the use of
spectral methods for solving a great variety of partial
differential equations that arise in theoretical physics. The
three-dimensional space Σt is decomposed into several
numerical domains. In this particular case spherical shells
are used. In the outer numerical domain, space is compactified by making use of the variable 1=r so that the computational domain extends up to spatial infinity. Spectral methods
are used [39]: in each domain, the fields are described by
their expansions onto a set of known basis functions
(typically Chebyshev polynomials). The unknowns are then
the coefficients of the expansions and the resulting nonlinear
system is solved iteratively. Regularity near r ¼ 0 is ensured
by using only even Chebyshev polynomials in the numerical
domain that encompasses the origin (a more detailed
discussion about regularity can be found in the case
k > 0; see Sec. IV B).
Let us point out that an empty flat spacetime (ϕ ¼ 0,
N ¼ 1 and Ψ ¼ 1) is a trivial solution to the system (26)–
(28). In order to avoid convergence to this solution, one
demands that the value of the field at the center takes a
given nonzero value:

Error on ω

B. Numerical code

-4

-2

10

10

-4

-6

_

ω = 0.9 m/h

10

-8

_

ω = 0.8 m/h

10

-10

10

15

20
Nr

25

30

FIG. 1. For two different values of ϕc (corresponding to ω ≃
0.8 m=ℏ and ω ≃ 0.9 m=ℏ), the top panel shows the convergence
towards the exact value of ω (defined as the value found for
N r ¼ 33) as a function of N r , while the bottom panel shows the
difference between the ADM and the Komar masses.

where S is the 2-sphere of constant coordinate r. Stationarity
implies that M ADM ¼ MKomar ¼ M [40,41]. This equality can
be viewed as a manifestation of the virial theorem [42]. The
second panel of Fig. 1 shows, for two different configurations,
the difference between the two masses, as a function of the
number of coefficients N r . Once again the difference goes to
zero exponentially. The very last point for ω ≃ 0.9 m=ℏ
slightly deviates from the exponential behavior probably
due to the fact that the Newton-Raphson iteration is stopped
at a threshold of 10−8 or to round-off errors.
C. Solutions
Some results regarding the spherical case are shown in
Figs. 2–4. The configurations are computed with N r ¼ 21
and a decomposition of space in six radial domains.
Figure 2 shows the value of ω as a function of ϕc . One
can see that there is a range of values of ω for which more
than one configuration exist. There is a minimum value of
ω ≃ 0.77m=ℏ for ϕc ≃ 0.2. Figure 3 shows the value of the
gravitational mass M as a function of ϕc . We recover the
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0.95

Figs. 2–3 confirm the fact that when ω → m=ℏ, the fields
goes to zero, as does its gravitational mass.

0.9
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A. Equations
0.85

0.8

0

0.05

0.1

0.2

0.15
φc

0.25

0.3

FIG. 2. Value of ω as a function of ϕc for spherical configurations and a free scalar field.
0.7

In order to construct boson stars that depart from
spherical symmetry and are rotating, one considers the
ansatz (8) with k ≥ 1. The obtained configurations are
stationary, axisymmetric and circular, i.e. the 2-surfaces
of transitivity of the spacetime symmetry group [the
surfaces of constant ðr; θÞ in adapted coordinates] are
orthogonal to the surfaces of constant ðt; φÞ [35,43].
Thanks to the circularity property, we may use quasiisotropic coordinates ðt; r; θ; φÞ (also called LewisPapapetrou coordinates), in which βi ¼ ð0; 0; βφ Þ
and γ ij ¼ diagðA2 ; A2 r2 ; B2 r2 sin2 θÞ, so that the fourdimensional metric line element reads (see e.g. [35,44])
gμν dxμ dxν ¼ −N 2 dt2 þ A2 ðdr2 þ r2 dθ2 Þ

M [mP2/m]

0.6

þ B2 r2 sin2 θðdφ þ βφ dtÞ2 :

The metric is thus entirely described by four functions of
ðr; θÞ: N, A, B and βφ . Note that the spherically symmetric
case treated in Sec. III is recovered for A ¼ B ¼ Ψ2
and βφ ¼ 0.
The Einstein equation (9) leads to the following system
(see e.g. [35,44], taking into account that these references
make use of ω ¼ −βφ ):

0.5

0.4

0.3

0

0.05

0.1

0.2

0.15
φc

0.25

FIG. 3. Gravitational mass M as a function of ϕc for spherical
configurations and a free scalar field.

maximum mass found by Kaup [2]: M max ¼ 0.633m2P =m
(reached for ϕc ≃ 0.07). Finally Fig. 4 shows the radial
profiles of N, Ψ and Φ for a configuration close to the
minimum value of ω, that is for ϕc ¼ 0.2. The results from
1.4

Δ3 ν ¼ 4πA2 ðE þ SÞ þ

B2 r2 sin2 θ φ φ
∂β ∂β − ∂ν∂ðν þ ln BÞ
2N 2
ð34Þ
2

~ 3 ðβφ r sin θÞ ¼ 16π NA Pφ þ r sin θ∂βφ ∂ðν − 3 ln BÞ
Δ
B2 r sin θ
ð35Þ
Δ2 ½ðNB − 1Þr sin θ ¼ 8πNA2 Br sin θðSr r þ Sθ θ Þ

Ψ

Values of the fields

1.2

Δ2 ðln A þ νÞ ¼ 8πA2 Sθ θ þ

1
0.8

N

0.6

0

Δ3 ≔

φ
0

ð36Þ

3B2 r2 sin2 θ φ φ
∂β ∂β − ∂ν∂ν;
4N 2
ð37Þ

where ν ≔ ln N and

0.4
0.2

ð33Þ

1

2

_

3

4

5

∂2 2 ∂
1 ∂2
1
∂
þ 2 2þ 2
þ
2
r ∂r r ∂θ
r tan θ ∂θ
∂r
~ 3 ≔ Δ3 −
Δ

r [h/m]

FIG. 4. Radial profiles of the scalar field modulus ϕ and of the
metric functions N and Ψ for the free-field spherical configuration corresponding to ϕc ¼ 0.2
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Δ2 ≔

1
r sin2 θ
2

∂2 1 ∂
1 ∂2
þ
þ
∂r2 r ∂r r2 ∂θ2

ð38Þ
ð39Þ
ð40Þ
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∂f ∂g 1 ∂f ∂g
þ
:
∂f∂g ≔
∂r ∂r r2 ∂θ ∂θ

ð41Þ

2
ðω þ kβφ Þ2 ϕ2 − V
N2

Pφ ¼

k
ðω þ kβφ Þϕ2
N


1
k2
φ
2
¼
ðω þ kβ Þ − 2 2 2 ϕ2 − V
N2
B r sin θ

ð42Þ
ð43Þ



Sr

r

þ

Sθ

φ

S

φ

θ




1
k2
φ 2
ðω þ kβ Þ þ 2 2 2 ϕ2
N2
B r sin θ

1
− 2 ∂ϕ∂ϕ − V .
A

1
¼
2

ð44Þ

ð45Þ

The scalar field Φ obeys the Klein-Gordon equation (11),
which becomes, once the metric (33) and the ansatz (8) are
used,
Δ3 ϕ −



k2 ϕ
1
2 dV
φ 2
ϕ
−
ðω
þ
kβ
Þ
¼
A
r2 sin2 θ
djΦj2 N 2
 2
 2
A
kϕ
− ∂ϕ∂ðν þ ln BÞ þ
−
1
:
r2 sin2 θ
B2
ð46Þ

The system of equations is closed by demanding that one
recover empty flat spacetime at infinity, i.e. that N → 1,
A → 1, B → 1, βφ → 0 and ϕ → 0 when r → ∞.
The main difference between the spherical and axisymmetric boson stars is a change in the topology of the field ϕ.
Indeed, for regularity reasons, ϕ must vanish on the rotation
axis (θ ¼ 0 or θ ¼ π). It follows that the shape of the scalar
field is no longer spherical but rather toroidal. More
precisely, close to the axis, the field behaves like
ðr sin θÞk . For k ≥ 2 this ensures regularity on the axis
because all the divisions by sin2 θ that appear in Eqs. (44)–
(46) are made possible. The case k ¼ 1 is slightly more
subtle, especially concerning Eq. (46), because terms like
ϕ
may appear singular at first glance. However the
sin2 θ
potentially singular part in the left-hand side of Eq. (46) is
ϕ
1 ∂ϕ
tan θ ∂θ − sin2 θ and a direct computation enables us to verify
that the singularities cancel. On the right-hand side of

2

k ϕ
Eq. (46), the term ðBA2 − 1Þ sin
2 θ may seem problematic when
ϕ vanishes only like sin θ. However it is known that on the
2
axis A ¼ B (local flatness, cf. [35]) so that the term ðBA2 − 1Þ
vanishes at least as sin θ, thus ensuring regularity, even in
the k ¼ 1 case. The regularity near the origin r ¼ 0 is
ensured by the basis decompositions used in the innermost
domain, as discussed in Sec. IV B.
2

Δ3 (respectively Δ2 ) is the three-dimensional flat Laplacian
(respectively two-dimensional) applied to axisymmetric
functions. ∂f∂g denotes the scalar product of the gradients
of f and g, with respect to the flat metric. The quantities E,
S, Si j and Pφ are related to the 3 þ 1 decomposition of the
energy-momentum tensor, as defined in the Appendix.
Using Eqs. (A11)–(A14), we find the explicit form of the
terms involved in the right-hand side of (34)–(37):
EþS¼
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B. Spectral solver
Let us note that boson stars have some common features
with a class of field solutions known as vortons and already
studied by means of Kadath in a previous article [45]. In
the vorton case, a complex field σ has the same geometry as
the Φ field. However, instead of being coupled to gravity
there is a second complex field and the two interact.
Nevertheless, the numerical treatment of the vorton field
σ and the boson field Φ is very similar.
The axisymmetric boson stars are computed using the
polar space of the Kadath library, where fields are given in
terms of the ðr; θÞ coordinates. As usual, space is divided
into several radial domains and extends up to spatial
infinity. Real scalar fields, like the lapse N, are expanded
onto even cosines with respect to the angular variable θ.
As far as the radial coordinate is concerned, standard
Chebyshev are employed, except in the domain that
encompasses the origin, for which only even Chebyshev
polynomials are used. We will refer to such basis of
decomposition as the even basis. Another basis is the
odd basis, where odd sines are used with respect to θ and
odd Chebyshev polynomials with respect to r, near the
origin. It is for instance easy to see that if a field f is
expanded onto the even basis, then a ratio like f=ðr sin θÞ
must be expanded onto the odd one. Let us mention that,
due to the nonlocal nature of spectral methods, the use of
those bases is valid throughout the innermost domain, no
matter what its size is.
The metric fields N, A, B and βφ must be expanded onto
the even basis. This can be understood by noting that ds2 ¼
gμν dxμ dxν in Eq. (33) must be a scalar field. The case of ϕ is
different in the sense that the “true” scalar is the field Φ
itself. In other words, ϕ is only the harmonic k of a genuine
scalar field. It follows that ϕ must be expanded onto the
even basis if k is even but onto the odd one when k is odd.
This situation is the same as that for the σ field in the vorton
case [45]. This choice of decomposition is also consistent
with the regularity condition that ϕ must vanish like
ðr sin θÞk on the axis. For completeness, let us mention
that the numerical code does not search directly for the
fields N, B, A and βφ but rather works with the auxiliary
fields appearing on the left-hand side of Eqs. (34)–(37)
which are ν, βφ r sin θ, ðNB − 1Þr sin θ and ln A þ ν.
The system is solved by means of a Newton-Raphson
iterative scheme. For each value of k, the most difficult part
consists in finding a first solution. Once this is done, ω can
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be slowly changed to construct the whole family of
configurations. This is to be contrasted with the parameter
k, which is an integer and so cannot be modified in this
manner. For each k we proceed as follows. First we
consider an initial guess for ϕ of the form
ϕðr; θÞ ¼ f 0 ðr sin θÞk exp ð−x2 =σ x Þ exp ð−z2 =σ z Þ; ð47Þ
where x ≔ r sin θ, z ≔ r cos θ, and f 0 , σ x and σ y are three
constants that can be freely chosen; they control the
amplitude of the field and the shape of the toroidal
configuration. The form (47) ensures that the regularity
condition on the axis is fulfilled and that the field decays as
expected at spatial infinity. As for the spherical case
(cf. Sec. III B), in order to avoid that the solver converges
to the trivial solution ϕ ¼ 0, ω is treated as an unknown and
one demands that the field takes a given nonzero value ϕ0 at
some point ðr; θÞ ¼ ðr0 ; π=2Þ in the equatorial plane [we
have to choose r0 ≠ 0 since ϕðr ¼ 0Þ ¼ 0 for k ≥ 1]. In
order to facilitate convergence, one also tries to work in cases
where the scalar field amplitude is small and the metric close
to Minkowski spacetime. As already stated, this should give
a value of ω close to m=ℏ. After a few trials, it is usually
possible to find a choice of f 0 , σ x , σ y , r0 and ϕ0 that leads to
an admissible solution, i.e. that converges to a solution with
ω < m=ℏ. For instance, choosing r0 ¼ 35ℏ=m, ϕ0 ¼ 0.001,
f 0 ¼ 5 × 10−9 ℏ4 =m4 , σ x ¼ 612ℏ2 =m2 and σ z ¼ 306ℏ2 =m2
proved to be a valid choice for k ¼ 4. Once again, this is
done only once for each value of k, the other solutions being
found by slowly varying ω.
C. Error indicators
In order to check the accuracy of the code, several error
indicators can be defined. First, as in the spherical case
(Sec. III B), one can check whether the ADM and Komar
expressions of the gravitational mass M agree.
The second error indicator was first obtained by
Bonazzola [46] and arises because of the presence of a
two-dimensional Laplace operator in Eq. (37). Using the
associated Green function, one can show that the solution
decreases fast enough if, and only if, the source term [i.e.
the right-hand side of Eq. (37)] has no two-dimensional
monopolar contribution. This is equivalent to
Z
I≔

∞

r¼0

Z

π

θ¼0


πA2 Sφ

× rdrdθ ¼ 0:


3B2 r2 sin2 θ φ φ
∂β ∂β − ∂ν∂ν
φþ
4N 2

modifying the source of Eq. (37). With Kadath, no such
treatment is required. This is probably due to the fact that
the system is solved as a whole and not by separating the
various equations in terms of operators on one side and
source on the other one.
The third error indicator regards the computation of the
angular momentum J introduced in Sec. II B. It can be
evaluated by means of the volume integral (20) with
pﬃﬃﬃ 3
γ d x ¼ A2 Br2 sin θdrdθdφ in quasi-isotropic coordinates. Let us call J v this value. An alternative way to
compute J is via the Komar surface integral, which can be
written as (see e.g. Sec. 4.4 of Ref. [35])
I
1
J¼
lim
∂ βφ r4 sin3 θdθdφ;
ð49Þ
16π r→∞ S r
where S is the 2-sphere of coordinate radius r. Let us call J s
the numerical value of J hence obtained. Note that thanks to
the compactification of the last domain, r ¼ þ∞ belongs to
the computational domain and both expressions can be
computed directly. One can then check whether Jv ¼ Js.
The error indicators are shown on the different panels of
Fig. 5 for different spectral resolutions. By resolution, one
means the number of points in both the radial and the
angular dimensions (those numbers are thereafter kept
identical). Results are shown for ω ¼ 0.8m=ℏ and k ¼
1; 2; 3 and 4. More precisely, the first panel shows the error
on the masses defined as jMKomar − MADM j=jMKomar þ
MADM j. On the second panel the error on the GRV2
identity is plotted and defined as being jI Φ þ I grav j=jI Φ −
I grav j, where I Φ is the part of Eq. (48) that contains the Sφ φ
term and I grav the remaining terms. The third panel of Fig. 5
shows the relative difference jJs − Jv j=jJ s þ Jv j of the two
expressions for the angular momentum. All the error
indicators exhibit a similar behavior, that is a spectral
convergence [39]: the error decreases exponentially and
then saturates due to round-off errors. The error on the
angular momentum seems to slightly increase at very high
resolution. By looking separately at the convergence of J s
and J v with the resolution, one can see that the error is
dominated by the surface integral Js . In this case, the
round-off errors are greater because of the multiplication by
r4 that appears in Eq. (49). Those errors accumulate which
explains the increase of the error at very high resolution.
This suggests that it is preferable to use the volume integral
(20) to compute the angular momentum.

ð48Þ

This is the so-called GRV2 identity [47]. Let us mention
that even if Eq. (36) does involve another Δ2 operator, it
does not lead to such condition. Indeed, the source being
proportional to r sin θ, it has, by construction, no monopolar term. In previous works, for instance in the Lorene/
nrotstar code (see Appendix B of [35]), it was necessary to
enforce the condition I ¼ 0 at each step of the iteration by

D. Numerical results for a free scalar field
In this section numerical results for rotating boson stars
with k ¼ 1, 2, 3 and 4 and the free-field potential (4) are
presented. The same numerical setting is used for almost all
the computations. It consists in a decomposition of the
three-dimensional space Σt into eight spherical domains.
The last compactified domain extends from r ¼ 64ℏ=m up
to infinity. In each domain, 21 coefficients are used for both
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instance, in the case k ¼ 4, the boson stars have a much
larger size than in the k ¼ 1 case and would benefit from
using more extended domains. An extensive survey of the
parameter space would require some fine-tuning of the
numerical parameters to ensure convergence and is beyond
the scope of this paper.
Global quantities are plotted in Fig. 6. The gravitational
mass [Eq. (18)] and the total angular momentum [Eq. (20)]
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FIG. 5. Various error indicators as the number of spectral
coefficients in both the radial and angular dimensions, for free
scalar field configurations with ω ¼ 0.8m=ℏ and rotational
quantum number k ¼ 1; 2; 3 and 4. The first panel shows the
error on the masses, the second one on the GRV2 identity and the
last one on the angular momentum.

coordinates r and θ. For the most relativistic configurations
in the cases k ¼ 3 and k ¼ 4, up to 33 coefficients are used.
The Newton-Raphson iteration is stopped at the threshold
of 10−8 . This setting has been chosen to ensure a good
accuracy in all the quantities presented thereafter. However,
in some cases, this is not the best possible choice. For

-0.2
-0.4
-0.6
-0.8
0.5

k=3

k=4

0.6

0.7

ω [m/h]

FIG. 6. Global quantities as functions of ω, namely the
gravitational mass (first panel), the angular momentum (second
panel) and the binding energy (third panel). Configurations at the
left side of the circles possess an ergoregion and thus may be
unstable (see Sec. IV E).
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are plotted as functions of ω. The binding energy is also
shown; it is defined by
Ebind ¼ M − N m;

ð50Þ

with the particle number N given by (16). Maximum mass
configurations are observed for k ¼ 0, k ¼ 1 and k ¼ 2.
ðk¼0Þ
The k ¼ 0 case is the Kaup limit Mmax ¼ 0.633m2P =m
discussed in Sec. III C. For k ¼ 1, we recover the value
found by Yoshida and Eriguchi [21]:
ðk¼1Þ

Mmax ¼ 1.315

m2P
:
m

ð51Þ

The maximum mass for k ¼ 2 could not be determined in
ðk¼2Þ
Ref. [21], but the lower bound M max ≥ 2.21m2P =m was
established, with the hint that the maximum mass was not
far from it (cf. Fig. 3 in Ref. [21]). In agreement with this
lower bound, we find here (cf. Fig. 6)
1
0.9
k=0

_

ω [m/h]

0.8

ðk¼2Þ

Mmax ¼ 2.216

m2P
:
m

ð52Þ

There is little doubt that maximum masses also exist for
k ≥ 3 but these configurations are difficult to get given our
standard numerical setting. Note however that if such
maximum mass stars exist, they have an ergoregion as
shown in Fig. 6 and therefore are likely to be unstable (see
Sec. IV E).
In the case k ¼ 1, a turning point is observed around
ω ¼ 0.64m=ℏ, meaning that no solutions are found for
smaller values of ω. This also implies that there are values
of ω for which two different boson stars coexist. For k ¼ 1,
configurations with positive binding energy are observed;
they are expected to be unstable.
Figure 7 shows quantities related to the value of the
scalar field Φ. More precisely, the first panel shows ω as a
function of the maximum value of Φ and the second panel
shows the gravitational mass M as a function of the radius
rmax at which the maximum value of Φ is attained. This last
plot illustrates clearly the fact that the boson stars size
increases with k. This effect is also seen on Fig. 8 where
isocontours of the scalar field are shown, for k ¼ 1, 2 and 3,
and for a fixed value of ω (0.8m=ℏ). Figure 8 also shows
(last panel) the corresponding profiles of the scalar field
along the x-axis.
Figure 9 shows the effect of ω on the structure of the
scalar field. It illustrates the fact that the configurations are
more and more extended as ω approaches m=ℏ.
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E. Ergoregions
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FIG. 7. The first panel shows the value of ω as a function of
the maximum value of the scalar field modulus ϕ, whereas the
second one shows the gravitational mass as a function of the
radius at which this maximum is attained. As in Fig. 6, circles
denote the configurations for which ergoregions start to appear.

A highly relativistic rapidly rotating object can develop
an ergoregion, i.e. a spacetime region where the Killing
vector ∂=∂t becomes spacelike; in more physical terms,
this means that, in such a region, no observer can remain
static with respect to asymptotically inertial observers, due
to some strong frame dragging effect. This concept is well
known for a Kerr black hole, for which, as long as the
angular momentum differs from zero, an ergoregion exists
outside the event horizon. The existence of ergoregions in
some rotating boson star models has been demonstrated by
Kleihaus et al. [23].
As found by Friedman [48], scalar field configurations
are unstable in spacetimes with an ergoregion but no event
horizon, the instability mechanism being linked to superradiant scattering. The time scale of the instability depends
on the spherical harmonic azimuthal index m of the
perturbation: it is very large for m ≫ 1 [49] and smaller
for m ∼ 1 [50]. Some authors have put forward the
existence of ergoregions to eliminate boson stars as viable
alternatives to black holes in rapidly rotating compact
objects [51]. However no exact computation of the instability time scale for rotating boson stars has been performed
yet. Accordingly, we shall consider configurations with an
ergoregion as potentially ruled out from an astrophysical
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FIG. 8. Isocontours of the scalar field modulus ϕ in a meridian
plane of constant ðt; φÞ for ω ¼ 0.8m=ℏ in all plots and k ¼ 1
(first panel), k ¼ 2 (second one) and k ¼ 3 (third one). The
Cartesian-like coordinates used for the plot are x ≔ r sin θ
(horizontal axis) and z ≔ r cos θ (vertical axis), in units of
ℏ=m. The fourth panel shows, for the same configurations, the
profiles of ϕ along the x-axis, i.e. the functions ϕðr; π=2Þ.
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FIG. 9. Same as Fig. 8 but for k ¼ 1 in all plots and ω ¼
0.7m=ℏ (first panel), ω ¼ 0.8m=ℏ (second one) and ω ¼ 0.9m=ℏ
(third one).
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viewpoint, their exact status depending on whether the
instability time scale is larger or shorter than the age of the
Universe.
The assumption that ∂=∂t is spacelike (ergoregion
definition) is equivalent to g00 > 0 or, in view of the
quasi-isotropic line element (33), to

0.8

min (-g00)

0.6
0.4
0.2
0
-0.2

k=1

k=3

-0.4

k=2

0.7

0.6

0.5

_ 0.8

ω [m/h]

0.9

min(-g00)

k=2

k=3

Having explored the free field, we turn now to scalar
fields with some self-interaction, i.e. with terms beyond the
mass one in the potential VðjΦj2 Þ. A great variety of such
potentials have been proposed in the literature (see the
reviews [7,8]). An exhaustive study of them is beyond the
scope of this paper. We focus instead on two potentials
mentioned in Sec. I: the ΛjΦj4 one [Eq. (5)] and the
solitonic one [Eq. (6)].
At lowest order the potentials (5) and (6) reduce to the
free-field one. The technique used to compute solutions
follows from this property. One starts with one of the freefield solutions and then slowly changes the potential to
reach the desired value of the parameters Λ [potential (5)]
or σ [potential (6)]. This technique works better if the
starting configuration corresponds to small values of the

k=4

0.2
0
-0.2
-0.4
0

The region defined by the above equation is topologically a
toroid. The minimal value of −g00 is plotted in Fig. 10 for
all the rotating configurations. When it is negative, an
ergoregion exists. The first panel shows that ergoregions
appear at approximately the same value of ω: ω ≃ 0.66m=ℏ
for k ¼ 1 and ω ≃ 0.64m=ℏ for k ¼ 2, k ¼ 3 and k ¼ 4,
the last two being indistinguishable. For ω larger than this
critical value, the configurations are not sufficiently relativistic for an ergoregion to exist. Once again, the second
panel shows that boson stars are more extended for higher
values of k, as can be seen with the increase of the radius of
the minimum with k. The third panel of Fig. 10 shows the
isocontours of −g00 in a meridional plane of constant ðt; φÞ,
for k ¼ 2 and ω ¼ 0.55m=ℏ. The ergoregion is located
where the isocontours are dashed lines. One can note that
g00 never changes sign on the axis so that ergoregions
always have the shape of a torus.
F. Rotating models with self-interacting potentials
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FIG. 10. The first and second panels show the value of the
minimum of −g00 for free-field boson stars of different rotational
quantum number k, as a function of ω and the location of the
minimum, respectively. Isocontours of −g00 in a plane of constant
ðt; φÞ are plotted in the third panel, for k ¼ 2 and ω ¼ 0.55m=ℏ.
The Cartesian-like coordinates of this plot are x ≔ r sin θ and
z ≔ r cos θ, in units of ℏ=m. The ergoregion is the torus shown in
dashed lines.
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FIG. 11. Gravitational mass as a function of ω for boson star
models constructed upon the self-interacting potential (5) with
Λ ¼ 200, with different values of the rotational quantum
number k.
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TABLE II. Maximum mass of rotating boson star models
constructed upon the potential (5) with Λ ¼ 200. The second
line gives the value of ω for which the maximum mass is reached.
k
M max ½m2P =m
ω ½m=ℏ

0

1

2

3

4

3.14
0.83

3.48
0.82

4.08
0.80

4.81
0.78

5.59
0.76

scalar field, i.e. for values of ω close to m=ℏ. The precision
of the obtained configurations can be assessed by the error
indicators presented in Sec. IV C.
Let us first consider the ΛjΦj4 potential (5). In geometrized units, the constant Λ is dimensionless. We select
Λ ¼ 200, which is a representative value considered by
Colpi et al. for their study of the nonrotating case [12]. The
value of Λ is chosen only for illustrative purposes and does
not come from any physical motivation. In particular it does
not lead to a very big increase of the maximum mass. We
have computed sequences of rotating configurations for this
model, for k ranging from 1 to 4 (k ¼ 0 is also shown).
Figure 11 shows the resulting gravitational mass M as a
function of ω. As a check, for k ¼ 0, we recover the
maximum mass found by Colpi et al. [12] for Λ ¼ 200:
ðk¼0Þ
Mmax ¼ 3.14m2P =m. For k ≥ 1, we find the values given in
Table II.
For the solitonic potential (6), we perform the study for
σ ¼ 0.05. As for the ΛjΦj4 potential this is only an
illustrative value. Figure 12 shows the results regarding
the gravitational mass M. For solitonic boson stars, most of
the previous works are concerned with relatively small
values of ω, where a maximum mass is observed. For these
configurations the scalar field ϕ is very close to a step
function. Such a behavior is rather difficult to describe with
spectral methods, for which smooth fields are required. Our
code has therefore some difficulties in reaching very small
2

values of ω. For moderate values of ω, our results are in
good agreement with previous works. In particular, a
secondary maximum is observed for ω near m=ℏ, as
in Ref. [17].
This part of the article is not intended to constitute a
detailed study of interacting potentials. It must rather
be viewed as an illustration of the fact that our code is
flexible enough to cope with various different situations.
Comprehensive studies of the parameter space would
however require some tuning of the various computational
parameters. Let us eventually mention that no ergoregions
have been found in the configurations presented in Figs. 11
and 12.
V. TIMELIKE GEODESICS
A standard way to analyze a given spacetime geometry is
to study its geodesics. Moreover computing geodesics leads
to astrophysical observables. Being interested in the motion
of stars in the vicinity of a supermassive boson star, we
consider only timelike geodesics in this article, i.e. orbits of
test particles of mass μ > 0. In addition, we restrict
ourselves to the equatorial plane (θ ¼ π=2) for simplicity.
In this section we consider only free-field boson stars, i.e.
the models computed in Secs. III C, IV D and IV E.
The stationarity and axisymmetry of the underlying
spacetime imply the existence of two constants of motion
along any geodesic. Given the components pα of the
particle’s 4-momentum with respect to the coordinates
ðt; r; θ; φÞ, these constants are expressible as E ¼ −pt
and L ¼ pφ and are called respectively the particle’s energy
“at infinity” and its angular momentum “at infinity.” The
equation governing the variation of the radial coordinate r
along an orbit in the equatorial plane can be written as (see
e.g. Ref. [35])
 2
dr
¼ Vðr; ε; lÞ;
ð54Þ
dτ
where τ is the particle’s proper time and the effective
potential in the radial direction, V, is given by

k=0

1.5
M [mP2/m]
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Vðr; ε; lÞ ¼

k=2

1

k=4

k=1

0.5



1 1
l2
φ 2
ðε
þ
β
lÞ
−
−
1
;
A2 N 2
B2 r2

with ε ≔ E=μ and l ≔ L=μ. Given (54), V must be
positive, which occurs if, and only if,

k=3

ε ≤ εneg
0
0.2

0.3

0.4

0.5

0.6 _ 0.7
ω [m/h]

0.8

ð55Þ

0.9

1

or

ε ≥ εmin ;

ð56Þ

where εneg and εmin are the two roots of the equation

FIG. 12. Gravitational mass as a function of ω for boson star
models constructed upon the self-interacting potential (6) with
σ ¼ 0.05, with different values of the rotational quantum
number k.
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ε2 2lβφ
ðβ Þ
1
V ¼ 0⇔ 2 þ 2 ε þ
− 2 2 l2 − 1 ¼ 0:
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N
N
N2
ð57Þ
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1

For any given value of l, this second order polynomial
equation in ε has for its discriminant

0.95

ε = 0.82
ε = εmin

0.9

ð58Þ

0.85

ε





 
2lβφ 2
4
1
ðβφ Þ2 2
Δ¼
þ 2 1þ 2 2− 2 l ;
N
Br
N2
N

which is always positive. Thus (57) does admit two
solutions:
εneg ¼ −lβφ −

0.8
0.75

N pﬃﬃﬃﬃ
N pﬃﬃﬃﬃ
Δ and εmin ¼ −lβφ þ
Δ:
2
2
ð59Þ
2

2

Here we may distinguish two cases. First of all, for boson
stars without any ergoregion, the term in square brackets in
Eq.
positive [compare to Eq. (53)], so that
pﬃﬃﬃﬃ (58) is always
Δ > 2ljβφ j=N 2 and εneg is always negative. Since in the
absence of ergoregion, one always has ε > 0, we conclude
that in this case, only the second inequality holds in (56).
But, as discussed in Sec. IV E, very relativistic rotating
boson stars may have ergoregions. All signs are allowed for
ε in these regions, so in this case we have to consider the
two inequalities in (56). We treat these two cases separately
in the next two subsections.
A. Effective potential outside ergoregions
To have a better understanding of the effective potential,
we plot εmin as a function of r for different values of l in
Fig. 13. Each extremum of these curves corresponds to a
circular orbit. We illustrate this fact in Fig. 14, which is the
reproduction of Fig. 13 for a single value of l (l ¼ ℏ=m).
Indeed, we know that ε is constant along the geodesic, so
we choose an arbitrary value of ε and represent it by a
horizontal dotted line in Fig. 14. The interval where ε ≥
εmin gives the allowed values of the radial coordinate r (in
Fig. 14, rP ≤ r ≤ ra ) and the values of r for which ε ¼ εmin

0.7
0.65

εmin- 1

0.5
0
-0.5

0

1

2

3

4

6
5
_
r [h/m]

7

8

9

2 rc

4

_

6 ra

8

10

FIG. 14 (color online). Effective potential profile for
l ¼ 1ℏ=m. Only the region where ε ≥ εmin is allowed for the
motion of the test particle, so the radial coordinate r must obey
rP ≤ r ≤ ra . The spot marks the position of the stable circular
orbit of radius rc .

are turning points, corresponding to the periastron and the
apastron. If we choose the energy of the particle to be equal
to the minimum of εmin ðrÞ, only one value of the radial
coordinate is allowed (in Fig. 14 it corresponds to rc ): this
is a circular orbit.
We can infer two major facts from Fig. 13: first, all
circular orbits around mini boson stars are stable, since they
correspond to a minimum of the effective potential. Next, if
we look at the behavior of particles approaching the boson
star, we see that for l ≠ 0, there is an infinitely high
potential wall preventing the particle from reaching r ¼ 0.
But for the particles with zero angular momentum (l ¼ 0),
we have a finite value for the energy at the exact center of
the boson star. Note that we are assuming no interaction
between the particle and the scalar field but the gravitational one, so that the particle may freely penetrate “inside”
the boson star and reach its center.
B. Effective potential in ergoregions

l = _0
l = h/m
_
l = 2 _h/m
l = 3 _h/m
l = 4 _h/m
l = 6 _h/m
l = 8 h/m
_
l = 10 h/m

1

rp

r [h/m]

2
1.5

0

10

FIG. 13 (color online). Effective potential profiles for a freefield rotating boson star with ω ¼ 0.8 m=ℏ and k ¼ 1. The
vertical line represents the location of the maximum of the scalar
field modulus ϕ (cf. Fig. 8).

As discussed in Sec. IV E, rotating boson stars with
ergoregions are unstable. If the (unknown) instability time
scale in larger than the age of the Universe, then it is
astrophysically relevant to study orbits around such stars,
and in particular inside the ergoregion.
In the ergoregion, ε ¼ E=μ ¼ −pt =μ ¼ −pν ξν =μ can be
negative because in this part of spacetime the Killing vector
associated with stationarity ξ ¼ ∂=∂t becomes spacelike.
This is why in the ergoregion, we have to consider the two
solutions (59). Accordingly in Fig. 15 we plot both εmin ðrÞ
and εneg ðrÞ, for different values of l and for a boson star
that possesses an ergoregion. To develop an ergoregion, the
boson star spacetime must be very relativistic and such
configurations are obtained for small ω. For Fig. 15, we
chose ω ¼ 0.646 m=ℏ, along with the rotational quantum
number k ¼ 1. By “inverting” the reasoning made on
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0.5

_

ε

MODELS OF ROTATING BOSON STARS AND GEODESICS …

r+
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rICO
r-

10

εneg & εmin for l = 0

_

εneg & εmin for l = h/m
_

0

5

εneg & εmin for l = 2 h/m
_

εneg & εmin for l = 2.5 h/m

-0.5

0

0.5

1

1.5 _ 2
r [h/m]

2.5

3

FIG. 15 (color online). Effective potential profiles for the freefield rotating boson star with ω ¼ 0.646 m=ℏ and k ¼ 1. The
ergoregion is delimited by the vertical dot-dashed and dashed
lines; the thin vertical dotted line marks the maximum of the
scalar field modulus ϕ. The plots for ε ≥ 0.2 are those of εmin ,
while the plots for ε ≤ 0.2 are those of εneg . The latter ones can be
used to determine orbits only inside the ergoregion. There is a
circular stable orbit (marked with a dot) for each minimum of εmin
and for each maximum of εneg .

Fig. 14, taking into account that ε < εneg , we may say that
the maximum of εneg corresponds to stable circular orbits.
These orbits, which exist only inside the ergoregion, are
denoted by a dot in Fig. 15. We note also that inside the
ergoregion, εneg becomes positive in some range of r for l
large enough.
C. Circular orbits
The two conditions satisfied by circular orbits are V ¼ 0
and ∂V=∂r ¼ 0; these two equations admit two solutions
written here in terms of the circular orbit velocity with
respect to the zero-angular-momentum observer (ZAMO)
(i.e. the observer of 4-velocity nα, cf. [52] and [35]), which
is given by
pﬃﬃﬃﬃ
∂βφ
− Br
N ∂r  D
V ¼
ð60Þ
2ð1r þ B1 ∂B
∂r Þ
with
D≔





B2 r2 ∂βφ 2
∂ν 1 ∂B 1
þ
:
þ
4
∂r B ∂r r
∂r
N2

0
0.65

3.5

ð61Þ

V þ is the velocity of the direct orbit and V − the velocity of
the retrograde one. For these solutions to exist we must
have D ≥ 0. We solved numerically this inequality for
many boson stars and found that there is a minimum radius
under which no circular orbit can exist. Let us call the
corresponding orbit the innermost circular orbit (ICO). The
value rICO of its r coordinate depends on the boson star as
shown in Fig. 16. Let us point out that the ICO is always
located inside the torus.

0.7

0.75

0.8 _
ω [m/h]

0.85

0.9

FIG. 16 (color online). Innermost circular orbit radius rICO as a
function of ω for boson stars with k ¼ 1. rmax is the location of
the maximum of the scalar field modulus ϕ, while rþ and r−
denote the radii where ϕ ¼ ϕmax =10.

Since V þ and V − are velocities measured by a physical
observer, the ZAMO, they must be subluminal, i.e. obey
jV  j < 1. This criterion is always verified for boson stars.
Let us discuss now in more detail the stability of the
circular orbits. Circular orbits are stable if, and only if,
∂2V
¼ V}ðrÞ > 0:
∂r2

ð62Þ

If we plot V}ðrÞ for various boson stars, as we do for four
of them with fixed values of ε and l in Fig. 17, we see that
this inequality is always strictly verified. Thus, it seems that
for rotating free-field boson stars, as long as a circular orbit
exists, it is stable.
We can compare these results to the black hole case
(conditions for existence and stability of circular orbits are
globally the same for Schwarzschild and Kerr spacetimes).
For black hole spacetimes, circular orbits exist for r larger
than apcritical
value, so there is an ICO, located at rICO ¼
ﬃﬃﬃ
ð1 þ 3=2ÞM ≃ 1.87 M for Schwarzschild spacetime. But
the nonexistence of circular orbits in certain regions of
spacetime has a different cause for boson stars and black
holes: for boson stars this is due to D becoming negative in
the formula defining V  [Eq. (60)]. On the contrary, D is
always positive outside the horizon of a black hole. In this
case, it is jV  j that is becoming larger than one beyond the
ICO and thus prevents the existence of physical orbits.
Moreover, the circular orbits around black holes, contrary
to those around boson stars, are stable only for r ≥ rISCO
where ISCO stands for innermost stable
pﬃﬃﬃ circular orbit
and corresponds to rISCO ¼ ð5=2 þ 6ÞM ≃ 4.95M in
Schwarzschild spacetime.3 For boson stars, we have found
that, as long as a circular orbit exists, it is stable.
3

Let us recall that we are using isotropic coordinates, not areal
ones; for the latter Schwarzschild ISCO is located at the wellknown value r~ ISCO ¼ 6M.
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FIG. 17 (color online). V}ðrÞ for rotating boson stars with
ω ¼ 0.8 m=ℏ. We choose ε ¼ 4.2 and l ¼ 1.2ℏ=m. The vertical
lines mark the position of the maximum of the scalar field
modulus for each boson star.

FIG. 19 (color online). Effective potential for l ¼ 0 and for
rotating boson stars with k ¼ 1 and different values of ω
(decreasing from top to bottom). The dots mark the position
of the stable circular orbits.

D. Zero-angular-momentum orbits (l ¼ 0)

the effective potential for different boson stars with the
same value of k (k ¼ 1) to compare with the nonrotating
case. We see that the equilibrium position still exists at
the center of the torus but has become unstable due to
rotation. We also note the existence of stable circular
orbits close to the center that remain “inside” the boson
star. In Fig. 20, we plot the effective potential for boson
stars with the same value of ω but for different values of
k. The global behavior is the same as in the previous
figures but the scale enlarges as k is increased. This is
consistent with the increase of the size of the torus
with k.
To fully determine the l ¼ 0 class of orbits, we used
the GYOTO code [53–55] to integrate directly the
geodesic equations within the 3 þ 1 formalism [55],
taking advantage of the capability of GYOTO to
perform such an integration for a numerical metric.

The orbits with zero angular momentum are interesting
in the case of a boson star because the particle is allowed to
go through the star. This is not the case for black holes or
ordinary stars, where a particle approaching towards the
compact object faces either the event horizon or the stellar
surface. Let us express the effective potential in the specific
case l ¼ 0. Equation (59) shows that εmin is then equal to
the lapse function:
εmin ¼ N

ðl ¼ 0Þ:

ð63Þ

We have plotted the profile of εmin ðrÞ in Fig. 18 for
different spherical (k ¼ 0) free-field boson stars. As
noticed earlier, there is always a stable equilibrium
position at the center of the boson star. Then we
consider rotating boson stars, and in Fig. 19 we plot
-0.2
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εmin - 1

εmin -1

-0.3
-0.4
_

ω = 0.76 m/h_
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FIG. 18 (color online). Effective potentials for l ¼ 0 and for
spherical boson stars with different values of ω (decreasing from
top to bottom).
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FIG. 20 (color online). Effective potential for l ¼ 0 and for
rotating boson stars with ω ¼ 0.8 m=ℏ and different values of k.
The vertical lines mark the position of the maximum of the scalar
field modulus for each boson star.
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FIG. 21. Evolution of the r coordinate of an l ¼ 0 test particle
initially at rest at ri ¼ 10.79ℏ=m in the spacetime generated by a
spherical (k ¼ 0) boson star with ω ¼ 0.77 m=ℏ.

We first computed the geodesic of a particle initially at
rest in the spacetime of a nonrotating spherically
symmetric boson star (k ¼ 0). Due to spherical symmetry, the particle trajectory is a straight line. As
expected, the particle goes straight through the center
of the boson star and oscillates back and forth, as it can
be seen from Fig. 21, where we have plotted the
particle’s r coordinate as a function of t.
We repeated this calculation for a rotating boson star
with k ¼ 1 and ω ¼ 0.8m=ℏ, still starting at rest from
ri ¼ 10.79ℏ=m. The result is shown in Fig. 22. We see
clearly the manifestation of the Lense-Thirring effect:
the particle radially infalling is deflected near the center
and continues in almost a straight line before going
15
10

_

y [h/m]

-5

0_
x [h/m]

5

10

15

FIG. 23. Same as Fig. 22 but for k ¼ 2.

backwards and falling towards the center again. This
gives rise to the spikelike structure of the trajectory.
Also, this orbit is not closed. In order to understand
how these orbits are modified as the star’s rotational
quantum number k is increased, we plot the zeroangular-momentum orbit around boson stars with the
same value of ω as in Fig. 22 but with k ¼ 2 in Fig. 23
and k ¼ 3 in Fig. 24. We still see the characteristic
spikes, but the particle approaches the center less and
less. To investigate the behavior with respect to ω, we
plot in Fig. 25 a boson star with k ¼ 2 and ω ¼
0.75 m=ℏ to compare with Fig. 23. We see that the
effect of ω is to change the value of the deviation angle
when going through the center.
We may call the orbits displayed in Figs. 22–25 the
pointy petal orbits. Their spikelike structure is characteristic of boson star spacetimes, since the particle has to
be able to move very close to the center to generate
these orbits. This is indeed very different from the case
of Kerr spacetime, in which all orbits are everywhere
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5
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-15
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0
_

5

10

0
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15
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FIG. 22. Orbit of an l ¼ 0 test particle in the equatorial plane of
a rotating free-field boson star with k ¼ 1 and ω ¼ 0.80 m=ℏ; the
particle is initially at rest at r ¼ ri ¼ 10.79ℏ=m and φ ¼ 0. The
Cartesian-like coordinates of the plot are x ≔ r cos φ and
y ≔ r sin φ. The dotted circle marks the maximum of the scalar
field modulus ϕ.
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FIG. 24. Same as Fig. 22 but for k ¼ 3.
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exhibited in Sec. V D. Preliminary studies seem to indicate
that small but non-negligible deviations in the value of l are
allowed.
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APPENDIX: ENERGY-MOMENTUM TENSOR
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Let us derive the explicit expression of the scalar field
energy-momentum tensor resulting from the ansatz (8).
First of all, (8) yields to the following components with
respect to ðt; r; θ; φÞ coordinates:

15

Same as Fig. 23 but for ω ¼ 0.75 m=ℏ.

smooth and where a particle initially at rest always falls
into the black hole.
VI. CONCLUSIONS
We have developed a numerical code, based on multidomain spectral methods, capable of solving the coupled
Einstein-Klein-Gordon equations. We have used it to
compute models of rotating boson stars, with various
self-interacting potentials for the scalar field. We have
obtained the first configurations with a rotational quantum
number larger than 2, namely k ¼ 3 and k ¼ 4. For k ¼ 2,
we have determined the maximum mass of a free-field
ðk¼2Þ
boson star: Mmax ¼ 2.216 m2P =m, which was not known
before. We have also confirmed the k ¼ 1 maximum
mass found by Yoshida and Eriguchi [21]. For the selfinteracting ΛjΦj4 potential originally proposed by Colpi
et al. [12], we have computed the first rotating models, with
k ranging from 1 to 4 and have determined the corresponding maximum masses (cf. Table II).
We have also numerically computed timelike geodesics
in rotating boson star spacetimes. In this article, we focused
on circular orbits and zero-angular-momentum orbits. In
particular, we have shown that as long as k ≥ 1, there is an
ICO, i.e. a radius rICO such that for r < rICO no circular
orbit exists. For r > rICO, all the orbits are stable. We have
found that circular orbits with zero angular momentum
exist around boson stars, contrary to Kerr black holes.
Moreover, we have exhibited a peculiar type of zeroangular-momentum orbits: the pointy petal ones. Such
orbits do not exist in black hole spacetimes. Therefore
observing them around some astrophysical system, such as
the Galactic center, would be a strong indication in favor of
a rotating boson star for the central compact object.
In a future article [56], we shall perform a more
systematic study of orbits around rotating boson stars,
stressing the differences with black holes. In particular, it
will be interesting to know if one can allow nonzero angular
momentum and still observe the “pointy petal orbits”

∇μ Φ ¼ ðiωϕ; ∂ r ϕ; ∂ θ ϕ; −ikϕÞ exp½iðωt − kφÞ

ðA1Þ

∇μ Φ̄ ¼ð−iωϕ; ∂ r ϕ; ∂ θ ϕ; ikϕÞ exp½iðkφ − ωtÞ:

ðA2Þ

We may then evaluate ∇μ Φ∇μ Φ̄¼gμν ∇μ Φ∇ν Φ̄ by means of
the 3 þ 1 expression of gαβ (see e.g. Eq. (5.51) of Ref. [32]),
and get the explicit expression of the Lagrangian (3):
1
LΦ ¼
2




ðω þ kβφ Þ2
2 φφ
2
ab
− k γ ϕ − g ∂ a ϕ∂ b ϕ − V ;
N2
ðA3Þ

where the indices a and b take the values 1 and 2 only [i.e.
label the coordinates ðr; θÞ]. Plugging (A1)–(A2) into (10)
leads to
T tt ¼ ω2 ϕ2 þ LΦ ð−N 2 þ βφ βφ Þ

ðA4Þ

T ta ¼ 0

ðA5Þ

T tφ ¼ −ωkϕ2 þ LΦ βφ

ðA6Þ

T ab ¼ ∂ a ϕ∂ b ϕ þ LΦ γ ab

ðA7Þ

T aφ ¼ 0

ðA8Þ

T φφ ¼ k2 ϕ2 þ LΦ γ ϕϕ ;

ðA9Þ

where we have used the fact that βr ¼ βθ ¼ 0 and γ aφ ¼ 0
(circularity condition, cf. Sec. IVA).
The trace of the energy-momentum tensor is obtained
directly from (10):
T ¼ gμν T μν ¼ ∇μ Φ∇μ Φ̄ þ 4LΦ ¼ 2LΦ − V:

ðA10Þ

The 3 þ 1 decomposition of the energy-momentum
tensor lets appear the energy density E, the momentum
density Pi and the stress tensor Sij, the three of them as
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k
φ
2
Pi ¼ 0; 0; ðω þ kβ Þϕ ;
N

α

measured by the ZAMO (i.e. the observer of 4-velocity n ).
These quantities are obtained as the following projections
of T αβ :
E ¼ T μν nμ nν ;

Sab ¼ ∂ a ϕ∂ b ϕ þ LΦ γ ab ;

Pα ¼ −nμ T μν γ ν α ;

2 2

Sφφ ¼ k ϕ þ LΦ γ ϕϕ :

Sαβ ¼ T μν γ μ α γ ν β ;
with γ α β ¼ δα β þ nα nβ . Given the components (A4)–(A9)
of T αβ and nα ¼ ð1=N;0;0;−βφ =NÞ and nα ¼ ð−N;0;0;0Þ,
we get



1 ðω þ kβφ Þ2
2 φφ
2
ab
E¼
ϕ
þ
k
γ
þ
γ
∂
ϕ∂
ϕ
þ
V
;
a
b
2
N2
ðA11Þ
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