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Context

341 Formalism

Choice and definitions of variables

e Einstein equations in terms of flat operators

Maximal slicing and (generalized) Dirac gauge
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Gravitational waves and numerical relativity'

Compute by any means gravitational waveforms for interferometer

data analysis (VIRGO, LIGO ...).
Simulate astrophysical systems in General Relativity

= need of a formulation that can be implemented, is stable and can be

applied to various physical systems.
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/ 3+1 formalism I

Foliation of spacetime by spacelike hypersurfaces >;

gudatde” = —(N? — 3;8") dt* + 23; dt dx' + ;; dx" da?

Extrinsic curvature K;; defined as: K = —%,,E nY-
e Hamiltonian constraint: R+ K? — K K W =167E
e Momentum constraint: D;K U D'K = 8rnJ*

e “Dynamical” equations:

0K ;
o~ Lk = N[Ry—2KyK" + KKij + 47 (S - E) - 25;)]
—D;D;N
a%‘j o
8t — "6,3/}/@.7 = —2NK7;j

(R;; : Ricci tensor of the 3-metric v, D; : covariant derivative associated with )

\ UNSTABLE for direct numerical integration
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Change to variables 7;; and Aij'

Following Smarr & York (1978), we define 7;; = v~ 1/3~,;, which carries
the dynamical degrees of freedom of ~;; and is invariant under

conformal transformation.

~ ~

Aij 1S deﬁned asS AU = ”}/_1/3Kij — %K’%]
= write Einstein equations in terms of these variables and “flat”
operators (also define D, the slicing and gauge choices)
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/ Tensor densities and flat metric'

v:i; and fl@-j are not tensors but tensor densities of weight —2/3. For a tensor

density 7 of weight n (7 = /2 T'), the covariant derivative can be defined as
Dyt g, = ORT M gy + o Ty g,
— 2221 Fg{:erilmipjl...l...jq — %8k ln’yTil"'inl...jq

Flat 3-metric f;;, covariant derivative D;, and Christoffel symbols I_’fj.
Cl =TF —T% = 37 [Divij + Djviy — Divyij] is a tensor.
Ak = %:ykl [Dﬂlj + Dj%z — Dl%j] is also a tensor and is used to define

~k k| Dk

Uiy = Ay + T

and therefore a covariant derivative D such that Dk’yz-j = 0 (“associated” to 7;;).

Dy, — D}, — Dy,

N
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Einstein equations using 7;;, 4;; and Dy,

_ _ 1 _ _ 3 =~
DD, Q + H*D,Q = ~'/°N [ﬁy“Dk InyD;In~y + §R]

3~ = K? 0K _
‘|"71/2N 47 S -+ ZAklAkl + 7] - 71/2 (E — ﬁkaK) +

o~ .~ 1 ~., _ 2 . _ ,
DA™ 4 AL AR §A“‘“’Dk Iny — §~““DkK = &ryl/3 )

%lny = 2D + B*DyIny — 2NK

Oy R _
gt =2NAY — 3% Dy 37 — 5% Dy, B + ngﬁk7w + B DAY

OK kA - 1 1= =
ﬁ _ _7—1/3 [,yleleN_l_HkaN_‘_E,Ylekln,yDlN

L. 1 _
+N [47T(E +9) + A AM + §K2 + DL K

\With Q = N+Y6 and H' = D,

6
%&lek In~D; N
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N

DAY
ot

_ ikl T S
= 1/3{_71/6 [’Y kVﬂDkleQ‘Fi(VZDWM‘FV'”DWk_’Ylel’Yj)DkQ]

N T
+= "Dy D17 — 4"* D H? + H" D" — D" Dy 37"

2
_’?kl;ymTDms/ikDri/jl =+ ’?ik'?mle::}/TmDrﬁ/jl + f?jl:ykrDl:erDmﬁ/ik
Loikzjimy = Pamr | Likajl 7 >
+57" 5 Dinr DA™ + 5537 Dy Iny D, 1HV]

1 .. . _ _ _
+57%4" (Dx InyDiN + Dy In 7D N)

1T e o ] 0
+§ [’Y 1/6 ('YleleQ+HkaQ)_§ "DrlnyDN

1

B 1. N ~mr . =~ ~klpy ~mry & I B ~1]
—N (—Dka + Z’Ylek;’Y DiAmr — =A* DA™ DAt + —73% Dy, In v D, lrw)] 5 ‘7}

2 18
~. . o~ . 1 .
+N [KA” + 293 AR AT — 8 (71/35” - 55?”)]

) B -
+85Dy A" — ARI Dy 3" — A D37 + ngﬂ’“A”
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/ Maximal Slicing and Dirac Gauge. \

Maximal Slicing (K =0) =

e singularity avoidance
e decoupling of elliptic equations
“Generalized” Dirac Gauge (H® = D% = 0) =

e transversality condition on 4% (separation of coordinate and pure gravitational

waves)

e “scalar” d’Alembert operator for the evolution of 4/ (no second-order

derivatives of 4% in R)

During numerical evolution, this gauge can be imposed by infinitesimal coordinate
change z/" = z* + £, &' being determined by the elliptic equation

T | 9 _ - o
75D D€' + §VZJDjDk§k = H' <1 + ngﬁk) +&"DH' — H*Dy¢
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Summary and outlookl

e covariant conformal decomposition of Einstein equations

e rigorous definition of D “associated” to ;;

e arbitrary flat metric f;; and definition of Dirac gauge in spherical
coordinates

Future work:
e comparison with stationary models of rotating stars in MSQI gauge

e implementation for dynamical numerical integration
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