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Covariant conformal formulation of Einstein equations and
Dirac formulation for numerical relativity

Eric Gourgoulhon and Jérôme Novak

September 6, 2001

• Context

• 3+1 Formalism

• Choice and definitions of variables

• Einstein equations in terms of flat operators

• Maximal slicing and (generalized) Dirac gauge
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Gravitational waves and numerical relativity

Compute by any means gravitational waveforms for interferometer

data analysis (VIRGO, LIGO ...).

Simulate astrophysical systems in General Relativity

⇒ need of a formulation that can be implemented, is stable and can be

applied to various physical systems.
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3+1 formalism

Foliation of spacetime by spacelike hypersurfaces Σt

gµνdxµdxν = −(N2 − βiβ
i) dt2 + 2βi dt dxi + γij dxi dxj

Extrinsic curvature Kij defined as: K = − 1
2£nγ.

• Hamiltonian constraint: R + K2 −KijK
ij = 16πE

• Momentum constraint: DjK
ij −DiK = 8πJ i

• “Dynamical” equations:

∂Kij

∂t
−£βKij = N

[
Rij − 2KikKk

j + KKij + 4π ((S − E)− 2Sij)
]

−DiDjN ,

∂γij

∂t
−£βγij = −2NKij

(Rij : Ricci tensor of the 3-metric γ, Di : covariant derivative associated with γ)
UNSTABLE for direct numerical integration
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Change to variables γ̃ij and Ãij

Following Smarr & York (1978), we define γ̃ij = γ−1/3γij, which carries

the dynamical degrees of freedom of γij and is invariant under

conformal transformation.

Ãij is defined as Ãij = γ−1/3Kij − 1
3
Kγ̃ij

⇒ write Einstein equations in terms of these variables and “flat”

operators (also define D̃, the slicing and gauge choices)
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Tensor densities and flat metric

γ̃ij and Ãij are not tensors but tensor densities of weight −2/3. For a tensor
density τ of weight n (τ = γn/2 T ), the covariant derivative can be defined as

Dkτ i1···ip
j1···jq

= ∂kτ i1···ip
j1···jq

+
∑p

r=1 Γir

klτ
i1···l···ip

j1···jq

−∑q
r=1 Γl

kjr
τ i1···ip

j1···l···jq − n
2 ∂k ln γτ i1···ip

j1···jq

Flat 3-metric fij , covariant derivative D̄k and Christoffel symbols Γ̄k
ij .

C̄k
ij = Γk

ij − Γ̄k
ij = 1

2γkl
[
D̄iγlj + D̄jγil − D̄lγij

]
is a tensor.

∆k
ij = 1

2 γ̃kl
[
D̄iγ̃lj + D̄j γ̃il − D̄lγ̃ij

]
is also a tensor and is used to define

Γ̃k
ij = ∆k

ij + Γ̄k
ij

and therefore a covariant derivative D̃k such that D̃kγ̃ij = 0 (“associated” to γ̃ij).

Dk −→ D̃k −→ D̄k
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Einstein equations using γ̃ij, Ãij and D̄k

γ̃klD̄kD̄lQ + HkD̄kQ = γ1/6N

[
1
72

γ̃klD̄k ln γD̄l ln γ +
3
2
R̃

]

+γ1/2N

[
4πS +

3
4
ÃklÃ

kl +
K2

2

]
− γ1/2

(
∂K

∂t
− βkD̄kK

)
+

γ1/6

6
γ̃klD̄k ln γD̄lN

D̄kÃik + ∆i
klÃ

kl +
1
2
ÃikD̄k ln γ − 2

3
γ̃ikD̄kK = 8πγ1/3J i

∂

∂t
ln γ = 2D̄kβk + βkD̄k ln γ − 2NK

∂γ̃ij

∂t
= 2NÃij − γ̃ikD̄kβj − γ̃jkD̄kβi +

2
3
D̄kβkγ̃ij + βkD̄kγ̃ij

∂K

∂t
= −γ−1/3

[
γ̃klD̄kD̄lN + HkD̄kN +

1
6
γ̃klD̄k ln γD̄lN

]

+N

[
4π(E + S) + ÃklÃ

kl +
1
3
K2

]
+ βkD̄kK

with Q = Nγ1/6 and Hi = D̄kγ̃ik.
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∂Ãij

∂t
= γ−1/3

{
−γ1/6

[
γ̃ikγ̃jlD̄kD̄lQ +

1
2

(
γ̃ilD̄lγ̃

jk + γ̃jlD̄lγ̃
ik − γ̃klD̄lγ̃

ij
)
D̄kQ

]

+
N

2
[
γ̃klD̄kD̄lγ̃

ij − γ̃ikD̄kHj + HkD̄kγ̃ij − D̄lγ̃
ikD̄kγ̃jl

−γ̃klγ̃
mrD̄mγ̃ikD̄rγ̃

jl + γ̃ikγ̃mlD̄kγ̃rmD̄rγ̃
jl + γ̃jlγ̃krD̄lγ̃

mrD̄mγ̃ik

+
1
2
γ̃ikγ̃jlD̄kγ̃mrD̄lγ̃

mr +
1
9
γ̃ikγ̃jlD̄k ln γD̄l ln γ

]

+
1
3
γ̃ikγ̃jl

(
D̄k ln γD̄lN + D̄l ln γD̄kN

)

+
1
3

[
γ−1/6

(
γ̃klD̄kD̄lQ + HkD̄kQ

)− 2
3
γ̃klD̄k ln γD̄lN

−N

(
−D̄kHk +

1
4
γ̃klD̄kγ̃mrD̄lγ̃mr − 1

2
γ̃klD̄kγ̃mrD̄rγ̃ml +

1
18

γ̃klD̄k ln γD̄l ln γ

)]
γ̃ij

}

+N

[
KÃij + 2γ̃klÃ

ikÃjl − 8π

(
γ1/3Sij − 1

3
Sγ̃ij

)]

+βkD̄kÃij − ÃkjD̄kβi − ÃikD̄kβj +
2
3
D̄kβkÃij
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Maximal Slicing and Dirac Gauge

Maximal Slicing (K = 0) ⇒
• singularity avoidance

• decoupling of elliptic equations

“Generalized” Dirac Gauge (Hi = D̄kγ̃ki = 0) ⇒
• transversality condition on γij (separation of coordinate and pure gravitational

waves)

• “scalar” d’Alembert operator for the evolution of γ̃ij (no second-order
derivatives of γ̃ij in R̃)

During numerical evolution, this gauge can be imposed by infinitesimal coordinate
change x′i = xi + ξi, ξi being determined by the elliptic equation

γ̃jkD̄jD̄kξi +
1
3
γ̃ijD̄jD̄kξk = Hi

(
1 +

2
3
D̄kξk

)
+ ξkD̄kHi −HkD̄kξi
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Summary and outlook

• covariant conformal decomposition of Einstein equations

• rigorous definition of D̃ “associated” to γ̃ij

• arbitrary flat metric fij and definition of Dirac gauge in spherical

coordinates

Future work:

• comparison with stationary models of rotating stars in MSQI gauge

• implementation for dynamical numerical integration
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